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Preface 

This volume of Communications in Computer and Information Science contains the 
proceedings of WIVACE 2024, the XVIII Workshop on Artificial Life and Evolutionary 
Computation. The event was successfully held on the Campus of the University of Namur, 
Belgium, during September 11–13, 2024. This is the second edition of the WIVACE 
conference series outside Italy; indeed after a long series of Italian locations, Samperi 
(2007), Venice (2008), Naples (2009), Parma (2012), Milan (2013), Vietri sul Mare 
(2014), Bari (2015), Salerno (2016), Venice (2017), Parma (2018), Rende (2019), Gaeta 
(2022), and Venice (2023), WIVACE has been organized in Winterthur (Switzerland) in 
2021 and now in Namur (Belgium), strengthening in this way the international dimension 
of the workshop. 

The International Workshop on Artificial Life and Evolutionary Computation aims 
at bringing together researchers to present and share their results and ideas in a multi-
disciplinary context. The workshop provides a forum for the discussion of new research 
directions and applications in Artificial Life, Evolutionary Computation and related 
fields, where different disciplines and research areas could effectively meet. In par-
ticular, the workshop brings together computer scientists, mathematicians, biologists, 
psychologists and cognitive scientists to discuss issues related to the origins of life, 
evolution and adaption, collective and social behaviours and other topics related to the 
development of technological solutions inspired by biological principles. 

The workshop was organized on two and half days, based on single-track sessions, 
with oral (22) and poster presentations (7). The workshop was structured using a format 
specifically designed to allow doctoral students and early career researchers to meet in 
order to discuss their ideas and to disseminate their work in a collaborative and construc-
tive environment. We managed to have five keynote speakers of international renown; we 
are thus deeply indebted for their participation to Monika Scholz (Max Planck Institute 
for Neurobiology and Center of Advanced European Studies and Research (caesar), Ger-
many), Yara Khaluf (Wageningen University, The Netherland), Pietro Liò (University 
of Cambridge, UK) and Aldo Genovesio (Università del Piemonte Orientale “A. Avo-
gadro”, Italy). A special thanks goes to the origami artist Dewi Brunet (Dewi Origami, 
Belgium), who showed the links between art and science. 

Overall, we received 42 submissions, out of which 23 were selected for this volume 
of proceedings after a two-round single-blind review process performed by Program 
Committee members for an acceptance rate of about 54%. We would like to warmly 
thank the PC members for their help in the selection process. We take the opportunity 
to also thank the Local Organizing Committee composed of Nemanja Antonic, Aymeric 
Vellinger, Martin Moriamé and Jean-François de Kemmeter from the Namur Institute of 
Complex Systems, naXys, for their valuable help. Last but not least, we thank various 
members of the staff of the University of Namur and the host institution for making 
the infrastructure available. A special thanks to all authors for having contributed to the 
success of this workshop.



vi Preface

Let us finally acknowledge the precious advice of the staff at Springer, who provided 
their professional support through all the phases that led to this volume. 

February 2025 Timoteo Carletti 
Thierry-Sainclair Njougouo 

Elio Tuci
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Emergent Dynamics in Heterogeneous 
Life-Like Cellular Automata 

Aarati Shrestha1, Felix Reimers1, Sanyam Jain1, Paolo Baldini2, 
Michele Braccini2, Andrea Roli2, and Stefano Nichele1,3(B) 

1 Østfold University College, Halden, Norway 
{felix.s.reimers,stefano.nichele}@hiof.no 

2 University of Bologna, Cesena, Italy 
3 Oslo Metropolitan University, Oslo, Norway 

Abstract. The Game of Life (GoL), one well known 2D cellular automa-
ton, does not typically ensure interesting long-term phenotypic dynam-
ics. Therefore, while being Turing complete, GoL cannot be said to be 
open-ended. In this work, we extend GoL with the opportunity for local 
mutations, thus enabling a heterogeneous life-like cellular automaton 
guided by an evolutionary inner loop. Additionally, we introduce the con-
cept of cell ageing to ensure that cell aliveness (activated by inheritance 
with variation, and controlled by ageing) and actual cell computation 
(governed by life-like rules on local neighborhoods) are kept conceptu-
ally separated. We conduct an experimental campaign to identify suit-
able parameters that produce long-term phenotypic dynamics and favor 
genotypic innovations. 

Keywords: Cellular Automata · Game of Life · Open-Ended 
Evolution 

1 Introduction 

Conway’s Game of Life (GoL) [ 3, 7] is a very well known cellular automaton (CA) 
that has been proven to be Turing complete [ 16]. Therefore, in principle, it can 
execute a universal constructor or any Turing machine. GoL has been widely used 
as a model system to study the emergence of complex behaviors from simple rules 
[ 1, 21]. In fact, the exploration of complex moving structures, such as spaceships 
(complex gliders) that can carry information and encode computations, is an 
active area of research [ 5]. Additionally, gliders have been studied in relation 
to agency [ 4]. However, such computational structures are rather fragile in that 
even small perturbations will destroy the precisely handcrafted computations. 
Additionally, from a random initial configuration typically GoL settles into a 
rather boring and not particularly useful behavior, as most of the living cells die 
out besides a few persistent or oscillating structures. Therefore, while in principle 
GoL supports arbitrarily complex computations, in practice it does not appear to 
be open-ended. Open-endedness is a property of a system, observed for example 
in biological systems, that ensures never ending innovation and discovery of novel 
solutions, thus providing continuously increasing complexity [ 12]. 
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 
T. Carletti et al. (Eds.): WIVACE 2024, CCIS 2532, pp. 1–15, 2025. 
https://doi.org/10.1007/978-3-031-93631-9_1
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In order to allow more interesting behaviors to emerge, McCaskill and 
Packard [ 9, 13] investigated a GoL world where local mutations diversify GoL 
rules to other life-like rules, named genelife. Genelife created more diversity in 
the local dynamics and therefore allowed the emergence of different kinds of 
non-uniform gliders and structures. Other attempt at coupling life-like rules and 
evolution are Sprout Life [ 17] and evolife [ 24]. On the other hand, in such CA 
worlds there is no distinction between the aliveness of cells (agents) and their 
cellular state. In fact, aliveness and computation carry the same meaning. In 
other words, there is no distinction between the agent and the computation it 
carries, i.e. aliveness is the computation. However, it may be beneficial to dif-
ferentiate the conditions for cells to become alive and survive (and therefore 
generate offspring through inheritance and variation) while keeping the actual 
computation based on local information conceptually separated. 

Medernach et al. introduced the concept of cell age in their HetCA system 
[ 10, 11], while using evolved genetic programming (GP) rules as mechanisms to 
update the states of cells based on local neighboroods. In their work, each cell 
possesses an age counter that increments at each time step. Cells can live only 
for a certain number of steps and during those steps they can update their 
states through their local rules. When the age limit is reached, cells transition 
to the decay state, i.e., a living state where cells do not update their state any 
longer (however their state is still available to their neighbors). After the decay 
phase, cells die and empty their locations. Empty locations that are neighbors of 
living cells may probabilistically become alive by inheriting the GP rules from 
a living neighbor through mutation. As such, HetCA produces interesting long 
term phenotypic dynamics without any sign of stagnation or repetitive behavior. 

One open question is whether a more simplified rule-set, such as life-like rules 
(instead of intricate GP programs), can support similar long-term phenotypic 
and genotypic dynamics by incorporating the concept of ageing, together with 
an evolutionary inner loop. Additionally, the concept of age allows for incor-
porating environmental factors such as “energy”, which may increase/decrease 
the lifespan of cells. This may be favourable for simulating different ecologies, as 
well as plugging-in tasks to be solved in the form of “rewards and penalties”. One 
may imagine a substrate that initially supports long-term evolutionary dynam-
ics (without a goal). Then energy is introduced and this life-like “solver” adapts 
to the environmental conditions. Finally, the task is removed and open-ended 
life continues. In this work, we experiment to find out the ideal conditions to 
support long-term dynamics in heterogeneous life-like CA with age constrains 
and local evolution. 

2 Background 

2.1 Game of Life Cellular Automaton 

Conway’s Game of Life (GoL) is a 2D Cellular Automaton where each cell in 
the grid is either in an alive or dead state. The state of a cell is determined 
by its eight surrounding neighbours, known as the Moore Neighbourhood, and
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Fig. 1. States of a glider in Conway’s Game of Life 

follows a simple transition rule denoted as B3/S23. This notation signifies that 
a cell is born if it has precisely  3 live neighbours,  and it survives if it has 2 or 3  
live neighbours; otherwise, it dies. Figure 1 depicts the subsequent stages of the 
GoL’s glider pattern, showcasing the intricate interplay of simple rules leading 
to emerging dynamics. 

While extensive research has been conducted into the exploration of 2D GoL, 
it is crucial to acknowledge the parallel efforts dedicated to investigating higher 
dimensions. Notably, Bays [ 2] contributed significantly by extending GoL in three 
dimensions, introducing variations in the transition rules. 

2.2 Life-Like Cellular Automata 

Life-like CA (signifying that they are similar to the Game of Life) allow for 
variations of the GoL state transition function. In particular, for all CA in this 
family, the new state of a cell can be represented by a function of the number of 
neighbors that are currently alive (including the cell’s own state). As for GoL, a 
typical notation of a life-like rule would consist in a string denoted by B (born) 
followed by the number of neighbors (from 0 to 9), and then a string denoted 
by S (survive), also followed by the number of neighbors (from 0 to 9) [ 23]. 
Therefore, there exist a total of 218 = 262, 144 rules [ 6]. Only a few have been 
extensively explored 1. For a recent exploration of complexity in life-like rules, 
please refer to [ 14]. 

2.3 Heterogeneous and Evolving CA 

While typically the state transition function governing state updates of all cells 
in the CA is homogeneous, i.e., all cells are governed by the same rules, in 
heterogeneous CA each cell has its own (potentially unique) rule. Such rules 
may also vary over time. As such, the space of possible CA becomes rather vast 
and artificial evolution is often used to search for suitable rules [ 18– 20, 22]. 

Evolution may be used as an outer loop, where a genotype consists of the 
concatenation of the rules for all cells in the CA. In this case, once the CA 
phenotype (the actual CA execution for a certain number of steps) is evaluated 
by a fitness function, the genetic operators affect the overall (concatenated) 
genotype. Subsequently, a new CA execution is carried out and the results are 
further evaluated.

1 https://conwaylife.com/wiki/List_of_Life-like_rules. 

https://conwaylife.com/wiki/List_of_Life-like_rules
https://conwaylife.com/wiki/List_of_Life-like_rules
https://conwaylife.com/wiki/List_of_Life-like_rules
https://conwaylife.com/wiki/List_of_Life-like_rules
https://conwaylife.com/wiki/List_of_Life-like_rules
https://conwaylife.com/wiki/List_of_Life-like_rules
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Alive Cell State Decay Cell State Quiescent Cell State 
age > amax age > adec 

When cell gets genome from 
randomly selected eligible neighbour 

Fig. 2. Life cycle of a cell’s Cell State. 

In the case of an inner evolutionary loop, however, genomes encoding cell 
rules evolve locally and in an online fashion. This means that inheritance with 
variation is governed by local factors and happens from quiescent (dead) cells to 
alive cells while the CA computation is being executed. Examples of inner-loop 
CA evolution include [ 8– 11, 15]. 

3 Methodology 

Our model, described in detail in this section, consists of a 2-dimensional het-
erogeneous cellular automaton where each cell is updated according to distinct 
life-like rules that operate in local neighbourhoods. Additionally, an inner evo-
lutionary loop controls the local evolution of life-like rules by allowing cells to 
grow into empty nearby sites through inheritance with variation. At the end of 
this section, we describe how genotypic and phenotypic diversity are measured. 

3.1 CA Substrate 

The CA substrate consists of a 2D grid of cells with a tripartite Cell State life 
cycle, i.e., alive, decay, quiescent (inspired by [ 11]). The CA is initialized with 
cells either in an alive or quiescent state. The alive cells are those cells that 
actively apply their Transition Rule (genome) to change their Boolean Grid 
State based on a Moore’s neighborhood. Quiescent cells are temporarily dead 
cells awaiting to become alive, therefore they do not have a genome. When initial-
ized, all alive cells have identical Game-of-Life genomes. As the cellular automa-
ton iterates through generations, the cell’s Cell State undergoes a sequential 
transformation, transitioning cells from alive states to decay and ultimately to 
quiescent states. A cell cannot transition directly from decay to alive or from 
quiescent to decay (nor from alive to quiescent). Instead, these states follow an 
unidirectional progression, as illustrated in Fig. 2. 

The Cell State of a given cell is governed by the age of the cell, specifically 
by two parameters: amax and adec. The  amax represents the age threshold for 
remaining in an alive state. Once a cell’s age crosses this threshold, it transitions 
into a decay state. Cells in a decay state are neither alive nor dead. They hold 
their genomes but do not apply it to change the Grid State. When the age of a 
decay cell crosses the adec age threshold, they become quiescent and their age 
is reset to 0. Quiescent cells may at some point become alive by inheriting a
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Assumption: 
amax = 3 
adec = 5 

Fig. 3. Example of a 3× 3 CA substrate, where the genotype is represented by the 
Transition Rules and the phenotype is composed by three components: Cell Age (a 
counter), Cell State (alive, decay, quiescent), and Grid State (Boolean cell state repre-
senting the ongoing computation). 

mutated genome from a random alive neighbour. When a cell becomes alive, its 
age counter starts from 1 and is incremented by one at each CA iteration. 

Further, alive cells get their genome when they are born and their genome 
remains unchanged throughout their life cycle. Cells in decay (and quiescent) 
state do not apply any transition rule and therefore do not update their Grid 
State. Cells in decay state retain an unaltered Grid State (either 0 or 1) through-
out the duration of their decay period, while quiescent are considered to be in a 
Grid State 0. 

Figure 3 illustrates the composition of the CA substrate on a small 3× 3 grid. 
The genomes of each cell are represented by the Transition Rule layer, where 
each cell contains a possibly different Life-Like Rule (LLR). The Cell State layer 
represents whether cells are alive, decaying, or quiescent, while the Cell Age layer 
indicates how many iterations have passed since they became alive. Finally, the 
Grid State layer indicates the actual computation, which consists of a Boolean 
state that results from the execution of the LLR on the corresponding cell based 
on the local (Moore) neighborhood. 

3.2 Evolutionary Inner Loop 

Life-like rules may evolve over time by a mechanisms that allows alive cells to 
replicate their mutated genome into empty (i.e., quiescent) cells. This process is 
governed by an inheritance probability parameter that acts on all quiescent cells 
that have at least a living neighbor. A quiescent cell transitioning to an alive state 
inherits therefore the genome from a randomly selected alive neighbouring cell. 
The received genome, which consists of a life-like rule, may undergo mutation. 
A mutation consist of one of the following genome changes: 

– A symbol is added, removed, or changed from the B section of the genome;
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– A symbol is added, removed, or changed from the S section of the genome. 

Legitimate life-like 
genomes range from empty B · S· strings to B0123456789 S0123456789. This  
means that there are 218 = 262, 144 possible combinations. Appropriate checks 
are carried out to avoid illegal genomes (for example duplicated symbols). As an 
example, a GoL genome represented by the string B2S23 (a cell is born when 
exactly 2 neighbors are alive, a cell survives when 2 or 3 neighbors are alive, 
otherwise the cell dies) can be mutated as follows: 

– A random symbol is added to the B section: B29S23 
– A random symbol is removed from the B section: BS23 
– A random symbol is changed in the B section: B6S23 
– A random symbol is added to the S section: B2S239 
– A random symbol is removed from the S section: B2S3 
– A random symbol is changed in the S section: B2S13 

It is worth to highlight that we have kept the same life-like notation, i.e., B = 
born and S = survive. However, in our substrate B and S rules do not governe 
the birth and survival of cells, since the Cell State (alive, decay, quiescent) is 
only controlled by the Cell Age progression. Therefore, B and S in fact control 
the computational state update represented by the CA Grid State. The actual 
meaning of B is whether a cell in Grid State 0 should transition to state 1, while 
S indicates whether a cell in Grid State 1 should remain in state 1. 

3.3 Phenotypic and Genotypic Measures 

We aim at measuring the variation of phenotypes and genotypes over time. The 
following Tables 1 and 2 give an overview of the qualitative and quantitative 
measures used, respectively, together with the corresponding color palettes. 

The genotype of each cell is represented by its life-like rule. A qualitative 
overview of the current genotypic variability over the entire CA can be visually 
represented by a 2D-grid, where cells with identical genomes are represented by 
equal colors. Quiescent cells (a) do not possess any genome and are represented 
in white, while GoL genomes (b) are always represented in yellow. Other unique 
genomes (c) are represented by one unique color. 

To quantitatively measure the overall genotypic variation, we count the total 
(cumulative) number of unique life-like rules discovered during each generation. 
This gives an indication on whether the CA substrate keeps discovering new 
genotypes over time.  

The phenotype variation is qualitatively visualized with two 2D grids repre-
senting: 

– the Cell State and age - quiescent (a) in white, decay (b) in orange, alive (c) 
in different green color shades indicating their current Cell Age counters, 

– the actual Grid States (0, 1) - quiescent cells (a) are depicted in white, 1 (b) 
in green, and 0 (c) in red.
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Table 1. Qualitative Phenotypic and Genotypic Measures 

Measure Grid representation 

Genotypic variability Color-coded genome 

Cell state and age Tri-color (color shades for age) 

Grid state Tri-color (quiescent in white) 

Table 2. Quantitative Phenotypic and Genotypic Measures 

Measure 
Cumulative number of discovered rules 
Grid state fluctuation 
Number of alive, decay, and quiescent cells 
Number of cells in state 0, 1, and quiescent 

To quantitatively assess the phenotypic variation over time, we are employing 
various metrics. 

In order to quantitatively measure fluctuations of the Grid State, the number 
of cells that change state (either from 0 to 1, or from 1 to 0) between two 
consecutive iterations are measured. This indicates the phenotypic movement 
between two consecutive generations. 

Another approach involves tallying the number of living cells in state 1 (living 
in this case includes both alive and decay cells), the number of alive cells in state 
0, and dead (quiescent) cells, across each generation. This method offers insight 
into the overall computation in the substrate, by measuring the fluctuation of 
activities within the Grid State. Minimal variation across generations suggests 
a lack of significant activity within the system, while noticeable fluctuations 
indicate a more dynamic behaviour. Persistent and long-term fluctuations over 
time suggest long-term dynamics within the cellular automaton’s Grid State. 

Additionally, the count of cells in different Cell States is tracked for each 
generation, serving as a measurement of the distribution of cells across various 
states (alive, decay, quiescent), independent of the actual computation happening 
on the Grid State. 

4 Experimental Setup 

We conduct a series of experiments to identify suitable conditions that may 
support long-term dynamics in our heterogeneous life-like CA with age constrains
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Table 3. CA Parameters 

Parameter Value 
Eligible Cell State to Inherit Genomes [Alive] 
Probability Initial Alive Cell State 0.5 
Probability Alive Cell State with Value 1 0.5 
Inheritance Probability 0.125 
Mutation Probability Pmut 0.2 
amax 10, 50 
adec 15, 70 
Initial Rule B3S23 

and local evolution. In this section, we provide details on the experimental setup 
and utilized parameters. 

The used parameters are given in Table 3. In particular, the Probability Ini-
tial Alive Cell State determines the ratio of alive to quiescent cells in the first 
generation of the CA. In our experiments, the initial generation of a CA begins 
with expectedly half of the cells in a quiescent state, while the remaining half 
are alive. Initially, all alive cells start with a GoL genome, i.e., B3S23. Among 
the living cells, a stochastic allocation designates half with a phenotypic state 
of 0, while the remaining half is assigned a phenotypic state of 1, as dictated by 
the parameter Probability Alive Cell State with Value 1. The  Inheritance Prob-
ability, set to 0.125, governs the likelihood of quiescent cells transitioning to 
an alive state, i.e. on average one out of the eight neighbors to a single alive 
cell is expected to become alive. Only alive cells are eligible for genome trans-
mission to quiescent cells, determined by the parameter Eligible Cell State to 
Inherit Genomes. This means that decay cells cannot reproduce. The inherited 
genomes of new alive cells may undergo mutation with a probability indicated 
by Mutation Probability ( Pmut). Suitable values for Inheritance Probability and 
Mutation Probability used in this study are determined experimentally. 

Additionally, we experiment with two age/decay budgets, amax and adec, 
namely 10/15 and 50/70. 

Finally, we benchmark our results with two GoL versions: 

– a GoL version with age constrains where Pmut = 0.0, however amax = 50, 
adec = 70. All the other parameters are kept as in Table 3 

– a classical GoL execution (no age and no mutation), where Pmut = 0.0  and  
amax / adec are set to a value larger than the number of executed generations. 
In this case, all cells are alive in the initial state, either in Cell State 0 or 1 
(with 0.5 probability). 

The experiments are run on a 50 × 50 grid for 10,000 generations and on 
a 500 × 500 grid for 1,000 steps. The experiments were repeated 10 times and
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(a) Cell Statescount, amax 10 and adec 

15. 
(b) Cell Statescount, amax 50 and adec 

70. 

(c) Grid Statescount, amax 10 and adec 

15. 
(d) Grid Statescount, amax 50 and adec 

70. 

(e) Comparison of Grid State fluctuations. 
(f) Cumulative Genotype 
count. 

Fig. 4. Grid Size of 50 × 50 for 10,000 generations. Averages over 10 runs. 

for the quantitative metrics, results were averaged and the deviation calculated. 
Sample videos are available here: https://tinyurl.com/vrkfs63a.

https://tinyurl.com/vrkfs63a
https://tinyurl.com/vrkfs63a
https://tinyurl.com/vrkfs63a
https://tinyurl.com/vrkfs63a
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Fig. 5. Grid Size of 500 × 500 for 1,000 generations. Averages over 10 runs. 

5 Results and Discussion 

The results for the experiments on the 50 × 50 grid are depicted in Fig. 4 and 
for the larger grid size of 500 × 500 in Fig. 5. In  4a and  4c are the results for
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the shorter lifespan of amax = 10  and adec = 15. Here, all counts have large 
variability for the first few generations. After this initial period, the Cell State 
counts seem to be almost constant with small deviations afterwards. In this 
equilibrium there are consistently more alive than dead and more dead than 
decaying cells. Considering the choice for amax and adec, the ratio of alive to 
decaying cells seems natural in such a state. Whether the amount of dead cells 
can be simply explained by the inheritance and mutation probability needs to 
be investigated. For the Grid States, the count of dead cells is the same as in 
the other plot. The amount of cells with state 0 and 1 seem to slowly converge, 
which means that the alive cell with state 0 slowly become fewer and the ones 
with state 1 increase for roughly the first 4,000 iterations. There is quite some 
variation, both for the mean as well as the deviations between runs. The growing 
amount of cells with state 1 and its perseverance over 10,000 generations gives 
an indication of long-term phenotypic dynamics without signs of stagnation. For 
the shorter lifespan on the larger grid, 5a and  5c show similar behaviour as in 
the previously described results. After initial oscillation, the Cell State counts 
stabilizes. The amount of cells with state 1 and 0 converge over time. 

As can be seen in 4b and  4d of  4, for the longer lifespan of amax = 50  and 
adec = 70, the  Cell State counts oscillate quite substantially in the beginning, 
but the oscillation’s amplitude decrease exponentially in the first roughly 3,000 
generations. Afterwards, the behaviour is again almost constant, with only little 
inter and intra run deviation. Alive cells are more numerous than decaying cells, 
which in turn occur more often than dead cells. For the Grid State, the plot 
for the dead cells is naturally the same. The count of alive cells with state 0 
oscillates for the first 2,000 generations, but there is only little variability for 
the alive cells with state 1. The curves for the alive cells with different grid 
state seem to converge up until the 9,000 generations, interestingly however 
this tendency does not seem to continue. For the longer lifespan of amax = 50  
and adec = 70, results are in 5b and  5d. The oscillation continues over the full 
1, 000 generations of the experiment for both the cell and Grid State counts. 
Overall, the plots are again similar to corresponding generations of 4b and  4d. 
After 100 generations, the amount of alive cells with state 1 and dead cells are 
still roughly of the same size. In those plots, it becomes quite clear that the 
oscillations have different amplitudes: the count of alive and decaying cells are 
oscillating in similar strength, but oppositional. The same is true for the count 
of alive cells with state 0 and the count of dead cells, but the overall amplitude 
is smaller. For the alive cells with state 1 there is only small oscillation. 

In plot 4e, the fluctuation of Cell States are depicted. The two benchmarks 
of GoL-like implementations have an early spike of Grid State movement, but 
go down to a low, constant value. Our implementation with shorter lifespan has 
a noisy curve that, from about the 1,500 generation, seems to slowly fluctuate 
around a value of 400. The Grid State movement corresponding to the longer 
lifespan is unsurprisingly unstable in the first 2000 generations, before the oscil-
lations fades. However, surprisingly the longer lifespan curve shows more phe-
notypic fluctuations than the shorter lifespan. Both show rather high dynamic
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behaviors of around 400 to 600 grid changes between consecutive generations. For 
the larger grid and shorter duration, the fluctuation of Cell States in 5e increases  
over time for both our configurations. After 200 generations, the value is almost 
always higher for the configuration with a small lifespan than for those of the 
other configurations. In case of the longer lifespan, the fluctuations oscillate for 
the full 1000 generations as in the experiment before. 

As can be seen in plot 4f and  5f, the genotypic diversity increases over time for 
both of our implementations in both experimental setups, and when extrapolated 
one would expect more unique genomes to occur. The model with a shorter lifes-
pan on the larger grid discovers the most unique genomes with almost 175,000 
of the possible 262,144. On the smaller grid, 70,000 genomes are discovered, but 
in a time span ten times longer. Also, it seems that the curve here is slowly sat-
urating. The implementation with the longer lifespan discovers just over 20,000 
and 35,000 genomes in the two experiments respectively. 

The tiles in 6, 7, 8, and  9 qualitatively illustrate the behaviour of the CA 
over the generations in a single run. The first row of the plots shows the almost 
constant amount of alive, decaying and dead cells in later generations, while the 
actual positions of those states change over time. In the second row, the genome 
of the cells is color-coded. Of course, the combinational possibilities make it 
impossible to have a humanly recognizable unique color for every genome, but 
it can be seen how there are small populations of similar genomes spread over 
the grid with no single population dominating it and with dead cells that allow 
for (re)growth in between. Especially for the longer lifespan, the convergence of 
cell with state 0 and 1 and the increasing amount of cell with state 1 can be 
observed in the lower row. 

6 Conclusion and Future Work 

We have demonstrated an heterogeneous life-like CA, where long-term pheno-
typic dynamics are possible thanks to an evolutionary inner loop. Such long-term 
behaviors are an important ingredient for open-endedness, which is typically 
lacking in other homogeneous life-like CA such as the Game of Life. Addition-
ally, in this work we incorporate the concept of cell ageing to ensure that cell 
aliveness and actual cell computation are kept conceptually separated. We plan 
to conduct further studies where cell ageing can be perturbed by an environment 
or a task to be solved, and the substrate should show further adaptation. 

Acknowledgments. This work was partially financed by the Research Council of 
Norway’s DeepCA project, grant agreement 286558.
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A Appendix Figures 

Fig. 6. Example execution of 50 × 50 grid, amax = 10,  adec = 15. First Row: Cell 
States, Second Row: Genomes, and Third Row: Grid States - Columns: snapshots at 
generation 1, 2,500, 5,000, 7,500, 10,000. 

Fig. 7. Example execution of 50 × 50 grid, amax = 50,  adec = 70. First Row: Cell 
States, Second Row: Genomes, and Third Row: Grid States - Columns: snapshots at 
generation 1, 2,500, 5,000, 7,500, 10,000.
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Fig. 8. Example execution of 500 × 500 grid, amax = 10,  adec = 15. First Row: Cell 
States, Second Row: Genomes, and Third Row: Grid States - Columns: Snapshots at 
generation 1, 250, 500, 750, 1,000. 

Fig. 9. Example execution of 500 × 500 grid, amax = 50,  adec = 70. First Row: Cell 
States, Second Row: Genomes, and Third Row: Grid States - Columns: Snapshots at 
generation 1, 250, 500, 750, 1,000.
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Abstract. In this research, we propose a system for monitoring and 
efficiently managing traffic congestion at the intersection of Park Avenue 
and E 72nd Street, New York, USA. This methodology is applied to a 
realistic traffic scenario where all intersections are controlled by fixed 
traffic signals. The method is based on a data-driven approach deploy-
ing a swarm of drones to measure the number of vehicles on roads. The 
collected information by the drones is sent to traffic lights and simulta-
neous perturbation stochastic approximation (SPSA) method is used to 
minimize traffic congestion by adapting the green traffic light durations. 
More precisely, we simulate the scenario thanks to the Vissim traffic soft-
ware and Python. The simulation results highlight the effects of traffic 
light optimization to reduce traffic jams in contrast to the baseline case, 
where the duration of green lights is fixed. 

Keywords: Traffic Monitoring and Management · Swarm of Drones · 
Vissim Software · Simultaneous perturbation Stochastic Approximation 

1 Introduction 

The rapid increase in the number of vehicles has created some challenges such 
as traffic congestion, higher fuel consumption, and gas emissions in large urban 
areas [ 6]. Traditional traffic management systems based on fixed traffic light 
controllers and stationary sensors have proven inadequate efficiency in address-
ing the challenges [ 8]. Unmanned aerial vehicles (UAVs) known as drones play a 
crucial role in surveillance and data collection by covering larger areas more effec-
tively because of their features such as their mobility, adaptability, or coverage 
efficiency, compared to fixed camera. In [ 7], the authors explore data collected 
by small drones to design a highway management system. Advanced computer 
vision algorithms are used to monitor the traffic conditions from videos and 
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images acquired by a UAV. This analysis is used to evaluate the actions to be 
taken to reduce traffic flow, assess the risk, and plan assistance during road 
accidents. In [ 5], a cloud-based approach is designed in a ground station unit 
for managing drones in a smart city for traffic monitoring. The proposed algo-
rithm helps to cover a larger area while conserving battery energy. Continuously 
monitoring of a simulated smart city as Unity game by using an aerial swarm 
is presented in [ 3]. In another work [ 9], a swarm of drones is deployed to gather 
data to create a general map containing data on traffic, pedestrians, climate, 
and pollution. 

In a smart city, optimal traffic management is critical in optimizing traffic 
flow, improving overall transportation efficiency, and reducing travel times and 
congestion. In [ 16], the authors design an intelligent traffic control system based 
on a fuzzy logic controller to reduce average delay time. In [ 15], an adaptive 
real-time traffic light control algorithm employs the YOLO image processing 
technique to optimize traffic signal phases, using data captured by a fixed cam-
era. In contrast to the traffic management design based on fixed sensors data 
with machine learning [ 4] or reinforcement learning [ 13], in this paper, we aim to 
design and analyse an autonomous optimized traffic light control system based 
on SPSA algorithm by using a swarm of drones. 

Due to the challenges in acquiring real traffic data for the selected scenario in 
simulation, it is necessary to use micro traffic simulators such as Vissim or Sumo 
software. In this regard, in [ 2, 12], the authors deploy these softwares to simulate 
the traffic in urban areas to demonstrate the effectiveness of their described 
traffic control method. A detailed example can be found in [ 10] where traffic 
lights are added to a non-signalized intersection in Vissim to show the significant 
reduction of traffic conflicts in the intersection. In [ 18], a microsimulation model 
is developed in the Vissim software to analyze the effect of different pedestrian 
densities on the traffic flow in an intersection. In [ 11], the authors simulate 
an intelligent traffic management system (ITMS) based on a deep neural fuzzy 
model in Sumo. The simulation software allow to explore of traffic-related issues 
such as route choice, simulating traffic lights, or vehicular communication in the 
ITMS. 

In this work, we transfer the number of vehicles on the roads network from 
the Vissim software to a cellular model in Python and use a data-driven app-
roach with the swarm of drones to collect the data. To solve the communication 
problem between drones and traffic lights such as limited bandwidth and data 
security, some specific meeting points [ 17] are considered to share the traffic infor-
mation. The traffic lights receive this data from the UAVs to adapt the green 
traffic lights duration to minimize congestion by using the SPSA-optimization 
method. Finally, the optimal green time durations are applied to the Vissim soft-
ware. The integration of the Vissim traffic model with a swarm of drones provides 
an efficient autonomous traffic management system for smart cities that not only 
alleviates congestion but also contributes to safer and more sustainable urban 
transportation ecosystems.
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SPSA Optimization Define Cellular Model 

Intersection Traffic Model Define City Map 

Fly of Drones 

Number of VehiclesTraffic Light Durations 

Fig. 1. Total layers of the simulation with Vissim layer, communication layer, and 
drones layer. 

This paper is organized as follows. The main methodology of the simulation 
is discussed in Sect. 2. Subsections 2.1 and 2.2 introduce the urban road network 
and possible ways for movements of vehicles in the intersections, respectively. In 
Subsect. 2.3, the traffic model created by the Vissim software and the cellular 
map in Python is investigated. Then, Sect. 3 defines the route path planning for 
drones navigation. The SPSA method for traffic signals optimization is presented 
in Sect. 4 and Simulation results are provided in Sect. 5. Finally, a brief conclusion 
is given in Sect. 6. 

2 Methodology 

This section describes the whole scenario for simulating an optimal signalized 
intersection network where the Vissim software is used to simulate the real traf-
fic model and where a swarm of drones is deployed to monitor and manage the 
traffic. As depicted in Fig. 1, the simulation model consists of three layers: i) 
the Vissim layer, ii) the communication (CM) layer, and iii) the drones layer. 
The Vissim layer consists of a geographically accurate representation of a real 
signalized intersection in New York, USA, that is, the junction of Park Avenue 
and E 72nd Street as shown in Fig. 2. The traffic flow is executed by the Vis-
sim application, which enhances accuracy by considering some realistic features 
such as vehicle acceleration and deceleration, lane changing, and the presence of 
various types of vehicles. The CM layer is considered as a communication layer 
to transfer the generated number of vehicles on each road from the Vissim layer 
to the drones layer, and simultaneously to transfer the optimized duration of 
green traffic lights using the SPSA optimization model from the drones layer 
to the Vissim layer. In the third layer, the cellular map is created by using the
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Fig. 2. Satellite map by Google. 

dynamic propagation data of traffic in the Vissim layer. We employ four drones 
to continuously monitor the cellular map at different speeds. Next, the swarm 
of drones fly individually above the road cells to collect the number of vehicles 
based on the predefined trajectory. Designated meeting points have been estab-
lished to address the communication issues between the drones and the traffic 
lights. Whenever a drone reaches a meeting point, it transfers collected data on 
traffic to the traffic lights. The traffic unit runs the SPSA optimization algorithm 
based on the information collected by the drones to minimize traffic congestion 
by changing the green duration of traffic lights. 

2.1 Urban Road Network 

The urban road network considered in this paper is the real-world intersection 
of Park Avenue and E 72nd Street in New York, USA as shown in Fig. 2. The  
intersection has four legs: West, East, North, and South directions. Each leg 
includes two entry points and two exit points. The entry point is designated 
for vehicles moving forward and turning right, while the other entry point is 
for vehicles turning left. The first exit point is considered for receiving vehicles 
traveling forward and for those leaving the intersection with a right turn, and 
the other exit point is for vehicles leaving the intersection with a left turn. 
In the intersection network, we refer to R{j,k}; j = {INfr, INl, OU  Tfr, OU  Tl} 
as the lanes of each leg, using INfr  to indicate the lane for vehicles entering 
the intersection to move forward and turn right, INl is assigned to the lane 
for vehicles entering the intersection to turn left, OU Tfr  denotes the lane for 
vehicles leaving the intersection with forward movement and right turn, and 
OU Tl represents the lane used for the vehicles leaving the intersection with 
left turn; k = {W, E, N, S} refers to the four legs direction of the intersection
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Fig. 3. Traffic light phases. 

using the cardinal points. The length of Park Avenue in the north and south is 
approximately 60 m, while E 72nd Street extends around 120 m in the west and 
east directions. 

2.2 Traffic Lights Phases 

In the intersection network, the traffic lights operate through four phases, as 
shown in Fig.  3. All the traffic lights in the designed phases are referred to as a 
single traffic unit. Each phase consists of two sets of three signal lights (i.e., red, 
yellow, and green), with one set controlling the fr-lane and the other controlling 
the l-lane. We denote signal controls as S{i,k,c}, where  i = {fr,  l} represents the 
lane, k = {W, E, N, S} corresponds to the cardinal directions at the intersec-
tion, and c = {red, yellow, green} indicates the traffic light colors. A detailed 
description of the phases is provided as follows. 

– Phase 1: In this phase, vehicles movie forward from the W to the E leg and 
vice versa. Since the traffic light set is the same for both forward-moving and 
right-turning, vehicles move from the W to the S leg and from the E to the 
N leg. Hence, the signal controls for legs W and E are S{f r,W,green} and 
S{f r,E,green} in fr-lanes, S{l,W,red} and S{l,E,red} in l-lanes. All the other 
phases for the N and the S legs are in red light situation: S{f r,N,red} and 
S{l,N,red} for the N leg, S{f r,S,red} and S{l,S,red} for the S leg. 

– Phase 2: In this phase, vehicles turn left from the W to the N leg and from the 
E to the S leg. Hence, the signal controls for legs W and E are S{l,W,green} 
and S{l,E,green} in l-lanes, S{f r,W,red} and S{f r,E,red} in fr  lanes. All the 
other phases in the N and the S legs are in red light situation: S{f r,N,red} 
and S{l,N,red} for the N leg, S{f r,S,red} and S{l,S,red} for the S leg.



Autonomous Traffic Management with a Swarm of Drones 21

(a) Simulated intersection (b) Fixed control timing of the traffic phases 

Fig. 4. Implementation in the Vissim software. 

– Phase 3: In this phase, vehicles move forward from the N to the S leg and 
vice versa. Since the traffic light set is the same for both forward-moving 
and right-turning, vehicles move from the N to the W leg and from the S 
to the E leg. Hence, the signal controls for legs N and S are S{f r,N,green} 
and S{f r,S,green} in fr-lanes, S{l,N,red} and S{l,S,red} in l-lanes. All the other 
phases for the W and the E legs are in red light situation: S{f r,W,red} and 
S{l,W,red} for the W leg, S{f r,E,red} and S{l,E,red} for the E leg. 

– Phase 4: In this phase, vehicles turn left from the N to the E leg and from the 
S to the W leg. Hence, the signal controls for legs N and S are S{l,N,green} 
and S{l,S,green} in l-legs, S{f r,N,red} and S{f r,S,red} in fr-legs. All the other 
phases in the W and the E legs are in red light situation: S{f r,W,red} and 
S{l,W,red} for the W leg, S{f r,E,red} and S{l,E,red} for the E leg. 

2.3 Traffic Model 

In this paper, we will use the Vissim software [ 1] to accurately simulate the 
traffic dynamics (see Fig. 4(a)). The Vissim software provides a microscopic, 
discrete, and stochastic representation of vehicles as separate entities, modeling 
each vehicle by specific characteristics such as speed, acceleration, deceleration, 
and driver behavior. Moreover, it considers vehicle interactions, including car-
following, lane-changing, and gap acceptance in simulation. Fixed input sources 
are defined for each lane to run vehicle flow in the simulated network. It should 
be noted that we use a cellular map in Python to transfer vehicle counts from 
the Vissim software for drone monitoring purposes. In the cellular map, Park 
Avenue is divided into 2 subcells, each 30 m long, while E 72nd Street is divided 
into 4 subcells of the same length. 

In this paper, two separate scenarios such as fixed and optimized traffic con-
trol will be simulated by the Vissim software. Figure 4(b) illustrates the fix timing 
schedule for the defined traffic phases in the Vissim software. The green light 
durations for the forward/right and left lanes in the west/east directions are
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Fig. 5. Path planning of the drones (black arrows), start points of the drones (white 
stars), meeting points of the drones (grey circles), and traffic flows (blue arrows). (Color 
figure online) 

set to 14 s and 7 s, respectively. Similarly, the green light durations for the for-
ward/right and left lanes in the north/south directions are set to 12 s and 5 s, 
respectively. The sum of the green light duration for all traffic phases in the 
intersection S{i,k,green} is defined as the cycle time C: 

C =
∑

k={W,N} 

S{f r,k,green} + S{l,k,green} (1) 

3 Path Planning for Drones 

We assign four drones to monitor the intersection network by traveling along 
designated flight paths. Four distinctive rectangle routes are defined for each 
drone as shown in Fig. 5. The black and blue arrows depict the directions of drone 
movement within each route and the flow of traffic by the Vissim, respectively. 
Continuous black arrows indicate the portions of each route that correspond to 
roads in the monitored network, while parts outside the monitored network are 
shown with dashed arrows. Moreover, the white stars indicate the flight starting 
point of each route, the grey circles mark a road change within the route, and the 
circles numbered 1, 5, 9, and  13 are the meeting points placed at the intersections. 
Whenever each drone arrives at a meeting point, it informs the traffic unit with 
the number of vehicles in each assigned route during its most recent loop on the 
route. Drones travel along the routes cell by cell at varying speeds, collecting 
data from four cells on the west-east roads and two cells on the north-south 
roads as defined in Subsect. 2.3.
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4 Traffic Control Optimization 

To reduce traffic congestion on the intersection legs, the durations of green traf-
fic lights are optimized using the simultaneous perturbation stochastic approx-
imation (SPSA) algorithm, which uses information (i.e., the number of cars in 
the monitored cells) gathered from drones. The SPSA algorithm is a powerful 
heuristic method that gradually approximates the optimal solution by iteratively 
estimating the gradient information of the objective function. The algorithm 
employs two estimated values of the objective function, which is independent of 
the dimension of the optimization problem. The feature of perturbing each vari-
able in both positive and negative directions allows the algorithm to estimate the 
gradient of the objective function more robustly. After perturbing the parame-
ters, SPSA monitors the resulting variations in the objective function. By aver-
aging these perturbations, SPSA calculates an estimated gradient and adjusts 
its steps to iteratively improve the solution. The SPSA equation is defined as 

x̂k+1 = x̂k − ak · ĝ(xk) (2) 

where x̂k is the estimated value at the k-th iteration, ak is a scalar gain coeffi-
cient, and ĝ(xk) is the estimated value of the gradient g(xk). The algorithm is 
summarized by the following steps: 

1. Parameters ak and Ck are defined as: 

ak = a/(A + k + 1)α (3) 

Ck = m/(k + 1)γ (4) 

where a, α, A, m and γ are non-negative coefficients as the inputs of the 
algorithm. 

2. Based on Eqs. (3) and  (4), two estimated values of the objective function are 
calculated as L(x̂k + Ck · δk) and L(x̂k − Ck · δk). δ is non-negative coefficients. 

3. The approximation of the gradient is given by 

ĝ(xk) = (L(x̂k + Ck · δk) − L(x̂k − Ck · δk))/(2Ck)δk (5) 

4. Equation (2) is updated. The algorithm continues to run until it solves the 
traffic congestion or reaches the maximum number of iterations to achieve the 
optimal result. Otherwise, k = k +1  and returns to step 1 until the conditions 
are fulfilled. 

More details on the SPSA algorithm can be found in [ 14].
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4.1 Objective Function 

The objective function is formulated to minimize the total number of vehicles in 
the intersection legs as follows: 

min D(t) = min 
Y∑

k=1 

Δt(nk(t)) (6) 

where Δt is  the step time and  nr(t) is the number of vehicles in cell r at time 
t. Note that Y = 4  and Y = 2  are the numbers of the cellular sub-cells for 
the west/east and the north/south legs, respectively. SDrone denotes the drone’s 
speed, allowing it to gather information from each subcell in 2S. The objective 
function aims to reduce the overall street congestion by optimizing the timing 
of green traffic lights in the four directions. 

5 Simulation Results 

In this section, we evaluate the performance of the system by analyzing the 
intersection congestion under (i) fixed control timing, as illustrated in Fig. 4(b) 
and (ii) the optimization timing model described in Sect. 4. In this simulation, 
the length of each cell in the cellular map is set to 30 m, and the maximum 
capacity of each cell is 10 vehicles for the R{INfr,k} lane and 5 vehicles for 
the R{INl,k} lane, with k = {W, E, N, S} referring to the cardinal points. The 
optimization parameters are given in Table 1. 

Table 1. Values of the optimization parameters for the simulation used during the 
evaluation tests. 

parameters values 
step time Δt 2 s  
simulation run T 552 s 
cycle time C 46 s 
drone speed SDrone 16 m/s 

In both scenarios, the network input flows are set at a fixed rate of 1800 vehi-
cles per hour entering R{INfr,W } and R{INfr,E} lanes, and 900 vehicles per hour 
entering R{INfr,N } and R{INfr,S} lanes. Notably, the inflow for the west/east 
roads is twice larger than in the north/south roads. It is assumed that, at the 
beginning of each simulation run, a total number of 16 and 8 vehicles are dis-
tributed randomly among R{INfr,W/E} and R{INl,N/S}, respectively. We have 
executed 10 seeded simulation runs, with different initial distributions of the 
vehicles in the roads. Figure 6 and Fig. 7 illustrate the mean value and stan-
dard deviation of the remaining total number of vehicles in R{INfr,W/E} at the
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Fig. 6. Number of remaining vehicles at the end of the assigned green traffic light 
duration in fr  lane for the west/east and the north/south directions, respectively. In 
the first 12 cycles, fixed control timing is used, and the SPSA optimization algorithm 
starts operating during the second 12 cycles. (Color figure online) 

Fig. 7. Number of remaining vehicles at the end of the assigned green traffic light 
duration in l lane for the west/east and the north/south directions, respectively. In 
the first 12 cycles, fixed control timing is used, and the SPSA optimization algorithm 
starts operating during the second 12 cycles. (Color figure online) 

beginning of traffic phase 2, R{INl,W/E} at the beginning of traffic phase 3, 
R{INfr,N/S} at the beginning of traffic phase 4, and R{INl,N/S} at the begin-
ning of traffic phase 1. In each simulation run, the traffic lights complete 24 full
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cycles. During the first 12 cycles, the traffic is not monitored and the duration of 
each green light phase is fixed. In the last 12 cycles, the traffic is monitored by 
the drones and the green light duration is set by the SPSA-based optimization 
control. 

The results from our 10 evaluation tests for fr  lanes are shown in Fig. 6, 
where the total remaining number of cars in the west/east directions increases 
up to 30 cars during the fixed traffic light control. This means that the fixed green 
duration in traffic phase 1 is insufficient to empty the lanes. In contrast, the mean 
number of cars in the north/south direction remains within the normal range, 
averaging about 4 cars per cycle. During the last 12 cycles, traffic congestion in 
both directions is influenced by the SPSA optimization method. The drones send 
data to the traffic unit with the higher number of cars in the west/east compared 
to opposite directions. To tackle the traffic jam in the west/east direction, SPSA 
optimization extends the green time for phase 1 and reduces it for phase 3, 
ensuring that congestion decreases to a total number of 4 cars at the 12th cycle 
in the west/east direction and slightly increases in the north/south direction. 

Similar results for l lanes are shown in Fig. 7. Examining the traffic evolution 
during the first 12 cycles, with unchanged traffic light durations, reveals that the 
average total number of vehicles in the west/east directions reaches up to 15 cars 
by the end of the simulation, while traffic density in the other direction remains 
at 0 cars. Through the SPSA optimization method, the green time in phase 2 is 
extended by decreasing the duration of phase 4. Figure 7 show a similar trend 
of congestion reduction in l lanes for the west/east direction, along with a slight 
increase in the north/south direction. Figure 6 and Fig. 7 illustrate the efficiency 
of the autonomous optimized traffic monitoring and management in the network 
to reduce the traffic jams in all roads by considering fixed cycle time. 

6 Conclusion 

This paper demonstrated the effectiveness of an optimized traffic control system 
by deploying a swarm of drones to reduce traffic congestion at the intersection of 
a realistic signalized road intersection. The Vissim software was used to simulate 
a real traffic flow within the four legs of the network. The numbers of vehicles 
generated by the Vissim software were transferred to a cellular map in Python, 
where four drones were deployed to monitor traffic cell by cell and send the col-
lected information to the traffic unit at designated meeting points. The traffic 
unit then used the real-time data captured by the drones with an SPSA-based 
optimized traffic light controller. The simulation results clearly showed that opti-
mized traffic light durations using drone-collected data can substantially reduce 
traffic congestion in the west/east directions while maintaining acceptable con-
ditions for the north/south directions in comparison with fixed signal control 
timing. This approach not only enhances traffic efficiency but also highlights 
the potential of drone technology in autonomous urban traffic management sys-
tems. In future work, we plan to employ the autonomous system in more complex 
urban networks by adding more connected intersections and more decentralized 
traffic units.
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Abstract. Opinion dynamics models can help explain observed social 
phenomena that emerge from social interaction, such as echo chambers or 
polarisation, by using computational and numerical methods. However, 
to make them mathematically tractable, many such models are based on 
simplistic and unrealistic assumptions that do not align with the knowl-
edge from the empirical cognitive science field. A significant exception 
is a recent multidimensional opinion model proposed by Mueller and 
Tan, which was able to reproduce opinion divergence and group polari-
sation by establishing a need for consistency between related beliefs that 
restricts the space of allowed combinations of opinions. Although this 
contribution is promising in closing the gap between the cognitive sci-
ences and opinion dynamics models, the authors only provided a limited 
set of experiments to show the behaviour of the model and a more in– 
depth understanding is lacking. Here, we provide a concise mathematical 
analysis and a more thorough numerical analysis of the cognitive model 
of opinion dynamics proposed by Mueller and Tan and show that the out-
comes of opinion divergence and group polarisation only emerge under 
some regimes of the parameter space: medium–term dynamics, a moder-
ate number of topics discussed upon interaction, with opinion divergence 
emerging under sparse belief spaces and group polarisation under large, 
dense belief spaces. These scenarios should be contrasted with real–life 
cases to confirm whether the assumptions of the constrained belief space 
are enough to explain the observed phenomena or whether additional 
ingredients should be added for a more realistic representation of social 
behaviour. 

Keywords: Group polarisation · Opinion dynamics · Consensus 
formation · Agent–based modelling · Collective behaviour 

1 Introduction 

The field of opinion dynamics initially emerged from the transfer of approaches 
used in statistical physics—which study systems of particles with simple inter-
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action rules—to the study of social dynamics [ 2]. For instance, the paradigmatic 
Ising model, which describes the disposition of spins in a ferromagnetic mate-
rial, has been shown to be able to describe social phenomena well in various 
contexts [ 6]. Although these approaches have been useful in providing a qual-
itative understanding of the social systems that they model [ 2], it is common 
that the interaction rules and representation of beliefs are founded on unre-
alistic assumptions that do not align with the empirical knowledge of human 
behaviour from the cognitive sciences [ 9, 11, 19]. For example, it is typically 
assumed that opinions lie on a uni–dimensional continuum [ 2, 5], while cognitive 
science results suggest that humans do not consistently differentiate between 
levels of confidence regarding an issue [ 12]. To explain group opinion divergence, 
opinion dynamics models typically include assimilative behaviour (i.e., individu-
als’ opinions coming closer upon interaction) and bounded confidence, by which  
individuals do not change opinions when interacting with remarkably dissenting 
others. However, empirical results have shown that large differences in opinion 
tend to lead to larger changes [ 20], while narrow differences tend to lead to no 
change [ 10], challenging the bounded–confidence assumption. Additionally, as 
models with assimilative forces always arrive at opinions more moderate than 
the initial ones—a behaviour which is at odds with many real–life cases that show 
group polarisation—models typically include either negative reactions (individ-
uals’ opinions moving away from each other if they are too different) or stubborn 
extremists who do not change their opinion [ 7, 16]. However, there is no evidence 
that those with extreme views are more reluctant to opinion change than anyone 
else [ 1] or that negative reactions are common [ 20]. 

Recent attempts have tried to bring knowledge from empirical findings in the 
cognitive sciences to opinion dynamics models [ 11, 17, 18]. Among these cogni-
tively grounded models, the one proposed by Mueller and Tan [ 11] stands out in 
that it is able to produce behaviour of opinion divergence and group polarisation 
without the need for mechanisms such as bounded confidence, stubborn agents, 
or negative reactions. Instead, their model includes a multidimensional opinion 
space with binary beliefs and with restrictions on the combinations of beliefs that 
are allowed—reflecting a need for consistency among related opinions—and this 
ingredient alone is enough to show behaviours of opinion divergence and group 
polarisation [ 11]. Even though this model provides a promising link between 
cognitive sciences and opinion dynamics models, the authors do not provide a 
full account of the model behaviour and only show the desired outcomes under a 
set of experiments with a very limited set of model parameters. Although these 
are acknowledged to be “somewhat arbitrary” and provided only as a “proof– 
by–example”, it is not clear if these outcomes are robust to the decisions of the 
chosen model parameters. 

Here, we provide a concise mathematical analysis and a more thorough 
numerical analysis of the cognitive model of structured beliefs proposed in [ 11] 
and arrive at a series of observations. First, we provide a mathematical argu-
ment about the long–term behaviour of the model, proving that if given enough 
time, the model dynamics would certainly arrive at the collapse of the opinions
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of the population to a single viewpoint. Second, we study the robustness of the 
model outcomes to changes in the number of topics discussed upon interaction 
and find a phase transition where the group moves from consensus to opinion 
divergence, while consensus tends to happen around the extremes of the opin-
ion space, showing group polarisation. However, when fewer topics are discussed 
upon interaction, there is a higher tendency for opinion divergence and groups 
around more moderate stances. Last, we analyse the effect of variations in the 
size and density of the belief space and find that the consensus opinion of the 
group is moderate only when there are few topics or few valid combinations of 
them, while it tends to gather near the extremes otherwise. Therefore, the model 
has a variety of outcomes depending on the time scales and parameter choices, 
and a reference of real cases should be sought to calibrate them and evaluate the 
suitability of the model in these scenarios. 

The remainder of the paper is organised as follows: Sect. 2 describes the 
belief–space model introduced in [ 11] and the experimental settings used in 
our simulations. Section 3 provides a deeper understanding of the behaviour of 
the model by analysing its long–term behaviour and exploring the parameter 
space through simulations. Section 4 concludes the paper with a discussion of 
the results in context and suggestions for future research. 

2 Model and Experimental Settings 

2.1 Description of the Model 

The model we consider in this paper was introduced by Mueller and Tan [ 11]. 
In this multi–agent interactive model, opinion–based beliefs are represented as 
binary vectors in a multidimensional space, where each dimension or belief feature 
represents a topic, agents—without loss of generality—can hold either a positive 
(1) or negative (0) opinion or belief in each topic, and a combination of beliefs 
over all features is termed as a belief state. Due to, e.g., logical or traditional 
associations between beliefs, only a subset of combinations of beliefs is possible, 
which constitute valid belief states. The set of B valid belief states that agents 
are allowed to hold over F features is termed as a  knowledge or belief space, 
ΛF,B = {1, . . . , F} × {1, . . . , B}. 

To describe the complexity of the knowledge space, we use the concepts of 
sparsity, density and connectivity. Although for a given number of features, F , 
it is possible to create 2F belief states, the set of valid combinations of beliefs 
may typically be much smaller than 2F , i.e., B/2F � 1, corresponding to a 
sparse knowledge space [ 11]. In this case, the probability of finding a valid belief 
state and updating agents’ belief states in each round is low. In contrast, the 
knowledge space is dense when B/2F ≈ 1. Lastly, a belief state is classified as 
well–connected if it shares many opinions with many other states, allowing easier 
movement between them [ 11]. 

As in the original paper [ 11], when creating the knowledge space, we always 
include the two most extreme belief states, i.e., all 0 s and all 1 s. The remaining 
belief states are generated using the standard uniform distribution. That is,
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for each belief state, a single value p is generated from the standard uniform 
distribution, p ∼ U(0, 1), and then, each feature is set to 0 with a probability 
of p and 1 with a probability of 1 − p. As in [  11], the uniqueness of each belief 
state is ensured by generating a new state if the same belief state is generated 
twice. Lastly, once the belief states to be included in the knowledge space are 
generated, they are ordered based on the number of positive features, with belief 
state 1 being all 0s and belief state B being all 1s. 

Simulations start with a group of N agents randomly assigned belief states 
from the knowledge space. The opinion formation process is then implemented 
with no restrictions on interactions. Hence, in each round, a pair of agents is 
randomly selected to interact, where changes in the belief state of both agents 
may occur. Considering agent i, each feature is selected for discussion with a 
probability of 1 − μ, forming the set of features to be discussed. Here, μ is the 
probability of each feature not being selected for inclusion in the “discussion”, 
i.e., 1 − μ is the probability of inclusion. 1 Then, a new candidate belief state is 
generated for agent i, s∗, where the values of agent j on those features (features 
included in the “discussion”) are copied. Agent i will only adopt the candidate 
belief state if it exists in the knowledge space, i.e., s∗ ∈ ΛF,B. This process 
is then repeated for agent j, considering the initial state of agent i before any 
potential change. The probability of inclusion 1 − μ is fixed throughout each 
simulation. 

2.2 Experimental Settings 

Mueller and Tan [ 11] presented the desired outcomes—the behaviour of opinion 
divergence and group polarisation—under a set of experiments with a limited 
set of model parameters: N = 100 agents, B = 15  belief states, F = 20  features, 
and μ = 0.3. To explore the effects of this parametrical decision, we perform 
experiments where we vary one or more parameters while fixing the remaining 
parameters to the original values. 

We define a simulation to last 100, 000 rounds or until consensus formation— 
when all agents adopt the same belief state—is produced. This choice was made 
considering that, in real life, we expect individuals to interact a finite number 
of times before encountering external factors, making 100, 000 interactions a 
reasonable upper bound. To address the stochastic nature of the model, we run 
each experiment either 50 or 100 times. This choice was made to keep a balance; 
while we wish to conduct enough experiments to accommodate the impact of 
randomness in outcomes, we are also limited by computational time. 

2.3 Evaluation Metrics 

For us to conclude that a polarisation effect is produced as an output of the 
model, all groups of agents with size larger than 5% of the total number of

1 In the opinion formation process followed in the original paper [ 11], μ was the prob-
ability of selecting each feature for inclusion in the “discussion”. 
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agents, N , must hold an extreme belief state. Here, an extreme belief state is 
defined as any state in the knowledge space that falls within the first or last 20% 
of the belief states. The results presented in Sect. 3 are robust in the group size 
threshold (larger than 5%), with the same results achieved with other reasonably 
small values. They are also robust to different thresholds of extremity. 

We are also interested in examining consensus formation—the result where 
the opinions within an interacting group collapse to a single viewpoint—as an 
outcome of the model. One way to measure consensus formation is to look at 
the size of the largest group of agents in the same belief state after 100, 000 
interactions. In addition, we have an indication of consensus formation by exam-
ining whether G% group agreement is produced. Here, G% group agreement is 
achieved when G% of the population holds the same belief. 

3 Results 

In this section, we first discuss the long–term behaviour of the model. Then, we 
conduct numerical experiments to investigate the outcomes of the system in a 
bigger set of model parameters, namely, (a) how the variety of topics discussed 
upon interaction affects the probability of polarisation and consensus formation 
and (b) how the complexity of the knowledge space affects the probability of 
polarisation and the time required to reach group agreement. 

3.1 Temporal Dynamics of the Model 

In [ 11], it is argued that an interacting group with initially distinct opinions 
may “converge” to distinct belief groups. In this section, however, this claim is 
contradicted since by modelling the dynamics as a Markov chain, it is proven 
that the population will converge to consensus with probability 1. 

We consider a discrete–time, finite–state Markov chain with state space S = 
{AB , AB−1, ..., A2, A1}, where  Ak represents the state for which all agents of the 
population have k distinct belief states. Suppose we have a model with knowledge 
space ΛF,B. Observe that, in this case, there exist B different belief states in the 
knowledge space; hence, AB is the state of the system where at least one agent 
holds each possible belief state. Consensus formation corresponds to the state 
A1, where the population is in a single belief state. 

Let αk be the transition probability from Ak to itself, βk be the transition 
probability from Ak to Ak−1, and  γk be the transition probability from Ak to 
Ak+1. Note that there is always a positive probability of reducing or remaining 
at the same number of beliefs that exist among the population, i.e., αk > 0 and 
βk > 0. In addition, if everyone in the population adopts the same belief, there 
is no way for an agent to change belief via interacting with other agents; thus, 
γ1 = 0. Lastly, since γk is a probability, it follows that γk ≥ 0 for each k. 

It is clear that the model introduced in [ 11] simulates a Markov chain on 
the state space S, as the probability of the process moving from one state to 
another depends only on the current state. Moreover, we observe that S has
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AB AB−1 AB−2 ... A2 A1 

αB αB−1 αB−2 
α2 α1 

βB βB−1 βB−2 β3 β2 

γB−1 γB−2 γB−3 γ2 

Fig. 1. Markov chain with one–step transition probabilities for opinion dynamics 
among an interacting group with initially distinct opinions. Each state Ak represents 
the number of distinct belief states among all agents of the population. 

only one absorbing state (A1)—once the system reaches this state, it stays in 
this state—and there is a positive probability of reaching this state in a finite 
number of steps (see Fig. 1). This means that all other states AB , AB−1, ..., A2 

are transient, and the system will reach state A1 with probability 1. 
In conclusion, if given enough time, the model will reach global consensus 

of beliefs with probability 1. Therefore, at most, quasi–stable groups of different 
opinions can be formed in the model. Quasi–stability in this context means that 
for a large number of iterations, the number of agents in each state remains 
approximately the same. It is important to note that the number of steps taken 
to reach A1 could be very large. Hence, quasi–stability, as in [ 11], is worth inves-
tigating with numerical simulations. 

3.2 The Variety of Topics Discussed 

As aforementioned, 1 − μ is the average proportion of topics discussed in each 
interaction between two agents. The topics to discuss are chosen with uniform 
probability. When μ = 0, all topics will be discussed in every interaction. This 
causes the agents to just swap beliefs. Therefore, the beliefs held by the group 
do not change. Similarly, when μ = 1, no topics are discussed, so interactions do 
not affect an agent’s belief. 

We look at the effect of choosing different values of μ on the size of the largest 
group and whether the group of agents has polarised. We consider 21 different 
values of μ ∈ [0, 1] and perform 100 simulation runs for each value. 

Conditions for Group Agreement. The largest group size for each simula-
tion run with different values of μ is shown in Fig. 2a. Larger values of μ are less 
likely to have large groups of agents holding the same belief, corresponding to 
fragmented opinions, while lower values of μ have a high chance of consensus, 
with all 100 agents holding the same belief state. The transition from consensus 
at 100, 000 interactions to fragmentation occurs at around μ = 0.25. The  sim-
ulations in [ 11] considered  μ = 0.3, which is slightly above the transition and 
hence has a high chance to obtain only two groups in the final state. 

Increasing μ decreases the number of topics discussed and suggests that 
agents are less likely to make big changes in their belief state. This also means
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(a) Size of the largest group (b) Probability of polarisation 

Fig. 2. (a) Box plots representing the range of the size of the largest group for each 
μ value from 100 simulation runs. The dashed curve is L(μ) (as defined in Eq.  1) with  
parameters A = 280/3, μ1/2 = 1/k ln(277/3 − ω), k = 9.985, and  ω = 8.554. The box and 
whisker plots show the mean, upper, and lower quartiles. (b) Probability of polarisation 
over the different values of μ from 100 simulation runs. The value μ = 0.3 (highlighted) 
was used in [  11], and is used in the experiments of Sect. 3.3. The colour bar shows the 
probability of polarisation using the same scale as Fig. 3 for comparison. All other 
parameters are as in [ 11]: N = 100, F = 20, and  B = 15. 

that if a new belief is adopted by an agent, it will not be very different from 
their original belief. This can cause the population to arrive at a quasi–stable 
state with fragmented opinions. 

The mean values of the size of the largest group for each μ ∈ (0, 1], L(μ), can  
be well fitted by a logistic curve, given in Eq. 1. The parameter A is dependent 
on the number of belief states. These are given by 

L(μ) =  N − A 
1 +  e−k(µ−µ1/2) 

, (1) 

A = N (1 − 1/B) − ω, (2) 

where N is the number of agents, B is the number of valid belief states, and ω 
is a fitting parameter. Initially, the agents are distributed uniformly across the 
belief states, so we expect all groups to be, on average, of size N/B. However, 
there will be some deviation in the distribution, causing the largest group to be 
above this number, which is incorporated by ω. 

The value μ1/2 represents the μ value such that the mean largest group size 
is halfway between the maximum and minimum possible largest group sizes; 
L(μ1/2) =  1 2 (N − N/B). Allowing for one agent to not be in the final consensus 
group, taking limµ→0 L(μ) =  N − 1, we see that μ1/2 = k−1 ln(A − 1). The  
coefficient k is dependent on the number of interactions and the ratio between 
the number of features and beliefs, which affects the probability of taking a 
new belief during an interaction. As aforementioned, when μ = 0, all topics 
are discussed and so the distribution of agents among the belief states does not 
change, so L(0) := L(1) = N/B + ω, corresponding to the initial conditions.
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With the parameters in Fig. 2a, A = 280/3 − ω and μ1/2 = 1/k ln(277/3 − ω), 
the remaining parameters, k = 9.985 and ω = 8.554, were fitted by minimising 
residuals. Therefore, average initial maximum group size is N/B + ω = 15.22. 

Conditions for Polarisation. Having a high chance of consensus also suggests 
a high chance of having polarisation, as shown in Fig. 2b, as it is likely that the 
largest group is in an extreme belief state. Having an intermediate low value of 
μ (above 0.15 and below 0.5) is more likely to cause the population to polarise 
within 100, 000 interactions because it takes fewer interactions for an agent to 
change to an extreme belief state. However, when the value of μ is too low, 
i.e., μ <  0.15, many topics are discussed, and the beliefs of the agents converge 
very quickly to a random belief state, highly linked to the beliefs of the first 
few agents to interact before the knowledge space has been well sampled. This 
reduces the chance of polarisation compared with the previously discussed range 
of μ. High  μ values (above 0.5) have a much lower chance of polarisation because 
the largest group is still quite small, which means that the rest of the population 
will be well spread across the other belief states. 

In addition, for fixed μ = 0.3, reducing the number of agents N results in 
consensus being reached faster. This is because, with the number of interactions 
being fixed to 100, 000 and a smaller population, a larger number of individual 
interactions will correspond to each agent. As with very low values of μ, when  
N is small, polarisation is less likely to occur because consensus can be reached 
before the whole knowledge space has been explored. Increasing the number 
of agents (or studying the thermodynamic limit of an infinite number) reduces 
the stochasticity in the outputs and results in a “cleaner” behaviour. However, 
humans are limited in the number of people they can interact with on a regular 
basis, with 100 already being around the upper limits [ 21]. Therefore, a realistic 
study of larger populations would also require constraints in agent interactions 
based on social or geographical structures [ 14]. 

3.3 The Complexity of the Belief Space and Its Restrictions 

The complexity of the knowledge space is determined by the number of 
belief states and the number of features. For each scenario sF,B represent-
ing a different choice of the knowledge space ΛF,B, we perform 50 simula-
tion runs. In particular, the number of features considered for the different 
scenarios is F ∈ {4, 5, 6, ..., 20}. The number of belief states for F ≥ 7 is 
B ∈ {5, 10, 15, · · ·  , 60, 65}, while for F ≤ 6, the number of belief states is 
B ∈ {5, 10, 15, ..., sF }, where  sF is the largest multiple of 5, smaller or equal  
to 2F − 1. All other parameters remain consistent with the default settings in 
[ 11]. 

Conditions for Polarisation and for Group Agreement. For each sce-
nario, the probability of polarisation and consensus is calculated by finding the
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(a) Probability of polarisation (b) Probability of consensus 

Fig. 3. Heat map of (a) the probability of polarisation and (b) the probability of 
consensus (as defined in Sect. 2.3) for different choices of the knowledge space ΛF,B 

over 50 simulation runs and for 100, 000 interactions each. All other parameters are 
consistent with the default settings in [ 11]: N = 100 and μ = 0.3. To the right of each 
heat map is a gradient bar indicating the probability of polarisation and consensus, 
respectively, ranging from light yellow (probability < 25%) to bright red (probability 
≥ 90%). The black outline in (b) indicates cases where consensus was reached in all 
simulation runs. 

proportion (out of 50) of simulation experiments that produce polarisation and 
consensus formation (as defined in Sect. 2.3), respectively. 

As  shown in Fig.  3a, the probability of polarisation is low for either a small 
number of belief states or of features, i.e., B ∈ {5, 10} or F ∈ {4, 5, 6, 7}. In  
particular, a small number of belief states indicates limited available move-
ment within the knowledge space, while a small number of features implies that 
all valid belief states are approximately equally well–connected. Consequently, 
under these scenarios, reaching extremes is not favoured. For the remaining sce-
narios, if we consider intermediate values of F , i.e., 10 ≤ F ≤ 16, and large values 
of B, i.e., B ≥ 40, the knowledge space is dense. This implies a high frequency for 
agents updating their belief state and greater exploration of the knowledge space. 
Hence, with the only well–connected beliefs being at the extremes, a polarisation 
effect is produced. For even larger values of F , even though the well–connected 
belief states are at the extremes, the knowledge space is more sparse than before, 
which results in less exploration and, hence, a lower probability of polarisation. 
Note that the behaviour of the model for different values of μ (see Sect. 3.2) is  
generalised across the various scenarios sF,B , which was verified experimentally. 

We also observe that the probability of consensus formation is near 1 for 
small values of F , as shown in Fig. 3b, and decreases as we increase the value 
of F . Keeping B fixed and increasing F increases the sparsity of the knowledge 
space, which implies fewer interactions that result in valid belief states, agents 
not updating their belief states frequently, and, consequently, a lower probability 
of reaching consensus before completing 100, 000 simulated rounds. 

To further explore the impact of the complexity of the knowledge space on 
consensus formation, we study the dependence between the knowledge space,



Analysing Opinion Dynamics via a Cognitive Model of Structured Beliefs 37

(a) Average number of interactions M 90% 
F,B (b) Probability of consensus 

Fig. 4. (a) Average number of interactions (̂M 90% 
F,B ) required to reach 90% group agree-

ment, considering only the simulation runs where at least 90% of the population con-
verges to the same belief state within 100, 000 interactions, out of 50 simulation runs for 
different scenarios sF,B . (b) Probability of consensus formation before 100, 000 inter-
actions out of 50 simulation runs for different scenarios sF,B . All other parameters are 
consistent with the default settings in [ 11]. 

ΛF,B , and the number of interactions needed to reach 90% group agreement (as 
defined in Sect. 2.3). For each scenario, sF,B , we calculate ̂M 90% 

F,B , the average 
number of interactions needed to reach 90% group agreement. This average is 
computed over the simulation runs (50 in total) where at least 90% of the pop-
ulation holds the same belief state by the end of the run. Similar results are 
achieved when considering 85% and 95% group agreement. 

The average number of interactions ̂M 90% 
F,B as a function of B/2F (density of 

the knowledge space) is shown in Fig. 4a. The fitted line in Fig. 4a (black dotted 
line) is given as

̂M 90% 
F,B = 5.54 log (B/2 F )2 + 23.01 log (B/2 F ) + 155.52. (3) 

This implies that the average number of interactions has a quadratic relation-
ship with the logarithm of B/2F . In Fig. 4b, we plot the probability of reaching 
consensus formation as a function of the density of the knowledge space. 

As  shown in Fig.  4a, in the most dense knowledge space scenario (B/2F ≈ 1), 
the average number of interactions needed for group agreement is approxi-
mately 25, 000, with the minimum average number of interactions achieved when 
B/2F ≈ 0.1. As the knowledge space becomes more sparse (B/2F → 0), the aver-
age number of interactions required for group agreement increases. However, 
for scenarios where B/2F < 10−3, the results become less reliable since the pro-
portion of simulation runs that reached consensus within 100, 000 interactions 
decreases (see Fig. 4b). Therefore, the most reliable estimations are the ones with 
an average estimation of 30, 000 interactions or less (B/2F > 10−3). 

The explanation for the above observations is the following: A very sparse 
knowledge space, i.e., B/2F � 1, results in a slow update of agents’ belief states
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because many non–valid candidate belief states are formulated during the opin-
ion formation process. This slow update implies that many more interactions will 
be needed for the system to reach a group agreement. As explained in Sect. 3.1, 
the system reaches consensus (state A1) with a probability of 1. However, the 
number of interactions required to reach state A1 could be very large. There-
fore, not producing consensus formation as the output of the model does not 
imply that the system will not reach consensus after 100, 000 interactions; it 
just implies that more interactions are required, although if the system arrives 
at quasi–stable states, the distribution of interactions needed for consensus may 
have very long tails. As the knowledge space becomes less sparse, i.e., B/2F 

approaches 0.1 (where the minimum point occurs), the transition between belief 
states becomes easier, so agents reach 90% group agreement faster. However, 
for a very dense knowledge space, the average number of interactions needed to 
reach group agreement increases again. This is because the knowledge space is 
too well–connected, and agents jump between belief states too quickly (constant 
update of agents’ beliefs), making the time to reach group agreement slightly 
larger than when the knowledge space is less well–connected. 

4 Discussion 

Overall, simulations of the model of Mueller and Tan [ 11] illustrate an alterna-
tive approach to accounting for opinion dynamics processes. The model relies on 
the notion of a belief or knowledge space, which provides a rich and realistic way 
to simulate belief transmission. They argue that social behaviours such as con-
sensus formation, opinion divergence, and group polarisation can be reproduced 
as consequences of a complex belief space without the need for any additional 
assumptions. An interesting insight that this model provides is that the largest 
obstacle to attitude change is conceptual coherence [ 13]. Group polarisation, the 
phenomenon at which people reach agreement at more extreme positions, in the 
model of Mueller and Tan [ 11], can be explained from the “connectivity” of the 
knowledge space. More specifically, the generation mechanism of the knowledge 
space, which provides it with structure by oversampling the extremes, makes it 
harder for intermediate beliefs to be well–connected, enabling the extreme beliefs 
to be the most “central” within each pole. 

We have performed an extensive parameter space analysis, which was lacking 
in [ 11], and have illustrated and specified how their observations can be extended 
to more general cases. We have shown that the model is able to quickly con-
verge to group agreement when many topics are included in the “discussions” or 
when belief spaces are dense (many legal combinations). This behaviour is akin 
to opinion dynamics models with a purely assimilative force [ 5], which reflect 
occurrences of the real–world such as fads, fashions and herd mentality [ 22]. 
However, there is an important difference in that in those models, the consen-
sus opinion occurs at the average point of the initial opinion distribution, while 
in the cognitive model with structured beliefs, consensus tends to occur at the 
extremes, showing a stark group polarisation.
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We have also seen that group divergence is present in the short term when not 
many topics are included in the “discussions” or the knowledge space becomes 
more sparse. This is seen as few polarised groups (in scenarios with a moderate 
number of topics discussed or with moderately sparse knowledge spaces), or 
as many fragmented groups over the whole opinion space (when only a few 
topics discussed upon interaction or with very sparse knowledge spaces). These 
transitions in the number of groups are similar to the effects of increasing the 
bounded confidence parameter in bounded confidence models [ 4] or the  number  
of possible values that each cultural trait has in Axelrod’s model of cultural 
dynamics [ 3], although without the outcome of group polarisation that is shown 
by the cognitive model of structured beliefs. Furthermore, those models arrive at 
“frozen” states of group divergence from which no subsequent change in opinion 
is possible. In contrast, through our mathematical analysis, it is easy to conclude 
that consensus formation will occur with certainty in our model of interest given 
enough time. Therefore, even though two or more stable groups may form at the 
beginning, creating an effect of group divergence, these actually are quasi–stable, 
as they will eventually merge given long enough time. This behaviour is also 
seen in bounded–confidence and social impact models when noise—i.e., random 
moves in individuals’ opinions—is included, showing “staircase dynamics”, where 
the number of opinion groups remains the same for long periods, interleaved by 
sharp descends until a single group is reached [ 8, 15]. It would be of interest to 
explore the transient dynamics of model from [ 11], although some differences to 
the other models could be expected as the cognitive model encourages “wholesale 
adoptions” instead of “breadcrumb” approximations [ 11]. Other interesting model 
alterations are heterogeneity in the number of topics discussed or the presence 
of stubborn agents [ 7, 16]. 

We have numerically and mathematically investigated the novel model pro-
posed by Mueller and Tan [ 11]. Their innovation relies on the notion of a belief 
or knowledge space, which provides a richer representation through which to 
simulate belief transmission and is consistent with sociological and psychologi-
cal theories. We have performed extensive parameter space analyses, which were 
lacking in [ 11], and have shown that one of their main characteristics is the arrival 
at group polarisation whenever discussions are not limited to a few topics under 
specific conditions in the knowledge space. However, we have also shown that 
the arrival at consensus or group divergence also depends on the variety of topics 
discussed at each interaction, the size and density of the knowledge space, and 
the time scales of the dynamics. We have provided guidelines on the expected 
behaviours of the model in different parameter regimes, which will be useful 
when adapting the model to specific empirical scenarios, completing the three 
main ingredients—theoretical foundations, numerical understanding, and empir-
ical validation—required for a sound approximation to complex phenomena via 
modelling. 
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Abstract. Reservoir Computing with Cellular Automata (ReCA) is a 
relatively novel and promising approach. It consists of 3 steps: encoding 
the problem into the CA, the CA iterations step, and a simple classifying 
step. This paper demonstrates that the ReCA concept is effective even 
in arguably the simplest implementation of a ReCA system. However, 
we also report a failed attempt on the UCR Time Series Classification 
Archive where ReCA seems to work, but only because of the encoding 
scheme, not the CA. This highlights the need for ablation testing, i.e., 
comparing internally without sub-parts of one model, but also raises an 
open question on what kind of tasks ReCA is best suited for. 

Keywords: Cellular Automata · Reservoir Computing · ReCA · 
MNIST · UCRArchive 

1 Introduction 

Reservoir Computing (RC) is a method that relies on an untrained reservoir and 
a linear and trained simple classifier, making it a very energy-efficient method to 
train. CA is a regular vector of discrete values that interact with Boolean opera-
tions. Therefore, CA is relatively simple to implement in hardware, e.g., FPGA, 
making it energy-efficient in execution. When RC and CA are combined into 
Reservoir Computing with Cellular Automata (ReCA), it becomes, in theory, 
an energy-efficient method to both train and run. Such features are important 
for EdgeAI [ 31]. The property of energy efficiency can enable capabilities closer 
to or on the edge devices. This, in turn, can improve the system’s privacy, cost, 
capabilities, and availability. 

Most ReCA works explore ReCA on time-dependent benchmarks, such as 
chaotic time series prediction or the 5-bit memory benchmark [ 13, 16]. These 
tasks require time to be taken into account, and the ReCA solutions are designed 
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such that the CA is the only place it can be contained. This makes it infeasible 
to do a common analysis called ablation testing, where a compontent (CA) is 
removed to assess its contribution. One can still demonstrate value by comparing 
to other known methods, but as different encoding schemes can react differently 
to different substrate and classifiers, it is less clear how much value the CA 
reservoir is actually contributing. Furthermore, the ReCA method has in a few 
cases also been explored on benchmarks such as MNIST [ 10, 18, 25] that do not  
depend on time. Therefore, there is a need to clarify what role the CA serves. 
As far as we can tell, only [ 18] did an ablation test, where accuracy was 89.58% 
without and 91.86% with CA. While these results are informative, it is worth 
mentioning that our trivial solution achieves higher accuracy on the MNIST 
benchmark. 

This work’s main contribution is exploring ReCA on MNIST, using a simple 
design and demonstrating that it works for many simple CA rules. The simple 
design is a form of Minimum Viable Product (MVP), a design principle where 
only the vital features are implemented. This provides value as a feasibility 
study and clarifies that the CA can be useful. The simple design also serves as 
an example of ReCA that can easily be understood and replicated. Additionally, 
we show that MNIST can be solved relatively easily even if all the grayscale 
information is removed. We also explored the method on the UCR dataset, a 
benchmark of several time series classification tasks. As RC works well with time 
series, it seemed a natural benchmark to test on. We observed that it seems to 
work with a similarity-preserving encoding scheme. However, we show that the 
encoding scheme itself does all the work, making this a great example of the 
importance of ablation testing. 

2 Background 

2.1 Cellular Automata 

Cellular Automata (CA) are a simple model consisting of a grid of cells in a 
limited set of k discrete states. The grid is uniformly connected, typically in 1 
or 2 dimensions. The cell state changes iteratively, depending on the state of the 
neighbouring cells. The combination of the neighbour states deterministically 
defines the next state via a lookup table, typically called the Transition Table 
(TT). CA was first used to study self-replication by John von Neumann in 1940 
but published in 1966 [ 26]. It can be considered an idealised system for parallel 
and decentralised computation [ 23]. 

Elementary Cellular Automata (ECA). Elementary Cellular automata 
(ECA) is a subset of CA that has 1-dimension, binary states (S = 2) and  3 neigh-
bours (K = 3) (left, right and centre). Therefore, ECA only has SSK 

= 22
3 
= 256 

possible rules (unique TT), and the whole set of these rules is often named the 
rule space. It is a convention to name individual rules in a rule-space after the 
output states of the TT, in Fig. 1 the transition table is represented by the binary
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Fig. 1. Example of ECA with rule 90 with TT, starting from a central cell on, executing 
7 time-steps. 

sequence 01011010. When this sequence is translated from binary to decimal, it 
becomes 90, hence the name Rule 90. CA is deterministic, and the rule, together 
with the initial condition, leads the CA into a set of subsequent states called 
the trajectory. Rule 110 has even been shown to be computationally universal 
[ 5], but one can question whether that is a useful definition of computation for 
a parallel and distributed computational substrate [ 14]. 

Due to symmetries in the rule-space, one can use trivial transformations to 
reduce the 256 ECA rules to just 88 that represent the entire rule-space, called 
the minimum equivalent rules. The trivial transformations, often called reflection 
and complement, were first pointed out in [ 34, p. 51, p. 176], but was popularised 
and demonstrated for CA later in [ 17, 35– 37] 

2.2 Reservoir Computing (RC) 

Reservoir Computing (RC) is a substrate-independent framework for computing. 
RC is independent because it works on many different substrates, but to be 
clear different substrates would of course have different capabilities. The RC 
framework consists of 3 parts, the encoding, the untrained reservoir and the 
output. 

The encoding part inputs information into the untrained reservoir and typi-
cally into higher dimensions. The untrained reservoir typically expands, modifies 
or changes the information, but could, in the context of the framework, be con-
sidered a black box as seen in Fig. 2. The output part is typically linear, does 
dimensional reduction and extracts useful features. 

The RC concept originated in echo state networks (ESN) (Fig. 3) using recur-
rent neural networks as a substrate [ 15] and in liquid state machines (LSM) using 
a spiking neural network for a substrate [ 19]. Since then, both ESM and LSM
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Fig. 2. RC as a substrate-independent framework 

Fig. 3. Basic network Architecture of an ESN. 

and a host of other substrates have been categorised under the umbrella term 
of RC. Due to RC substrate-independent nature, many different substrates have 
been explored and compared [ 32]. Some explore different topology configurations 
as in [ 9], where deep layered sub-reservoirs were analysed instead of the typical 
one large reservoir. RC is also a prevalent method with physical reservoirs [ 32], 
as an extreme example in [ 8], it was demonstrated that RC could use the surface 
waves on a bucket of water as a reservoir, and they successfully solved speech 
recognition and xor tasks using this substrate. One interesting substrate is real 
biological neural networks (BNN), specifically disassociated neurons that self-
organise over a microelectronic array [ 1]. In different direction is ReCA, where 
instead of using a more complicated Reservoir (BNN), a very simple reservoir is 
used instead (CA). 

2.3 Reservoir Computing with CA (ReCA) 

The first study that introduced CA as a substrate in reservoir computing is [ 39]. 
This study investigated Game of Life and several ECA rules as reservoir sub-
strates and tested them on a 5-bit and 20-bit memory benchmark. In addition, it 
presents a theoretical comparison of CA vs ESN, using the metric of the number 
of operations needed to solve the benchmark, which documents a clear advantage 
of using CA. 

As an ECA reservoir only relies on simple discrete binary interactions 
between cells, it affords a hardware-friendly implementation. In [ 24], ReCA using
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ECA with a max-pooling and softmax strategy was implemented on a Field 
Programmable Gate Array (FPGA). In [ 29], a CA was implemented on Com-
plementary metal-oxide-semiconductor (CMOS) combined with a custom hard-
ware SVM implemented in resistive random-access memory (ReRAM). In [ 18], a 
synthesised hardware implementation of ReCA using ECA with a max-pooling 
and ensemble bloom filter classifier. It showed impressive results compared to 
"state-of-the-art" in terms of energy efficiency, memory usage and area(number 
of gates) usage, but with some loss in accuracy [ 24]. 

Many works have studied ReCA using the 5-bit memory benchmark. In [ 28], 
the structure of the CA was changed to a deep layered architecture and compared 
to a single layer, which resulted in noticeable performance improvements. In [ 27], 
the CA substrate was organised as consisting of two regions of different ECA 
rules. Different combinations of rules were explored, and some combinations 
showed great promise. In [ 20], different methods of selection of cell history are 
used for the classification model and are tested on the 5-bit memory task, a 
temporal order task and arithmetic and logic operation tasks. In [ 2], CA rules 
with multiple states and larger neighbourhoods were evolved and then tested on 
the 5-bit memory benchmark. In [ 33], ECA and asynchronous ECA are tested 
and compared on the 5-bit memory benchmark, mainly in the context of the 
distractor period. In [ 21], it was pointed out that the benchmark has no train 
test split. They modified the benchmark by training on just a few (2 or 3) of the 
32 possible input streams, and some of the rules with more ordered behaviour 
could still solve this version of the benchmark. In [ 12],  the full ECA  set was  
tested using key parameters of number of bits (Nb), redundancies (R) and Grid 
size. This work was also extended in [ 13] to include more parameters such as 
Iterations (I) and Distractor Period (Dp). This paper also explained many of the 
unexpected results in the previous study, but perhaps as important, it similarly 
to [ 21] pointed out some weaknesses in the 5-bit memory benchmark. 

ReCA is explored on benchmarks other than the 5-bit memory benchmark. 
In [ 10, 18, 24], ReCA is implemented (sometimes in hardware) and tested using 
MNIST. In [ 22], solved tasks of sine and square wave classification non-linear 
channel equalization, Santa Fe Laser Data and iris classification. 

In [ 16], a method for Rule Selection for ReCA was presented. Limiting the 
search space to only linear rules that obey a list of specific mathematical prop-
erties (see paper for details), the paper demonstrates that the method selects 
for rules in the high performance (95-80 percentile) bracket on several time-
series prediction benchmarks compared to the entire Linear CA space of same 
neighbourhood and number of states. 

3 Methodology 

3.1 MNIST and bMNIST Datasets 

Perhaps the most well-known benchmark in AI is MNIST [ 3]. It originally con-
tained binary handwritten digits. However, it was grey-scaled to reduce the effect 
of aliasing.
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Here, as shown in Fig. 4, we simplify MNIST further by making the values of 
each image binary by simply rounding to 0 or 1 for each pixel, creating a binary 
MNIST (bMNIST). We adopt this approach not because we believe it’s the most 
effective way to preserve information in terms of encoding. Rather, we choose it 
for its simplicity, as it allows for the most straightforward encoding strategy we 
could devise. 

It’s important to note that as we remove some of the information in the 
MNIST to make the bMNIST, any solution in terms of performance on the 
bMNIST is also applicable to the MNIST. However, it’s crucial to understand 
that any solution developed for the MNIST may not necessarily be valid for the 
bMNIST (Fig. 4). 

Fig. 4. Example and architecture of MNIST ReCA solution 

To encode the bMNIST into the CA we simply flatten it and set it as the 
initial condition of the CA. We acknowledge that flatting only retains relational 
information in the x plane and not in the y plane, but it is done for the sake of 
simplicity. 

The MNIST dataset consists of 70000 labelled images of 28× 28 pixels. We 
keep 33% in a holdout set, intended to be used later. The remaining 46900 are 
split into a 90%/10% train test split. 

3.2 UCR Dataset 

The UCR Time Series Classification Archive [ 7] is a set of several smaller datasets 
that are time-series classification tasks. It is an improved version that considers 
criticisms of the previous UCR archive [ 6], such as a lack of benchmarks with 
varied length time-series. The authors point out some salient criticisms on the 
field of AI itself and give recommendations on best using the UCR datasets 
and other datasets, e.g., the importance of ablation testing when introducing 
multiple working parts.
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3.3 Similarity Preserving Expanded Encoding (SimExp) 

Binarising the MNIST dataset via rounding retains much of the useful infor-
mation, but the same is not true for the UCR datasets. We used a similarity-
preserved encoding that converts the data into a higher-dimensional binary vec-
tor, see Fig. 5. First, we make a random vector n times larger than the largest 
vector in the dataset, representing a unique fixed value for every index position 
in the dataset’s vectors. Then, we normalise the dataset between 0 and 1. Each 
value in a dataset vector was transformed into an n-sized vector, with 0 s and 1 s 
representing the float value (e.g., n = 4, 0.75 = 1110). Both binary vectors are 
then XORed together. These values were concatenated into a vector, resulting in 
a vector n times larger than the original vector, which is binary. In our case, we 
used expansions of n = {16, 32, 64}, labelled as SimExp{n}, e.g., SimExp16. For 
this example, a vector of 10 float values would be transformed into 160 binary 
values. 

Fig. 5. Example of time series being expanded into binary, without losing similarity. 

Note that typically, this method does not concatenate every n-sized vector 
but rather embeds all the n-sized vectors into a binary cube of the same size 
as n for the sake of dimensionality reduction. This type of method has many 
names, but it is sometimes called Binary Embedding [ 38]. We call it something 
else to highlight the difference in terms of dimensionality reduction vs expansion. 
In our case, we started with concatenation as embedding into the cube might 
create some loss of information if the randomised index vectors were unlucky or 
the cube size was too small to contain the information. This way, one could have 
a baseline and, in a sense, another form of ablation test. As the method did not 
work well with our intended reservoir, the binary embedding method was not 
performed as intended. We still report it for the sake of scientific integrity but 
also because the method worked surprisingly well on its own.
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3.4 CA Reservoir and Classifier 

In all experiments reported, the encoded vector is set as the initial condition of an 
ECA of the same size as the vector. 3 CA steps are computed and concatenated 
to the initial condition. The 3 CA steps and the initial condition are then used 
to train a classifier, typically SVM with a linear kernel unless specified. Source 
code and results can be found at [ 11]. 

We tested briefly with other alternative number of CA steps to see if it would 
greatly impact performance. We kept the original parameters of 3 as the variation 
yielded no significant differences. 

4 Results 

4.1 bMNIST 

As mentioned, ReCA has been tested on MNIST before. Both [ 10, 25] explored 
it with much more sophisticated methods and got better accuracy than our 
experiment (although they are not too far away). It is important to note that we 
will likely remove some useful information (though less than expected) from the 
benchmark by turning it into bMNIST. This makes it a different benchmark. 
Furthermore, we aim to make a minimal and simple solution, not to achieve 
the best performance. As shown in Fig. 6, most ECA improve the performance 
significantly compared to no ECA Reservoir. The baseline (ablation) solution of 
no ECA had a 8.2% error rate. The best rule (94) nearly halves the error rate 
from 8.2% to 4.6%. We also see that a wide range of rules improves the results. 
This improvement indicates that a parallel non-uniform design [ 27] might  be  
worth investigating for the bMNIST benchmark. 

Fig. 6. bMNIST error rate results, the dashed line represents an SVM solution without 
ECA. Rule 104 (in the second graph) is the first rule that is not statistically significant 
according to a Bonferroni-corrected t-test compared to the null hypothesis.
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We also briefly tested on the digits benchmark from SciKit-learn [ 30], a 
smaller version of MNIST where the images are 8× 8 pixels. This Digits bench-
mark was also binarised the same way as the bMNIST benchmark. ReCA worked 
well for this benchmark, but fewer rules performed well, and overall, the perfor-
mance impact of the ECA was smaller. 

Additionally, we briefly tried other classifiers on the bMNIST benchmark; 
we used Rule 126 because it worked well on the binary Digits and the bMNIST 
benchmarks. The results can be seen in Table 1. The results show that CA also 
worked with an SVM using a Radial basis function (RBF) kernel. RBF kernel is 
not linear. Therefore, it is not typically used together with RC. The RBF kernel 
default parameters were used, and no hyperparameter tuning was performed. 
Therefore, we can not rule out that, for some parameters, the ECA could be 
redundant. We hypothesised that the ECA would only improve performance if 
the classifier had some form of selection of individual cells/pixels, allowing it to 
filter out the noise. Therefore, it was surprising that the method worked with 
a simple centroid classifier. In contrast KNN (n = 5) the ECA Reservoir made 
the performance significantly worse, which was more in line with our hypothe-
sis. It worked with a single perceptron layer but did not improve performance 
when paired with larger multiple-layered perceptrons. This was expected as RC 
is a more energy-efficient replacement for a trained model. The multi-layered 
perceptron model received the highest performance of any classifier, which is 
unsurprising considering it had to be, in contrast, trained longer to settle the 
NN. We do not expect this to be the highest possible score, as we did close to 
no hyperparameter tuning. Therefore, it should not be hard to achieve a higher 
score. One can view this result as being closer to the theoretical limit of what can 
be done with the bMNIST benchmark, as we expect some information to have 
been lost in the binarisation, getting scores such as 99.83 [ 4], might be impossi-
ble. Even so, this is surprisingly high, considering the binarisation reduced the 
precision in the data from 256 to 2. 

Table 1. Results of other classifying models for bMNIST using rule 126. “Improvement” 
is the improved performance contrasted with not using ECA. “Improvement %” is the 
improved performance as a percentage of the remaining error rate. 

Classifier Accuracy Error Rate Improvement Improvement % 
SVM linear 95.29% 4.71% 3.45% 42.28% 
SVM RBF 95.63% 4.37% 2.37% 35.16% 
Centroid 75.62% 24.38% 5.70% 18.95% 
KNN (n = 5) 90.59% 9.41% –1.65% –20.26% 
single perceptron layer 93.55% 6.45% 2.85% 30.65% 
4 perceptron layers 97.31% 2.69% –0.05% –1.82%
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4.2 UCR 

Fig. 7. UCR dataset results with Rule 90 ECA Reservoir contrasted with its ablation. 
The first graph features all the benchmarks where the training set is perfectly solvable 
with an SVM with a linear kernel (linearly solvable). The second graph features the 
benchmarks that were not linearly solvable and are sorted from best to worst based on 
how well an SVM with a linear kernel solved them. 

In Fig. 7, Rule 90 is shown. While it is performing relatively well considering the 
simplicity of the solution, when compared directly to the same solution without 
the ECA steps, it is, in fact, performing better on average. This result means 
that the ECA part of the ReCA solution is, in general, functionally useless in 
this implementation, though not necessarily for individual datasets. None of the 
ECA rules manged to overall improve results, 90 was picked as an example due 
to its popularity in ReCA. In contrast, the SimExp16 method works better than 
just a Linear SVM, as seen in Fig. 8. This difference becomes more significant 
in SimExp32 and furthermore in SimExp64, where it got 4.6% lower error on 
average than SVM with a linear kernel; this is shown in Table 2. Additionally, as 
we trained the SVM ablation test on the original benchmark where the numbers 
are floating point values, we essentially would have some loss of precision even 
in the SimExp64 as it only has 64 precision values in the encoding, meaning it is 
on par for precision with a 6-bit integer for precision. We split the benchmarks 
into linear solvable and not linearly solvable because we hypothesised that in 
benchmarks where the training data was already linearly separable, the SVM 
would find no benefit from the ECA-developed features. We, therefore, predicted 
no performance gain from the first graph in Fig. 7. This prediction was technically 
confirmed, but as we saw no benefit from the second graph, the prediction should 
be viewed in spirit as false for this experiment. In [ 6], it was recommended to 
use a Texas sharpshooter plot, as a model is only good if one can predict what 
benchmarks it will perform well on or if it improves overall performance. We
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Fig. 8. Same as Fig. 7, but the SimExp16 experiment contrasted with its ablation. 

instead used a more straightforward bar graph, and as the hypothesis failed, 
there was no need to prove the hypothesis in the graph. A bar graph allows for 
a better overview. 

Interestingly, we also observed that the SimExp64 performed marginally bet-
ter than dynamic time warping (DTW) (W = 100), with a mean error rate reduc-
tion of 0.54%; this might be low, but it warrants further study. 

Table 2. Average UCR archive results using only SimExp and SVM 

Expansion size Accuracy error rate Improvement 
SimExp16 70.79% 29.21% 2.15% 
SimExp32 72.37% 27.63% 3.73% 
SimExp64 73.32% 26.68% 4.68% 

5 Discussion 

5.1 Locality vs Globality 

Considering that in the UCR dataset, the DTW method does well, and the DTW 
essentially allows global properties of a time series to be non-linearly mapped and 
compared [ 6], we would assume that global properties of the datasets are essential 
for performance. If we contrast this to our 3 CA step solution for bMNIST, 
global features are less crucial for bMNIST, as CA’s speed of light means that 
no information can move beyond the 3 nearest cells in the CA. Considering these 
two observations, we argue that ReCA works best for local features and poorly
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for global features. As most ReCA explore temporal problems or problems that 
can be solved with local features, an open question is how to configure ReCA to 
handle global features better. 

5.2 MNIST vs bMNIST 

Our results indicate that turning MNIST into bMNIST can be done trivially, 
reducing the precision of the data from 256 (uint8) to 2 (binary) while losing 
accuracy capability of at most 2.69% (probably much less) as MNIST can be 
reduced to 1 

8 of it memory size and 1 
128 of its precision, without losing much 

accuracy. This can have implications for any work that binarises the MNIST 
dataset. Essentially, there is not much necessary or non-redundant information 
encoded into the grayscale dimension, so any work that tries to preserve it might 
naturally assume the methods used are more successful than they are. 

Quantization is a common practice to reduce the precision of values in 
datasets, e.g., float64 to float16. Perhaps many other benchmarks can also be 
reduced to binary. This would be great news for binary models such as CA. 

5.3 Deception of Good Encoding 

SimExp works very well for preserving useful information in the UCR datasets, 
while combining it with ECA did not improve the results. This showcases the 
value of ablation tests. Otherwise, we might have mistakenly claimed that ReCA 
is effective for UCR classification when, in fact, it is the SimExp encoding that 
does all the work. Why it is so effective is a question that remains open for 
further research. 

6 Conclusion and Future Work 

We have demonstrated a simple ReCA system in action. We have also shown a 
deceptive example where ReCA might seem to work but the actual work is done 
by the encoding scheme, highlighting the importance of ablation testing. 

A possibility for future work would be a comparison with a ReCA system 
using linear regression or ridge regression readouts instead of SVM. A more dif-
ficult task would allow rigorous identification of suitable methods for encoding 
global features into the CA. We also have left 33% of MNIST in a holdout set for 
further use. Considering the relatively good results, a more sophisticated encod-
ing method, e.g., including the y-dimension of MNIST would be prudent. Addi-
tionally, the promising results of the SimExp encoding warrant further study. 
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Abstract. Collective decision making is a process observed both in nat-
ural and artificial swarms, in which agents converge and select a single 
option without the influence of leading individuals. In this study, we look 
at a collective decision making process in a group of C. elegans, a model  
organism in biology, characterised by a fully mapped neural system of 
302 neurons, and a pheromone-based system that regulates the interac-
tions among the worms. In particular, we model and optimise swarms 
of C. elegans through sets of differential equations. The experimental 
setup compares the performances of two different types of swarms: one 
in which the agent interactions are modulated by self-released pheromone 
production, and the other in which this means of interaction is absent. 
The worms’ task is to choose to selectively swarm towards one of the two 
target locations containing an attractive odour. We analyse and compare 
the swarming behaviour and the collective decision making process of 
the agents in the two models. Our findings suggest that the presence of 
pheromones is of paramount importance for the capabilities of the swarm 
to reliably choose one of the two attractive targets. 

Keywords: Decision-Making · Evolutionary Strategy · Partial 
Differential Equations · Caenorhabditis Elegans 

1 Introduction 

Swarms of natural organisms display collective behaviour as a result of the inter-
actions of the individuals inside the swarm to some external or social stimulus. 
A plethora of collective behaviours has been observed and analysed both in very 
small organisms such as colonies of bacteria [ 14, 19] and in bigger animals such as 
fishes [ 2, 7, 16], birds [ 6], and troops of mammals [ 10, 17]. In this study, we focus 
on the collective behaviour of C. elegans, a  1mm long roundworm, thus charac-
terised by a size in between the microscopic scale of bacteria and the macroscopic 
scale of mammals, referred to as mesoscale [ 5]. Despite the simplicity of its fully 
mapped synaptic connections, featuring only 302 neurons in the hermaphrodite 
animals [ 22], the natural C. elegans worm displays social behaviour when certain 
conditions, such as sub-optimal ambient oxygen levels and food scarcity, are met. 
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Through genetic modifications (i.e., genes editing) which aim at reconfiguring 
specific neural circuits of the worm, it is possible to alter the natural behaviour 
of C. elegans. 

Within the EU funded project BABOTS 1, an interdisciplinary team of sci-
entists exploit the possibility to reprogram the behavioural repertoire of C. ele-
gans, in order to induce large groups of worms to display complex collective 
behaviours. This study contributes to the scientific challenge of the BABOTS 
project by describing a model that allows identifying mechanisms that underpin 
complex collective decision making processes in genetically modified C. elegans 
worms. 

We are interested in the development of a model for the collective swarm-
ing of C. elegans towards the chemotactic gradient of an attractive chemical 
odour placed in a target area distant from where the worms are initially placed. 
Examples of chemotactic assays can be found in [ 15, 21], where experiments are 
consistently performed with a relatively low number of worms to shed light on 
the mechanisms underpinning the individual response to chemical stimuli. Con-
trary to this type of studies, we are interested in exploring the collective response 
of a large number of worms to a chemotactic gradient. Authors in [ 12] performed 
chemotactic assays with different strains of C. elegans obtaining useful insights 
on the correlation between the proportion of worms that reach the odour source 
and the total number of worms. Nevertheless, they did not attempt to develop 
models of this phenomenon. 

Models of collective behaviour of C. elegans have been developed to look at 
aggregation [ 3, 18, 20] and collective motion [ 23]. Aggregation guided by local 
levels of oxygen has been studied in [ 4] through a Keller-Segel [ 9] macroscopic 
model. Authors in [ 5] model both swarming and aggregation in C. elegans in 
presence of food through a microscopic, agent-based model. In this study, we 
leverage a macroscopic model from the literature [ 1] for the aggregation of the 
worms to self-produced attractive and repulsive pheromones. We adapt it so 
that only an attractive, non self-produced odour is present at a fixed location 
at a certain distance from where the worms are initially placed. Moreover, we 
extend the model so that worms produce attractive and repulsive pheromones 
in order to assess how this might influence the collective swarming. Within this 
type of models, where partial differential equations (PDEs) govern the evolution 
of worm and odour densities, parameters representing the interaction of worms 
to the chemical and the chemical properties of the gradient play a crucial role in 
the accuracy and time needed for the worms to succeed in reaching the target 
area. We are interested in analysing the decision-making capabilities of a swarm 
of C. elegans modeled through the aforementioned macroscopic model. 

Motivated by previous work [ 11, 12] where the authors study the chemotaxis 
of individual C. elegans when two odour sources are present, we are interested 
in the behaviour of a swarm of worms when two odour sources, with distinct 
chemical properties, are present. Such an experiment would represent a first 
attempt at modeling the decision-making capabilities of a swarm of C. elegans

1 www.babots.eu. 

www.babots.eu
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solving a best-of-n problem, where a set of n options, each with an associated 
quality, is present and the swarm needs to reach a consensus on the best option 
in terms of quality. In particular, the difficulty of the problem would be given 
by two main factors, namely the chemical properties of the gradient and the 
distance at which the gradient is placed with respect to the initial position of 
the worms. Analysing the influence of these two factors would help in building 
a decision-making model for the chemotactic swarming of C. elegans, which, to  
the best of our knowledge, has not been yet developed. 

2 Model  

Chemotaxis, i.e. movement towards a chemical source, of a swarm of C. ele-
gans can be described through a reaction-diffusion model, where the evolution 
of the worm density ρ and of the concentration of attractant u is described by 
two PDEs, similarly to [ 1]: 

dρ 
dt 

= ∇ ·  [σ∇ ·  ρ + ρ∇ ·  V ] (1) 

du 
dt 

= D∇2 u − γu (2) 

where 
V = V (u) =  −βlog(α + u) (3) 

is the function describing the potential of the attractant source; σ is the 
random movement of the worms, D and γ are, respectively, the diffusion coef-
ficient and the decay rate of the attractant. Notably, this model is adapted in 
such a way that the odour source is not produced nor consumed by the worms 
and worms respond only to the odour gradient, since we ignore density-induced 
responses. Thus, this model approximates the ideal behaviour of genetically mod-
ified worms such that their response level to an attractant odour is pronounced 
so strongly, that other factors can be ignored. We believe that accounting for a 
single stimulus can be biologically justifiable, hence giving a reasonable model 
for the chemotactic swarming of C. elegans. The terms in Eq. 1 take into account 
the diffusion of the worms due to their random movement and their taxis towards 
the odour source potential, while the terms in Eq. 2 model the variation in odour 
concentration by its diffusion and its evaporation. 

Moreover, we are interested in expanding Eqs. 1, 2 so to also include self-
produced attractive and repulsive pheromones. Let ua, ur be the concentration 
of attractive and repulsive pheromone. Then the evolution of pheromone i can 
be described as in [ 1]: 

dui 

dt 
= Di∇2 ui − γiui + siρ (4) 

where i ∈ {a, r} represents the attractive or repulsive pheromone, γi is the 
evaporation rate, Di the diffusion constant and si the secretion rate. In order
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to account for the reaction of the worms to the pheromones, we modify the 
potential V of Eq. 1: 

V = V (u) +  V (ua) +  V (ur) +  Vρ (5) 

where V (u) is the same as in Eq. 3. The last term of Eq. 5 is speculated by the 
authors in [ 1] to be a potential created by the worms trying to squeeze themselves 
as compactly as possible: 

Vρ = σscale
(
1 +  tanh

(
ρ − ρmax 

cushion

))
(6) 

We solve these systems of PDEs by means of a finite difference scheme, 
where the environment is a square with length l = 0.02 m discretised in N = 512 
cells for each of the two spatial coordinates x, y and with periodic boundary 
conditions. In particular, we resort to a Euler integration scheme with a time 
step dt = 0.01 and a stopping criterion based on the maximum residual dρmax per 
integration step, with ε = 103 worm/m2, where the unit of measure is expressed 
in terms of the number of worms per m2, together with a maximum allowed time 
tmax = 5000. 

In order to evaluate the performance of a given model, we define a chemotac-
tic index c which is simply given by the sum of worm densities inside the target 
area divided by the total sum of worm densities: 

c =
∑T2 

i=T1

∑T2 
j=T1 

ρ(i, j)∑N −1 
i=0

∑N−1 
j=0 ρ(i, j) 

(7) 

where T1, T2 ∈ [0, N  − 1] such that T1 < T2 are the indices of the target area, 
assumed to be a square. 

3 Methods 

We begin by defining the initial area where worms are placed as a square of 
40× 40 cells centered at (380, 300) and the target area, filled with the attractive 
odour, as a square of 40 × 40 cells centered at (256, 256). Then, we seek to find 
the best parameters that optimise the swarming towards the target area, thus 
we employ an evolutionary strategy (ES) which is able to find optimal values 
for this task. An ES is a type of evolutionary algorithm where the parameter 
values of a particular solution are evaluated in terms of how well they perform 
with respect to some metric. In our case, we select the metric defined in Eq. 7 
as the fitness of a solution. The set of solutions, after evaluation, is sorted, then 
cross-over and mutation are applied and finally the top-λ solutions are kept for 
the next generation, while the top-m solutions, called the elites, are always kept. 
In particular, we leverage the self-adaptative ES (SA-ES) as in [  8]. All meta-
parameters are listed in Table 1. One of the most important aspects of such 
a strategy is the selection of reasonable bounds for the parameter values: the 
broader, the less likely the numerical simulation is able to converge; the narrower,
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the harder it is to find an optimum. Based on these numerical limitations, we 
choose to iteratively apply SA-ES, broadening the range of the parameters and 
augmenting the initial number of solutions until the improvement of the best 
solution is negligible. We begin by using the values in Table 2 and define the 
lower (li) and upper (ui) bounds of each parameter i as: 

li = 
ti 
μ 

(8) 

ui = tiμ (9) 

where ti is the value of the parameter in Table 2 and μ is an integer. The strategy 
employs iteratively higher values of μ following an exponential trend where the 
power is 2 and with an initial value of 2. 

Table 1. Meta-parameters for the SA-ES leveraged for the optimisation process as in 
[ 8]. 

Meta-parameter Value 
maximum number of generations 10 

population size 10 

mutation rate 0.1 

elitism 3 

minimum number of offspring λmin 2 

maximum number of offspring λmax 100 

mutation boost factor c 2 
memory of previous epochs m 10 

4 Results 

We first establish a baseline behaviour, where chemotaxis is driven solely by 
the diffusion of the attractive odour placed in the center of the environment, 
thus solving Eqs. 1, 2 with the initial parameters listed in Table 2, with  ρ0 = 
1.2 × 108. Numerical solutions of ρ without pheromone production are shown 
in the top row of Fig. 1: at  t = 0  (a), the worms are placed on the initial 
area; at t = 2500 (b) the worms have sensed the diffused odour and begun to 
aggregate in the target area; finally, at t = 5000 (c), the chemotactic index of 
Eq. 7 gives c ≈ 0.52. This indicates that the worms first diffuse around their 
initial area, until the odour has diffused enough for them to sense it; then they 
initiate movement to this source, while still partially diffusing. However, the 
value reached by the chemotactic index with these parameters is well below 
any optimum, as they are taken from [ 1] and represent basic L1 worms. Since 
it is possible to genetically alter the synaptic connections of C. elegans and 
thus modify their natural behaviour, we propose to optimise the parameters of
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(a) (b) (c) 

Fig. 1. Heatmap representing the worm density ρ at t = 0  (a), t = 2500 (b) and 
t = 5000 (c) when an attractive odour is placed in the center of the environment 
without pheromone release (top) and with pheromones (bottom). Initial worm density: 
ρ = 120 × 106 worm/m2 . The heatmap is normalised with a logarithmic scale with a 
cut-off for values below 103 . 

the models in order to achieve ideal swarming, such that all worms reach the 
target area. Hence, we can design worms by employing the SA-ES as described 
in Sect. 3, which aims at maximising the density in the target area by evolving 
a population of individuals each possessing a genome composed of the model 
parameters. The evolved parameters are then fed to the numerical solver and the 
final relative density in the target area is evaluated. The evolutionary strategy 
leverages the hyperparameters in Table 1. After two rounds of optimisation, we 
find a value of c ≈ 0.996 with the parameters as in Table 2. The latter shows as 
well the intermediate optimisation step parameter values and its fitness. 

The same method is applied to the model featuring the self-produced 
pheromones composed of Eqs. 1, 2 and 4, thus with the potential V as in Eq. 6. 
The bottom row of Fig. 1 shows the numerical solution of ρ: at  t = 0  (a) the 
worms are placed in the initial square; at t = 2500 (b) they begin to diffuse and 
at t = 5000 (c) the chemotactic index of Eq. 7 has a value of c ≈ 0.63. When  
pheromones production is enabled, the worm density visually appears less sparse 
and results in a higher chemotactic index. We then optimise the pheromone
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Table 2. Initial and optimised parameters in the odour model after one and two rounds 
of SA-ES. Values are approximated to the second significant digit. 

Parameter Starting Value First Round Value Second Round Value Unit 
σ 5.56 × 10−10 3.35 × 10−10 2.52 × 10−10 m2 s−1 

γ 1.00 × 10−4 1.74 × 10−4 1.40 × 10−4 s−1 

β 1.11 × 10−8 2.19 × 10−8 4.39 × 10−8 m2 s−1 

α 1.50 × 106 7.60 × 105 1.25 × 106 m−2 

D 1.00 × 10−9 1.56 × 10−9 3.16 × 10−9 m2 s−1 

ρ0 1.2 × 108 1.08 × 108 4.33 × 108 m−2 

c 0.52 0.9 0.996 

model following the method described in Sect. 3. The initial and optimised val-
ues are reported in Table 3, where the SA-ES is able to find an optimal value of 
c = 0.98 after two rounds of optimisation. Before moving on, we would like to 
point out that SA-ES has found in the second round of optimisation a solution 
where the initial worm density ρ0 is lower than the initial value, contrary to 
the first round, where it is slightly higher. This means that with a lower initial 
density, we are able to achieve a higher degree of swarming, which does not seem 
to be the case when pheromone production is disabled, as per Table 2. 

With these parameters, we now seek to assess the performance of the model 
with and without self-produced pheromones in different environmental setups. 
First, we begin by fixing two areas of 40×40 cells containing the attractive odour, 
namely A and B, with the same chemical properties. Target A is centered in the 
cell (380, 300), while target B is centered at (b0, 300), with  b0 ∈ [20, 256]. In our  
experiments, we moved b0 20 cells at a time. The worms are placed in a 40 × 40 
cells area in the center of the environment O = (256, 256). In particular, we find 
that the distance of O from the two targets influences the target to where the 
worms aggregate: if b0 is placed in such a way that B and A are equidistant from 
O, then we expect that an equal number of worms will aggregate on each target. 
In Fig. 2 we show the final density distribution when A and B are equidistant 
from the center, thus with b0 = 132, both with and without pheromones using 
the starting parameter values. The chemotactic indices of A and B are roughly 
equal, suggesting that when the distance of the two odour sources is equal, the 
attraction is equal, thus divides the population in two, as can be seen by the 
value of c inside the two target areas: cA ≈ cB . Distance is an important factor as 
well as the diffusion of the chemical odour: this has been studied in-vitro in [ 13], 
where the authors find that a stronger diffusion constant of the attractive odour 
is correlated to a stronger chemotactic response. To test this idea, we decided to 
run numerical simulations across a range of diffusion constants D from 1.12 to 
4.47 × 10−9m2s−1 while varying b0 as before. This range has been chosen as to 
accommodate the optima of both the pheromone and the pheromone-deprived 
models (blue cell in Tables 2 and 3). The key observation is that worms are 
performing a collective decision-making task: their collective swarming towards 
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Table 3. Initial and optimised parameters in the pheromone model after one and two 
rounds of SA-ES. Values are approximated to the second significant digit. 

Parameter Starting Value First Round Value Second Round Value Unit 
σ 5.56 × 10−10 1.04 × 10−9 2.74 × 10−10 m2 s−1 

γ 1.00 × 10−4 1.38 × 10−4 8.28 × 10−5 s−1 

β 1.11 × 10−8 1.83 × 10−8 2.82 × 10−8 m2 s−1 

α 1.50 × 106 7.60 × 105 1.32 × 106 m−2 

D 1.00 × 10−9 1.83 × 10−9 2.23 × 10−9 m2 s−1 

ρ0 1.2 × 108 1.58 × 108 5.54 × 107 m−2 

βa 4.111 × 10−10 6.59 × 10−10 2.82 × 10−10 m2 s−1 

αa 1.5 × 106 1.8 × 106 1.6 × 106 m−2 

γa 10−3 1.38 × 10−3 2.7 × 10−3 s−1 

sa 103 5.05 × 102 3.5 × 103 m−2 s−1 

Da 10−10 1.56 × 10−10 2.7 × 10−10 m2 s−1 

βr −1.111 × 10−13 −9 × 10−13 −3.1 × 10−12 m2 s−1 

αr 1.5 × 106 2.87 × 106 3.6 × 106 m−2 

γr 10−3 1.67 × 10−3 1.1 × 10−3 s−1 

sr 10 18.99 22 m−2 s−1 

Dr 10−10 1.04 × 10−10 3.8 × 10−10 m2 s−1 

scale 2 3.21 5.56 

ρmax 2.8 × 108 4.58 × 108 109 m−2 

cushion 2 × 108 2.95 × 108 6 × 107 m−2 

c 0.63 0.85 0.98 

A or towards B corresponds to them making a decision, and if a sufficient number 
of them reaches one of the two targets, we can say that they have decided that to 
be the best target. In particular, this resembles a best-of-2 problem, where the 
swarm is presented with two options and they need to agree on the best option 
in terms of its quality. Imposing the distances from O and the diffusion constants 
of A and B to be equal, we incur in a symmetry breaking problem, since these 
two properties can represent the quality of the two options. Hence, we arbitrarily 
impose a quorum θ = 0.7, which represents the minimum relative density ρ in 
either of the two spots, which is equivalent to the metric in Eq. 7 applied to 
target A (cA) and B (cB), such that a decision has been made. In other words, 
when cA > θ, a decision has been made for option A, while when cB > θ, a  
decision has been made for option B. When neither of these conditions is met, 
we define the outcome of the decision-making process as a decision deadlock. 

Figure 3 shows the phase separation diagram for the decision-making process 
initiated by the swarming of the simulated worm densities when pheromone pro-
duction is disabled (Fig 3a) and when it is enabled (Fig 3b). The blue region 
corresponds to an agreement on option A (cA > θ), while the green region cor-
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)b()a( 

Fig. 2. Heatmap representing the worm density ρ at t = 5000 when an attractive 
odour is placed in two square spots equidistant from the center, where the worms 
are initially placed, without pheromone release (a) and with pheromones (b). In (a) 
cA = 0.40 and cB = 0.37, while in (b) cA = 0.45 and cB = 0.41. Initial worm density: 
ρ = 120 × 106 worm/m2 . The heatmap is normalised with a logarithmic scale with a 
cut-off for values below 103 . 

responds to an agreement on option B (cB > θ). The yellow region corresponds 
to a decision deadlock. We can observe that when B is equidistant from A, since  
the two spots have the same chemical properties, neither the pheromone-enabled 
nor the pheromone-deprived system is able to break the symmetry. This is in 
line with in-vitro results from [ 12], where the authors find that in the presence 
of two attractive sources placed at the same distance from the initial position of 
the worms, the chemotactic index is fixed at around 0.5. In the  case  of  B being 
closer to the origin than A (lower half of Fig. 3), there tends to be an agreement 
on B, while the opposite is true for the case of A being closer to the origin than 
B (upper half of Fig. 3). Indeed, distance is a key factor influencing the chemo-
tactic preference of optimised C. elegans since the odour that is able to reach 
them faster will be targeted by a greater proportion of worms. This concept can 
also be seen by the tendency to incur in a decision deadlock when the diffusion 
constant of both odours increases, leading more frequently to a deadlock. In 
particular, the proportion of points resulting in a deadlock for Fig. 3a is  45.83%, 
while for Fig. 3b it is  28.33%. The overall lower deadlock proportion suggests 
that the presence of pheromones contributes greatly to the symmetry-breaking 
capabilities of the swarm. 



Chemotactic Swarming of C. elegans as a Collective Decision-Making Process 65 

(a) (b)(a) (b) 

Fig. 3. Phase separation diagrams for the decision-making process when two equivalent 
odour sources are present, namely A, whose position is fixed, and B, whose position 
is varied, without (a) and with pheromones (b). Each cell in the grid represents the 
numerical integration of the corresponding system (with/without pheromones), with a 
specific diffusion constant of the odour and a distance of B from the center in units each 
of length l 

N 
. Regions in blue correspond to cA > θ, while regions in green correspond 

to cB > θ  and the regions in yellow to a decision deadlock. 

Figure 4 shows the phase separation diagram for the decision-making process 
when target A has a fixed position and a fixed diffusion constant, while the 
position and diffusion constant of B are varied. In particular, Fig. 4a corresponds 
to the case when no pheromones are produced and Fig. 4b to the case when 
pheromones are produced. For both cases, a vertical line shows the corresponding 
value for the diffusion constant of A, as per Tables 2 and 3. We can observe 
that when the diffusion constant of B is close to the diffusion constant of A 
(DA), both phase separation diagrams around the vertical line of Fig. 4 resemble 
the corresponding phase diagram of Fig. 3. For example, the diagram in Fig. 4a 
around DA shows a decision  has been  made  for the  target that is closer to  
the center, with some deadlocks due to the relatively high diffusion constant, 
while it incurs in a deadlock when the two targets are equidistant from the 
center. These observations are consistent with those for the diagram in Fig. 3a. 
Analogous observations can be made for the case when pheromones are present 
(Figs. 4b, 4b). Moreover, we notice that pheromone production is disabled, the 
decision for A is made mostly when A is closer to the origin than B, while 
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(a) (b) 

Fig. 4. Phase separation diagrams for the decision-making process when two odour 
sources are present, namely A, whose position and diffusion constant (DA) are fixed, 
and B, whose position and diffusion constant are varied, without (a) and with 
pheromones (b). Each cell in the grid represents the numerical integration of the cor-
responding system, with a specific diffusion constant of the odour and a distance of B 
from the center in units each of length l 

N 
. Regions in blue correspond to cA > θ, while 

regions in red correspond to cB > θ  and the regions in yellow to a decision deadlock. 

the decision for B is located in a region following a linear trend between the 
distance of B from the origin and its diffusion constant. The proportion of points 
resulting in a decision deadlock is 45.83% when no pheromones are present and 
20.0% when pheromones are present. The case with pheromones has the same 
trends, however it features a lower deadlock area, reinforcing the suggestion 
that pheromones play a crucial role in the symmetry-breaking properties of the 
system. 

5 Conclusion 

In this paper, we demonstrate how the swarming guided by chemotaxis of C. 
elegans resembles a collective decision-making process in the best-of-n problem. 
We consider a macroscopic Keller-Segel model from the literature [ 1] which  we  
modify to account for the presence of one or more attractive odours and which 
allows the worms to produce attractive and repulsive pheromones. We thus con-
sider two cases: when the only source of attraction is given by the attractive 
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source(s) and when pheromone production is enabled as well. The parameters 
governing the models with and without pheromones are optimised through an 
evolutionary strategy with respect to the same swarming task, where our desired 
behaviour is for all the worms to reach the designated target area, containing 
the attractive odour. Then, those parameters are used to test the ability of the 
swarm in making a decision within a best-of-2 problem. In particular, the two 
options are given by two target areas each containing an odour source, namely 
A and B. In a first experiment we vary the distance of target B from the origin, 
while keeping the distance of A fixed. Furthermore, we designed an experiment 
where in addition to the position, we also fix the diffusion constant of A and 
vary both the distance and the diffusion constant of B. The resulting worm 
densities were then categorised into outcomes favoring target A or B, where  
a given quorum is able to reach one of the two targets, and the inability to 
favour either, which we define as a decision deadlock. Our findings imply that 
the presence of self-produced pheromones plays a pivotal role in the capabilities 
of the swarm to break decision deadlocks. This difference can be explained by 
the biological phenomenon that made the worms evolve to display pheromones: 
as in any organism, communication between organisms is an important factor 
regulating the way they behave. Through the optimisation of the parameters 
representing the properties of these chemicals, we show that this type of com-
munication, a type of stigmergy, allows worms to choose an odour source over 
another one more robustly. Future work should be devoted to a more accurate 
analysis of the two different types of behaviours: from a preliminary analysis we 
find that in the model without pheromones, worms are able to reach the desired 
quorum faster than the model with pheromones, although the latter is able to 
perform better in terms of symmetry-breaking. This leads to the conclusion that 
a trade-off between speed and accuracy exists even in swarms of C. elegans. One 
possible direction for future work could be the analysis of heterogeneous swarms, 
composed of both worms that produce pheromones and of worms that do not. 
However, the current model may be inadequate for such a task given the ever-
increasing amount of equations that are needed to be solved. Hence, it would be 
more adequate to move to an agent-based model, leveraging parallelisation and 
allowing for different parameter values within the same simulation. 
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Abstract. Understanding fitness landscapes in evolutionary robotics 
(ER) can provide valuable insights into the considered robotic problems 
as well as into the strategies found by evolutionary algorithms (EAs) 
to address them, ultimately guiding practitioners toward better design 
choices. However, most studies on fitness landscape analysis have been 
conducted on theoretical benchmarks, lacking direct relevance to prac-
tical robotics applications. This work aims to bridge this gap by (1) 
gathering a variety of measures to assess the ruggedness of a fitness 
landscape, (2) validating them on a simple benchmark problem with a 
known and tunable fitness landscape, and (3) applying these measures to 
a continuous control problem—a robotic navigation task. Using a highly 
customisable task, we investigate how various factors, including environ-
mental conditions (i.e., the arena configuration), agent perception (i.e., 
the robot sensors), controller design (i.e., the structure of the artificial 
neural network controlling the robot), and fitness shaping (i.e., how  the  
robot is rewarded for its behaviour) influence the ruggedness of the fitness 
landscape. Our findings suggest that simple measures can be sufficiently 
informative of the ruggedness of a given fitness landscape. Regarding 
the considered factors, we find that the ruggedness is primarily affected 
by the fitness shaping, followed by the controller features, while other 
factors tend to have a minor impact. 

1 Introduction and Related Works 

The notion of evolution is simple, but evolutionary fitness landscapes can be com-
plex; this is particularly true in the context of robotics. A fitness landscape [ 16] 
is a mathematical object capturing the interplay between an algorithm and a 
problem. The act of investigating the anatomy of these objects is called fitness 
landscape analysis (FLA), a field which has brought insight into search difficulty 
across several domains in both discrete and continuous optimisation [ 8]. 
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Despite consistent and increasing research interest in evolutionary robotics 
(ER) [ 1, 6, 7], there have been comparatively few works analysing fitness land-
scapes in this domain. This might be because the nature of ER presents complica-
tions: system complexity can come from many sources, such as the controller, the 
body, the environment, or from interactions of multiple agents. It is not clear how 
these factors affect the landscape topology. Additionally, in ER the search space 
is typically vast and contains many not feasible robots. Another possible consid-
eration is that—unlike most other evolutionary optimisation contexts—the goal 
in ER is not necessarily to find a global optimum. It is not clear whether FLA 
methods from other domains are even useful in ER. It follows that the existing 
literature for fitness landscapes in ER, particularly with respect to the notion of 
ruggedness, seems scattered. There is a lack of agreement or consistency when 
looking at the literature as a whole: how to define and measure ruggedness, 
the nature of the task and environment in the experiments, and the findings 
surrounding this landscape phenomenon. 

Ruggedness is a popular notion in FLA across many optimisation problems; 
although exact definitions can vary, it generally refers to the manifestation of 
local optima in the space, namely their cardinality and their distribution [ 10]. 
One of the most well-established ways to compute ruggedness on a landscape is 
with the related notions of autocorrelation and correlation length [ 23]. For these, 
random walks are conducted and the encountered fitness values are tracked. The 
autocorrelation captures the correlation between fitness values of solutions on 
the walk at different distances; the correlation length is a single value, and is 
defined as the largest distance at which fitness values on the walk are still cor-
related (with respect to a defined minimum threshold). Larger values for both 
the autocorrelation series and the correlation length scalar indicate a less rugged 
landscape. Another set of measurements for ruggedness are information-theoretic 
in nature; they are the information content, partial information content, and  
information stability [ 21]. For these methods, random walks are conducted and 
the associated time series of fitness values are logged. After that, a string is 
constructed which represents the walk as a series of symbols. There are three 
symbols in the alphabet: one to represent increasing fitness between solutions 
on the walk, one to represent deteriorating fitness, and the last to capture equal 
fitness. The three information-theoretic measurements quantify ruggedness from 
this string of symbols—for example, the information content relates to the diver-
sity of patterns in this string. 

In the field of ER, a study on joint body-brain evolution in 2001 sought 
to compare two search spaces with known performance differences through the 
lens of landscape ruggedness measures [ 18]. In doing so, the authors computed 
autocorrelation, correlation length, and the information stability (all of which we 
have now introduced). They found that these metrics did not distinguish between 
the two spaces to any significant degree. Although the information stability was 
not helpful in this particular case, the related metric named information content 
(sometimes referred to as entropy in the literature) seems to have gained some 
popularity. This measure was originally proposed in the context of combinato-
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rial optimisation; Malan and Engelbrecht later adapted the information content 
for continuous spaces, proposing it as a standalone metric for ruggedness [ 9]. 
This measurement has recently been used for evolving controllers in evolution-
ary robotics [ 15]—in this case, the authors found that the measure contained 
useful information for configuring the evolutionary strategy which was used to 
evolve the controller. Another version of the information content was introduced 
for continuous spaces, where the distance between solutions is considered in the 
calculation [ 13]. We do not consider this version as suitable for our use case: 
we are seeking metrics which can be computed from a fitness series alone (this 
metric requires each genotype to be tracked alongside fitness); additionally, the 
notion of distance for our neural network genotype space does not seem naturally 
suited. 

Other approaches have been proposed for quantifying ruggedness in robotics: 
for example, one study measured the change in (dynamic) fitness when the robot 
began from different starting angles, and computed the fractal dimension of this 
relationship when plotted as a line graph [ 4]. Another work defined ruggedness 
directly from the coupling characteristics of the robot system itself [ 19]. We do 
not take this approach, as we would instead prefer to measure ruggedness empir-
ically through search dynamics. Another method used to estimate ruggedness in 
a robotics context used fitness evolvability portraits [ 5]. The authors found that 
this approach showed a huge amount of ruggedness and lack of correlation in the 
landscape. We therefore think that perhaps this method is too coarse and may 
not lead to useful information about landscape navigability. 

In this work, we take steps towards understanding the phenomenon of land-
scape ruggedness in carefully-constructed ER scenarios. To this end, we system-
atically vary one factor (for example: the number of robot sensors) at a time and 
observe the change in ruggedness with several different measurements. In light 
of the ER literature just discussed we select the information content measure to 
quantify ruggedness; additionally, because it is not well understood which metric 
to use, we choose four other measurements to explore—including a metric from 
the field of physical topography. Our ultimate aim is to answer the question: 
in which manner do factors in simple robotic control problems influence fitness 
landscape ruggedness? 

2 Methods 

A fitness landscape [ 16] is a triplet (S, N, f), where S is a search space, N : S → 
P(S) is a  neighbourhood function that assigns a set of adjacent solutions N(s) 
to every solution s ∈ S, and  f : S → R is a fitness function that provides a 
mapping from solution to associated fitness. That fitness can be thought of as 
solution height within the landscape metaphor. 

In this work, we consider the case where the search space is Rp. Since for Rp 

there is not a natural definition of adjacency, i.e., of  N , we propose a method for 
measuring the ruggedness of a fitness landscape which requires only the search 
space (here Rp) and  f , not  N .
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In brief, our method consists of two steps. First, we collect a number of 
segments, i.e., sequences of points in the search space, and map them, using f , 
to sequences of values in R, which we call fitness profiles. Second, we measure the 
ruggedness of each fitness profile and associate the mean ruggedness of profiles 
with the fitness landscape. We detail the two steps below. 

2.1 Fitness Profiles Construction 

We define a segment [xi, xf ]n as sequence (xj)
j=n 
j=1 ∈ Rpn of n points in Rp such 

that xj = n−j 
n−1 xi + j−1 

n−1 xf , i.e., x1 = xi, xn = xf , and points are evenly spaced. 
We define as fitness profile of a segment (xj)j the sequence (fj)j = (f (xj))j ∈ 
R

n. 
Our definitions of segment and fitness profile are a special case of random 

walk. While random walks (such as those conducted in [ 21]) typically follow a 
random direction in Rp at every move, in our case, we instead follow a single 
specific direction through the space. 

We adopt two alternative ways to build segments. In both cases, given an 
initial point xi, we select randomly a point xf such that its Euclidean distance
‖xi − xf‖ to xi is r, which is also the length of the resulting segment [xi, xf ]n. 
The two alternatives differ in the way we choose xi, for which we either (a) sam-
ple this randomly within a certain hypervolume [xmin, xmax]p ⊆ Rp, or (b) seed 
xi as a solution obtained by running differential evolution (DE). The rationale 
for the latter is to sample the search space in the regions close to (local) optima, 
which are interesting from the perspective of optimisation. 

For determining r, we consider two cases: with the static sampling rate (SSR) 
we define r = wsn, n being the number of points in the resulting segment; with 
the adaptive sampling rate (ASR) we define r = wan

√
p. These scenarios differ 

in that ASR takes into account the dimensionality p of the search space, while 
SSR does not. For both, the parameters ws and wa indicate the resolution of 
the segment, i.e., the desired distance between samples. The rationale for ASR 
is to link the resolution to the expected length of a step of a walk performed 
with Gaussian mutation, which is one of the most commonly used mutation 
operators when dealing with Rp as search space: indeed, this expected length 
depends linearly on σ and √p. 

For each fitness landscape, we sample a total of nsegments segments. When 
sampling the initial point xi at random, we consider nsegments with different ini-
tial points. When the initial point xi is set as a solution obtained through DE, 
we take a different approach: rather than performing nsegments distinct optimi-
sation runs, we run DE nruns times, thereby finding nruns distinct initial points. 
Then, for each of them we sample nsegments 

nruns 
final points to finally obtain a total 

of nsegments segments. This way, we obtain segments and corresponding fitness 
profiles which are close to (namely, centred on) local optima. 

Figure 1 shows an example of fitness profiles for one of the fitness landscapes 
considered in the experimental analysis (see Sect. 3).
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2.2 Profile Ruggedness Metrics 

Given a fitness profile (fj)j , we consider the following five metrics to measure 
its ruggedness. They convey slightly different information about the ruggedness 
of the landscape. We remark that applying them to the same samples does not 
imply a significant growth in the computational effort, which is mostly deter-
mined by the fitness evaluation. For all the metrics, the larger the value, the 
more rugged the profile. 

Standard deviation (SD) assesses the ruggedness as the standard devia-

tion SD
(
(fj)

j=n 
j=1

)
=

√
1 
n

∑j=n 
j=1 (fj − f̄)2 of the fitness profile, where f̄ = 

1 
n

∑j=n 
j=1 fj is the average value of the fitness profile elements. 

Information content (IC) considers the amount of information in terms of 
slope changes in the fitness profile [ 21]. For computing IC, we first build a 
string (sj)

j=n−1 
j=1 where sj = −1 if  fj+1−fj < −ε| ̄f |, sj = 1  if  fj+1−fj > ε| ̄f |, 

or sj = 0 otherwise, i.e., if  |fj+1 − fj | ≤ ε| ̄f |, with ε being a parameter, 
which we set at 0.05. Then we compute IC

(
(fj)

j=n 
j=1 ; ε

)
= H

(
(sj)

j=n−1 
j=1

)
= 

−∑
s′ �=s′′ P ([s′s′′]) log6 P ([s′s′′]), where s′, s′′ ∈ {−1, 0, 1} are symbols and 

P ([s′s′′]) is the frequency of the substring [s′s′′] in (sj)j . The base 6 for the 
log is because there are six possible substrings of two differing symbols. 

First difference sign changes (FDSC) considers the number of changes of 
slope in the profile, as FDSC

(
(fj)

j=n 
j=1

)
= 1 

n−1

∑j=n−1 
j=1 

1 
2 | sign fj − sign fj+1|, 

where sign x is 1 if x ≥ 0 and  −1 otherwise. 
Energy percentile threshold (EPT) measures the ruggedness of a fitness 

profile by analysing its energy in the frequency domain. For computing EPT, 
we first compute the energy spectrum (ej)j by applying the fast Fourier 
transform (FFT) to the profile. Then, we compute the index j75 % at which 
75 % of the spectrum energy accumulates, i.e., j75 % = maxj j such that∑k=j 

k=1 ek ≤ 0.75
∑k=n 

k=1 ek. Finally, we compute EPT
(
(fj)

j=n 
j=1

)
= j75 % 

n . 
Topography ruggedness (TR) consists of an adaptation of the terrain rugged-

ness index proposed in the field of topography [ 17]. Originally, TR was applied 
to groups of data points centred on a specific location. The idea was to esti-
mate how rough the terrain was by comparing the elevation values in that 
group to the central elevation point. We adapt it to our scenario by setting 
TR

(
(fj)

j=n 
j=1

)
=

√
1 
n

∑j=n 
j=2 (fj − f1)2, i.e., with the first point f1 of the pro-

file considered as central point. We remark that, when we use the solution 
obtained through an optimisation run as the initial point xi, all the nsegments 

nruns 
segments starting from xi share the same f1, i.e., our TR resembles very 
closely the corresponding metric used in topography. 

2.3 Optimisation Problems 

We consider two parametric optimisation problems, corresponding to many fit-
ness landscapes: a synthetic benchmark problem, which we use to validate the
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overall methodology and the metrics proposed in Sect. 2.2, and a continuous 
control problem, often used as a benchmark in ER, in which we want to study 
the fitness landscape in different settings. 

The “Stretchable” Rastrigin Function. We consider the Rastrigin func-
tion [ 12] to validate our methodology. We choose this function as it is highly 
multimodal with multiple local optima, which are regularly distributed in the 
space. We slightly alter the original formulation of the function by introducing 
a stretch factor γ, which controls the ruggedness of the fitness landscape acting 
as a sort of “zoom”—larger values of γ mean a more rugged fitness landscape. 
The fitness function thus becomes f(x) = 10p +

∑p 
i=1

(
(γxi)2 − 10 cos(2πγxi)

)
, 

with p being the dimensionality of the search space. Figure 1 shows a portion of 
the fitness landscapes for two instances of the modified Rastrigin function (with 
p = 2  and  γ = 1 or 5) with two segments and the corresponding fitness profiles. 
It is worth noting that the fitness value of this problem is dependent on p. 

Fig. 1. The “stretchable” Rastrigin function for γ = 1 and γ = 5, plotted for p = 2  in  
the domain [0, 2]2 in the form of a heat map. For the two segments (and ) of length 
r = 1, the two line plots on the right show the corresponding fitness profiles. Both 
fitness profiles are more rugged for γ = 5 than for γ = 1.  

For this problem, we vary γ to control the ruggedness of the landscape, 
and we vary p to assess the effectiveness of the metrics with increasingly high-
dimensional search spaces: we use γ ∈ {1, 2, 3, 4, 5} and p ∈ {2, 100, 500, 1000}. 

Robot Navigation Task. As a control problem, we consider a 2D navigation 
task that has often been used, in many variants, as a benchmark problem in 
ER [ 2, 3,14,22]. In this task, the simulated robotic agent has to reach a tar-
get position in an arena with obstacles (see Fig. 2): we perform discrete time 
simulation with time step δt = 0.1 s and duration of 60 s. 

The robot is a differential-drive wheeled robot with a circular shape and two 
wheels on its sides. Thus it has two control outputs regulating the velocity of
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the two wheels, which have a maximum of 10 cm s−1. Regarding the input, i.e., 
the agent perception, the robot is equipped with m proximity sensors evenly 
distributed around half of its circumference (the frontal part, see Fig. 2d), along 
with two sensors perceiving the distance and the angle to the target position. 
Hence, the goal of this problem is finding a control function g : Rm+2 → R2, i.e., 
a policy, that drives the agent to the goal. We implement g with a feed-forward, 
fully connected artificial neural network (ANN) where only the weights θ ∈ Rp 

can be subject to optimisation; that is, the search space contains weight vectors 
for the ANN. 

We assess the impact of four kinds of factors on the ruggedness of the fitness 
landscape: environmental, perception, controller, and fitness function employed. 
The environmental factors regard the features of the arena. In all cases, we use 
a square arena of 1 m × 1 m size (the radius of the robot is 5 cm, for reference), 
where we either place a Barrier between the initial position of the robot and the 
target (see Fig. 2a) or we place two obstacles constituting a Maze that the robot 
needs to navigate (see Fig. 2b). At the beginning of the simulation, we place the 
robot at p(0) = (p (0) 

x , p  (0) 
y ), with p (0) 

x ∼ U([0.45, 0.55]) and p (0) 
y ∼ U ([0.80, 0.85]) 

while the target is at p� = (0.50, 0.15). For both the Barrier and the Maze we 
vary the width lb of the barrier and the width lm of the obstacles: we experiment 
with lb ∈ {0.2, 0.3, 0.4, 0.5, 0.6} and lm ∈ {0.45, 0.52, 0.59, 0.66, 0.73}. When not 
assessing the impact of these factors we use the Barrier arena with lb = 0.2. 

Fig. 2. (2a, 2b) Schematic of the Barrier and Maze arenas; in both, the grey area 
represents the random starting point of the robot, the green circle the position p� of the 
target, the black lines the boundaries and the obstacles of the arena. (2c) An example 
of trajectory

(
p(k)

)
k 
. (2d) Schematic of the robot with its m proximity sensors, all 

with range d, each i-th one placed at angle αi = i−1 
m−1 

π. 

Concerning the perception factors we vary the number of sensors m and 
their range of perception d: we experiment with m ∈ {3, 5, 7, 9, 11} and d ∈ 
{0.1, 0.25, 0.5, 0.75, 1}. We default their values to m =  5  and a range of  d = 
1. Each proximity sensor returns a normalized value, i.e., it reads 1 when no 
obstacles are within the range and reads 0 when it is in direct contact with an 
obstacle.
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For the controller factors we change the width and the depth of the ANN 
controlling the robot. When assessing the width we keep the depth of the ANN 
fixed to one hidden layer, and we change its size ρ(m + 2) according to different 
values proportional to the input size: we experiment with ρ ∈ {1, 3, 5, 7, 9}. 
Conversely, when we study the depth of the ANN we keep the size of the hidden 
layers fixed to the input size m + 2 and we increase the number h of layers: 
we experiment with h ∈ {1, 3, 5, 7, 9}. In all other scenarios, i.e., when assessing 
other factors, we keep a single hidden layer (h = 1) with a fixed size of three 
times the input size (ρ = 3). In all cases, we use tanh as the activation function 
in all neurons. 

We consider three fitness functions to promote the emergence of navigation 
behaviour in the robot. They are all based on the robot-target distance measured 
during the simulation, lasting kfinal time steps and resulting in the robot trajec-
tory

(
p(k)

)k=kfinal 

k=1
: we use the minimum distance mink

∥∥p(k) − p�
∥∥, the average 

distance 1 
kfinal

∑
k

∥∥p(k) − p�
∥∥, and the final distance

∥∥p(kfinal) − p�
∥∥ as fitness 

functions f(θ). Since all three fitness functions can be computed from the same 
simulation, we appraise the ruggedness of the landscape induced by each of them 
when varying all the previously mentioned factors. 

3 Experiments and Results 

We applied our method for measuring the ruggedness of a fitness landscape 
several times, by varying the parameters defining the method itself and those 
defining the two problems described in the previous sections. For all the cases, 
we set ws = 0.01 (for SSR), wa = 0.007 (for ASR), nsegments = 1000, n = 100, 
and ε = 0.05 (for the IC metric). Moreover, we set xmin = −3 and  xmax = −3 
when randomly choosing the segment initial point xi, hence sampling it from 
[−3, 3]p. We made the code for the experiments publicly available at https:// 
github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/. 

3.1 Methodology Validation on “stretched” Rastrigin 

For the “stretched” Rastrign problem, we varied the search space dimensionality 
p and the stretch factor γ. We here used only random sampling for choosing the 
initial point. 

The goals of this experiment were to (a) verify that the method is indeed 
able to capture the ground-truth changes in ruggedness induced by the γ param-
eter, (b) compare the SSR and ASR variants concerning the resolution of the 
segment, (c) compare the different ruggedness metrics; namely, their robustness 
with respect to p. 

Figure 3 summarises the results of this experiment in terms of ruggedness vs. 
γ. It shows one row of plots for SSR and one for ASR, one column of plots for 
each ruggedness metric, and one line for each value of p. 

The main finding is that in (almost) all the cases, i.e., regardless of the 
ruggedness metric, p, and with both SSR and ASR, the ruggedness never

https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
https://github.com/elsalibymichel/2024-WIVACE-ControlFitnessLandscapeFactors/
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Fig. 3. Ruggedness (mean and interquartile range across nsegments = 1000 fitness pro-
files) on the “stretchable” Rastrigin function, one plot row for each of the variants SSR 
and ASR, one plot column for each ruggedness metric, one line for each value of p. 

decreases with γ increasing. However, the expected effect of γ on the measured 
ruggedness is more visible for some combinations of the method and problem 
parameters. 

Concerning the impact of p, Fig. 3 shows that impact of γ on the ruggedness 
is more evident for small values of p with IC, FDSC, and EPT. Conversely, with 
SD and TR, the impact is more visible for large values of p. This finding can be 
explained by the way the five metrics work: with SD and TR, the ruggedness 
value depends on the value of the fitness along the segments, which itself depends 
on p, for the Rastrigin function: hence, different ruggedness values for different p 
are not comparable. On the other hand, IC, FDSC, and EPT are scale-invariant 
with respect to the fitness values and the ruggedness can be compared across 
different problem dimensionality values. While we remark that we are here com-
paring the ruggedness for different γ values, taking into account the impact of p 
on the ruggedness metric is important when the studied factor (e.g., the number 
of proximity sensors for the robot problem) implicitly impacts on the problem 
dimensionality p. For reference, in the robot problem p goes from 72 to 632. 

Concerning the difference between SSR and ASR, Fig. 3 shows that the adap-
tive strategy seems to mitigate the detrimental effect of p on the ruggedness 
metrics—we recall that we expected to see, intuitively, that the larger γ, the  
greater the ruggedness. This is particularly apparent for IC, FDSC, and EPT, 
for which ASR makes the lines for large values of p closer to the expectation. 

Based on the results of this experiment, we chose to apply our methodology 
to the robot navigation problem only in the ASR variant. 

3.2 Problem Factors and Ruggedness in Robot Navigation 

For this problem, we varied (one at a time) the arena parameter (lb for Barrier 
and lm for Maze), the sensor range d, the number m of proximity sensors, and the 
ANN width ratio ρ and number h of inner layers (corresponding to the depth).
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We repeated the experiments twice: with the initial segment point xi chosen 
randomly in [−3, 3]p or with xi being the outcome of a DE run. In the latter 
case, we performed nruns = 10 runs of a simple variant of DE (commonly known 
as DE/rand/1 [ 20]), replicating the settings of [ 3]: we set the population size 
npop = NP = 15, the differential weight wdiff = F = 0.5, the crossover probability 
pxo = CR = 0.8, and we sampled the initial population in [−1, 1]p—note that 
along the evolution, solutions can fall outside this region of the search space. We 
performed the evolutionary optimisation using JGEA [ 11]. 

The goals of these experiments were to (a) understand what, if any, is the 
impact of the considered problem factors on the ruggedness of the fitness land-
scape and (b) check whether the (impact on) ruggedness is different in the neigh-
bourhood of solutions obtained through optimisation. We remark that, differ-
ently from the case of the Rastrigin problem, we here did not have any specific 
expectation on the trend of ruggedness curves. 

Figures 4 and 5 shows the results of these experiments, respectively for the 
random and optimised xi. Both figures show one plot row for each problem 
factor (i.e., lb, lm, d, m, ρ, and  h), one plot column for each ruggedness metric, 
and one line for each fitness function. 

By observing the figures, it can be seen that the main factor impacting the 
ruggedness is the fitness function itself: the final distance results in a more rugged 
landscape than those associated with the average distance and the minimum 
distance. This is apparent in most of the cases, i.e., regardless of other problem 
parameters and the ruggedness metric. It is slightly less apparent with the SD 
and TR metrics, which indeed are affected by the scale of the fitness values, which 
is in general different between the three fitness functions, even though they share 
the same theoretical domain (≈ [0, 1]). We believe this finding is sound: small 
changes in the ANN parameters θ result in large changes in the final position 
(hence its distance to the target) of the robot more likely than in radical changes 
in the trajectory (hence the average or minimum distance). More broadly, this 
finding confirms the importance of selecting the proper fitness function for a 
given robotic task when solving it through evolutionary optimisation [ 2]. 

For what concerns the other factors, no clear and consistent impact on the 
ruggedness is visible: neither when randomly sampling the search space (Fig. 4), 
nor when sampling it close to optimised solutions (Fig. 5). Only in a few cases, 
a weak trend may be spotted. With the sensor range d and all the metrics 
and fitness functions, the shortest range results in a smooth (i.e., not rugged) 
fitness landscape: we looked at the behaviours of some of the solutions and saw 
that the robots barely move, being unable to perceive the environment, hence 
resulting in a flat fitness landscape. With the ANN depth h and the minimum 
distance, some ruggedness metrics appear to show a decreasing trend: the deeper 
the ANN, the smoother the landscape. In general, however, the distribution of 
ruggedness across the 1000 fitness profiles is always large, suggesting that the 
fitness landscape is diverse, with some portions of the search space being rather 
flat and others being irregular.
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Fig. 4. Ruggedness (mean and interquartile range across nsegments = 1000 fitness pro-
files with ASR and random xi sampling) on the robot navigation problem, one plot 
row for each problem factor, one plot column for each ruggedness metric, one line for 
each fitness function. 

All to all, these experiments suggest that the intrinsic complexity of control 
problems, where the mapping between the search space (here a point θ ∈ Rp 

representing the parameters of an ANN) and the fitness space (here an aggregate 
of the behaviour resulting from a simulation) is very indirect, cannot be easily 
captured relying on the notion of fitness landscape. Further investigation is hence 
needed to fully understand when and how evolutionary optimisation is able to 
solve this kind of problems.
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Fig. 5. Ruggedness (mean and interquartile range across nsegments = 1000 fitness pro-
files with ASR and xi coming from optimisation) on the robot navigation problem, one 
plot row for each problem factor, one plot column for each ruggedness metric, one line 
for each fitness function. 

4 Conclusion 

In this study, we performed several experiments aimed at understanding what 
factors shape the fitness landscape, namely, which ones make it more or less 
rugged, for a simple ER problem. Our approach involved gathering a compre-
hensive set of five different metrics to assess fitness landscape ruggedness. We 
validated these measures on a benchmark problem with a known landscape and, 
subsequently, applied them to a more complex robotic navigation task. By sys-
tematically varying individual factors, we were able to isolate their specific effects 
on landscape ruggedness, attempting to highlight how each element contributes 
to the overall fitness landscape.
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We discovered that the ruggedness of the fitness landscape is most signifi-
cantly affected by the way the robot is rewarded for its behaviour, i.e., by the  
fitness function, while the other factors have a minor impact on the ruggedness. 
Our work offers a more detailed view of the shape of the fitness landscape for 
ER problems. In particular, it confirms that the choice of the fitness function is 
a key design decision. Moreover, it suggests that more effort should be devoted 
to understanding how the search behaviour of different evolutionary algorithms 
(EAs), i.e., how they navigate the fitness landscape, affects their ability to cope 
with complex optimisation problems arising from ER tasks. 
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Abstract. Attempts to implement autopoietic organization – essential 
for distinguishing the living from the non-living – in software and hard-
ware models often miss key aspects, such as the realization of metabolic 
closure, which enable the system to interpret and interact with its phys-
ical environment. To address this, we aim to integrate chemical orga-
nization theory and active inference – both developed to encode the 
metabolism and cognition of autopoietic systems, respectively – to cre-
ate a new generation of wetware models within the “Synthetic Biology 
(SB) and Embodied AI” research program. This approach may allow us 
to test critical aspects of synthetic life-like systems, including the imple-
mentation of sensory-motor loops and the anticipatory and predictive 
decision-making that arises from self-production and agent-environment 
interactions. Synthetic systems that exhibit operations beyond cyber-
netic (reactive) feedback loops and information processing could be con-
sidered minimal forms of chemically embodied cognition. 

Keywords: Autopoiesis · metabolic closure · minimal cognition · 
active inference · chemical organization theory 

1 Introduction 

Embodied AI (EAI) emerged in the early 1990s as a response to the limita-
tions of classical AI, based on the idea that artificial cognitive systems cannot 
express their full potential without a body capable of interacting with a phys-
ical and social environment. EAI emphasizes the role of the body in cognition. 
Instead of relying only on computer programs, EAI research programs explore 
“embodied agents”, that is, biologically inspired robots capable of learning about 
their environment and performing cognitive tasks through their physical bod-
ies. Based on scientific insights on natural cognition, this approach attempts at 
creating, in robotic agents, increasingly complex cognitive abilities starting from 
(combinations of) sensory-motor processes. The goal is to model in robots the 
full spectrum of natural cognitive processes, capturing the functioning of “the 
embodied mind”. Since the late 1990s, EAI approaches have shown that signifi-
cant advancements can be generated, in terms of useful applications. However, at 
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the same time, its pioneers question the possibility, for their embodied agents, 
to match the cognitive abilities of living organisms. Already in 1997 Rodney 
Brooks formulated this difficulty in terms of a lack of grasp on the principles of 
the organization of life [ 1], triggering a (still ongoing) epistemological debate on 
the realizability of the modeling ambitions of EAI [ 2]. “Organismically-inspired 
robotics” [ 3] and “Enactive AI” [ 4] are research programs that attempt to fill the 
gaps of EAI by drawing inspiration from well-defined theoretical models of bio-
logical organization based on autopoiesis and related concepts [ 4– 6]. But, despite 
their high theoretical significance, these programs have yet to yield concrete orga-
nizational approaches in EAI that effectively model natural cognition by artifi-
cially implementing the organizational features of life. We think that the main 
reason for the limitations of classical robotic concepts, plans, and constructions— 
when referred to cognitive and mind-like properties—is that they are developed 
in a domain substantially different from the domain wherein biological organ-
isms exist. Impressive advancements are still under development, guided by the 
“Brooksian paradigm”, which advocates for robots to rely on sensory-motor cou-
pling with the environment combined with proprioception, rather than on mere 
abstract symbolic reasoning. 

The challenging goal of synthetically modeling natural cognition and related 
biological processes can be more effectively achieved within the chemical domain. 
This is because the essential features of this domain, which are crucial for biolog-
ical cognition and life, in general, cannot be transferred in the hardware and soft-
ware domains. Based on this thesis, a few research programs have been proposed 
(e.g., “Synthetic Biology (SB) and Embodied AI”), inspired by the second-order 
cybernetic ambition of a fruitful convergence between the engineering problem 
of constructing intelligent devices for practical applications and the scientific 
issue of understanding the origin(s) of cognition and life. The aim is twofold: (i) 
ideating and implementing wetware models of minimal, archetypical living and 
cognitive systems; (ii) developing these models into useful engineering applica-
tions. Here we develop these research axes and, in particular, the programmatic 
idea that modeling synthetically the organizational features of biological cog-
nitive systems (and not just their behavior) is the crucial guideline for a deep 
chemical approach to EAI. 

In Sect. 2, we introduce the concepts of molecular autopoiesis, embodied cog-
nition, and AI. Section 3 explores an autopoietic-based approach to synthetic 
biology within the context of embodied AI. Section 4 delves into sense-making 
in embodied AI, drawing on Chemical Organization Theory (COT) and the 
Free Energy Principle (FEP). Section 5 presents experimental perspectives on 
chemically embodied cognition within the Synthetic Biology and Embodied AI 
Research Program. Finally, Sect. 6 offers key conclusions and future perspectives. 

2 Molecular Autopoiesis, Embodied Cognition and AI 

Experimental and theoretical investigations on chemical and biochemical net-
works play a key role in understanding abiotic, prebiotic, and biotic systems
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because of the complex phenomenology emerging from their dynamics. The 
diversity of chemical species involved in these networks generates different net-
work topologies and dynamic stability. For example, while evolved (current) 
enzymes, working as operators, exert strong selection (constraints) toward their 
substrates, it is expected that primitive catalysts would have been more promis-
cuous. Despite the still existing mystery about primitive chemical networks and 
structures, it is generally agreed that, focusing on metabolism, several core 
carbon-based metabolic pathways drove the origin of primitive cells, and that 
such core minimal metabolism recapitulates primitive biogenesis [ 7]. Such sort 
of networks exist in a dynamical form, in the continuous processes of produc-
tion and consumption of their components, due to a circular organization of 
operators. When these self-maintaining systems become able to self-define (ver-
sus their environment) via operational closure – i.e., the endogenous produc-
tion of a boundary throughout a circular organization of operators – they meet 
the criteria to be defined “autopoietic”. In line with the biology of cognition 
developed by Maturana around the notion of autopoiesis, the operational clo-
sure is always molecular and autopoietic systems are considered both living and 
cognitive [ 5]. An autopoietic system continuously specifies its own organization 
through its operations of production of its own components, i.e., by operational 
closure (a.k.a. metabolic closure/closure of constraints) [ 8]. Such an organization 
involves compensating continuous environmental perturbations (e.g. variations 
in the concentration of chemicals, changes in the temperature, etc.) to remain 
at low entropy. 

For Maturana and Varela [ 5], cognition is an operational effective action in 
their structural coupling with the environment without involving information 
processing. A cognitive system is capable of both action and perception, where 
the coupling of the two ensures that (i) the system exhibits operational clo-
sure, and (ii) its emergent behavior in the environment fulfills a constraint. This 
autopoietic organizational basis of cognition has later been elaborated as “sense-
making”, which can be described as the endogenous generation of operational 
meanings for perceived environmental perturbations. This semantic interpreta-
tion of the environmental variations can enable predictive behavior in terms of 
anticipation [ 9], allowing the biological system to infer perturbative conditions 
for the maintenance of its organizational continuity. Moreover, the sense-making 
processes become inherently intertwined with the system’s self-production. In 
our view, this theoretical framework can promote new and promising approaches 
to EAI, when developed through frontier wetware modeling methods from SB. 

Noticeably, current software and/or hardware EAI systems, while displaying 
computational processes useful to solve some cognitive tasks, lack cognition in 
terms of structural coupling and sense-making, since they lack metabolic-like 
dynamics of self-production [ 10]. That is: to address the current open issues in 
EAI, the still missing move is the introduction in the field of wetware chem-
ical models, which are particularly suitable for the artificial realization of the 
biological organization. In other words, there is a need of a wetware approach 
to EAI based on autopoietic organizational. We provide here a road map to
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this modeling, which would also help to re-address questions about the relation 
of continuity between life and cognition, and to clarify whether minimal (syn-
thetic) biological systems can implement cognitive processes at the fundamental 
(bio)chemical level. 

3 An Autopoietic-Based Approach of Synthetic Biology 
to Embodied AI 

Synthetic Biology can be widely defined as those bottom-up approaches to the 
construction (synthesis) of complex (bio)chemical systems that share with bio-
logical organisms essential traits of their structural and/or dynamical organiza-
tion. The SB we refer to, therefore, includes investigations on the origins of life, 
chemistry of complex dynamical systems (systems chemistry), wetware Artificial 
Life (AL), bio-organic and chemo-enzymatic strategies, etc. These research areas 
have a common playground: the chemical domain, which we believe is indeed the 
right space for investigating various kinds of organizational approach to EAI. 
Our main claim is that, thanks to their chemical peculiarities, SB approaches 
can provide concepts and tools for an effective implementation of the biological 
organization with respect to life and cognition modeling, overcoming the current 
limitations. More specifically, we think that effective models of metabolic cogni-
tive processes have not been fruitful because the capacity of material transfor-
mations, a specific feature of chemistry, simply cannot be emulated by hardware 
systems, while software systems cannot even “perform” in the physical space – 
they just produce simulations of physical processes in a virtual space. Chemical 
and biochemical networks, approached both experimentally and theoretically, 
are essential for understanding abiotic, prebiotic, and biotic systems due to the 
complex behaviors emerging from their dynamics and to the actual possibility of 
realizing the above-mentioned “organizational closure”. The diversity of chemi-
cal species and their transformations generates varying topologies and dynamic 
stability in chemical networks. An example comes from primitive chemical net-
works, e.g., the core carbon-based metabolic pathways which have been crucial 
for biogenesis and the origin of primitive cells [ 7]. These sorts of network operate 
dynamically, produce and consume their components in a cyclically organized 
manner. When such self-maintaining systems can self-delimitate themselves, so 
that their “unity” is proved because the systems components relate to each other 
by a net of causal relations, they are termed “autopoietic”. 

Maturana and Varela’s characterized living systems as those “machines” that 
have an autopoietic organization [ 5], continuously specifying their organization 
through the production of their components (metabolic closure/constraint clo-
sure, [ 8]). These complex mechanisms involve (require) the compensation for 
environmental disturbances in order to remain organized. Maturana and Varela 
[ 5] viewed this last aspect as a fundamental cognitive process, described as “struc-
tural coupling” with the environment. In other words, from their theory it fol-
lows that autopoietic systems are necessarily living and cognitive. It is possible 
to recognize such important dynamics from a semantic perspective and call it
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“sense-making”. With this term we refer to the generation of operational mean-
ings for environmental perturbations. The latter are managed by the system by 
means of self-regulation schemes, intertwined with self-production, and assure 
that the system can continue to exist, despite the perturbations. This theoreti-
cal framework offers the possibility of exploring new directions in EAI because 
there are experimental landscapes that can allow, in principle, the construction 
of artificial systems capable of being engaged into such autopoietic sense-making 
processes. Artificial systems based on software and hardware, in contrary, cannot 
be extended to the (necessary) self-production dynamics of metabolic chemical 
systems [ 10]. We maintain that only wetware approaches allow the generation 
of biological-like EAI, because these are the only systems capable of metabolic 
self-regulation: we aim, therefore, at exploring EAI by grounding it into a life-
like organization. Creating a detailed plan for this new modeling method could 
help answer questions about the link between life and cognition. 

4 Sense-Making Embodied AI Through Chemical 
Organization Theory (COT) and Free Energy Principle 
(FEP) 

A framework that allows SB-EAI modeling of cognitive processes can be con-
ceived by combining Chemical Organization Theory (COT) [ 11, 12] and active 
inference, a corollary of Free Energy Principle (FEP) [ 13]. COT is a formal-
ization of the metabolic closure of autopoietic systems that links the structure 
of reaction networks to their dynamics. COT establishes a formal criterion for 
determining a reaction network to be operationally closed and stoichiometrically 
self-maintaining. The parts of the reaction network that fulfill these two condi-
tions, called organizations, contain all stable states that the reaction network can 
reach in the long term: For any long-term steady state that the reaction network 
reaches, the molecular species whose concentration is larger than zero-that is, 
the active part of the network-will be a chemical organization unit [ 11]. However, 
depending on the kinetic constraints, such as reaction rates or boundary condi-
tions, some organizations become feasible, but others do not. Organizations can 
hence be characterized in terms of the possible ways, given particular kinetic 
constraints, that the consumed species (molecular components) are produced 
by reaction pathways. On the other hand FEP is a formalization of embodied 
cognition of autopoietic systems that can be read as a physics of sentience. By 
sentience we mean that the system is equipped with sensory apparatus – that in 
the FEP framework represents sensory states – which allows the system to inter-
pret perturbations and signals from the environment. It works as a normative 
account of sentient behavior that describes it as maximizing Bayesian model 
evidence and decision-making. It entails (i) establishing a particular partition 
of states of the system based upon conditional independencies of internal and 
external states through blanket (sensory and active) states, (ii) unpacking the 
implications of this partition in terms of Bayesian inference, and (iii) describing 
the paths of system’s states with variational principles [ 13].
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Thus, our main working hypothesis is that a minimal self-maintaining 
metabolic system can arise, by active inference, from a set of chemical reac-
tions, based on the primitive core metabolism. When the dynamics of the sys-
tem is evaluated, it must be out-of-equilibrium dynamical state. The require-
ments for its implementations are: (i) identify a (small) number of key chemical 
reactions able to self-maintain in COT terms; (ii) determine whether some of 
chemical reactions or products can act as internal and sensory-active states; (iii) 
let the system interact with a fluctuating environment to determine whether 
it remains in out-of-equilibrium dynamics in terms of active inference (Fig. 1). 
That is, whether the system self-maintains by actively inferring a fluctuating 
environment. Such forms of minimal chemically embodied cognition should be 
understood in terms of sensory-active loops that act selectively on environmen-
tal molecules and transform them for the benefit of the system’s own operation 
of self-maintaining. In other words, through active states the system will plan 
and select environmental molecules for the preservation its own identity. In this 
sense, this autopoietic-like chemical system would be capable of sense-making, 
based upon a continuous chemical self-producing organization. 

Fig. 1. Minimal chemical reaction network capable of self-maintenance with partition 
states for active inference. 

This is quite decisive, since EAI emphasizes the importance of sensorimo-
tor coupling and embodied cognition. A reverse engineering -deconstructing the 
system to understand how it functions- could be applied seeking to establish 
what are the key molecular components -specific molecules that are essential 
for the system to function- upon which the dynamical stability of the system 
organization depends. This means to study the ability of the system to maintain 
its overall structure and function over time, despite changes or perturbations. 
Such a determination could be based on measurement of the production rates 
of chemical components that the system cycles to achieve self-maintenance in 
a fluctuating environment (e.g., under changing the concentration of chemical 
components) such that the assimilation rates for different chemical components
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are determined by active inference and thus by the dynamic loop of sensory, 
active and internal states. It is important to consider that the time dynam-
ics of such autopoietic-like chemical organization would avoid dissipation in an 
analytically determined timescale. In essence, this means that the autopoietic-
like chemical organization must be analyzed to understand how it sustains itself 
within a given timeframe, avoiding breakdown or instability. 

5 Experimental Perspectives Towards Chemically 
Embodied Cognition 

Based on the above-mentioned proposal, we call for a novel turn in experimental 
SB (and systems chemistry) that explicitly includes the mechanisms underlying 
cognition and sense-making based on the mechanisms derived from our analysis. 
Based on the current technical progress, investigations on the so-called “synthetic 
cells” (SCs) are ideal candidates for developing experimental approaches to min-
imal cognition, and so contributing to the “experimental epistemology” program 
pioneered by McCulloch decades ago. SC technology, indeed, is advancing quite 
well, promoted by the significant efforts of a growing international community. 
Important consortia have proven to be effective in boosting SC research [ 14, 15], 
which is often presented as one of the most innovative directions in biotech-
nology. To date, studies on cell-like systems cover distinct interests, from the 
origins-of-life to the construction of SC, from molecular communication research 
to possible applications as “smart” drug delivery systems (Fig. 2). 

Fig. 2. Cell-like systems, often called “Synthetic Cells” (SCs), can be built in the labo-
ratory by means of procedures based on self-assembly and guided-assembly. The result-
ing structures resemble biological cells in simple manner, and – to date – are not alive. 
Importantly, SCs exchange matter with their environment thanks to a semi-permeable 
membrane, possibly functionalized with transporters or pores. The membrane itself, 
as well as the other components of the boundary, should be parts of the dynamical 
reaction “network” that constitute the entire cell-like system. On the right, fields of 
application of SCs. See text for more details. 

Systems made of allegedly primitive molecules are employed to model prim-
itive cells. In this context, the self-replication of nucleic acids such as primitive
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ribozyme or the self-reproduction of the whole cell-like systems becomes impor-
tant experimental targets. The usage of primitive (or anyway simple) molecules 
serves to demonstrate that some cell-like behaviors are achievable in conditions 
that are far from modern biological ones. In the same manner, searching for the 
minimal complexity associated with the chemical networks that constitute such 
artificial systems is a task that can help to elucidate the early steps of primi-
tive life. A similar approach can be developed by using contemporary molecules 
(DNA, ribosomes, enzymes, etc.). In this case, the focus is shifted from “primi-
tiveness” in the chemical sense, to simplified versions of cellular life. For exam-
ple, the identification of the irreducible genetic-metabolic core networks provides 
useful guidance to the construction of SCs [ 16]. Such an approach looks at the 
problem of “minimal life” from the bottom-up, while others are devoted to sim-
plifying extant biological cells by removing unnecessary genes (top-down) [ 17]. 
The possibility of constructing a simplified version of cells helps to understand 
the dynamics of complex multi-molecular and often hierarchical systems in the 
absence of the complicated background present in biological cells. In this way, 
it is possible to study complex mechanisms from a privileged viewpoint. These 
research directions are widespread and are attracting the attention of an increas-
ing number of scientists. They pertain to basic science but already promise pos-
sible developments in applied research. Indeed SCs can be developed as tools in 
nanomedicine, tissue engineering, drug- and gene-delivery “smart” agents. There 
are already interesting reports showing how SCs could produce therapeutic pro-
teins, acting in situ, near the damaged cell [ 18]. 

Although it can be easily recognized that a decisive contribution to the birth 
of bottom-up minimal life and origins-of-life investigations based on the con-
struction of synthetic cells actually comes from the autopoietic tradition – in 
particular from pioneer studies on ‘chemical autopoiesis’ in the 1990s [ 19] – the  
central theme has always been focused on the material problem of realizing a self-
bounded system capable of producing its own components. This is evident when 
research lines in origins-of-life and bottom-up synthetic biology are analyzed. A 
possible reason is that early and current researchers generally concentrate their 
attention on the chemical problem of generating a self-producing network, which 
is far from being trivial (and not yet realized). 

On the other hand, autopoiesis and cognition are indissolubly bound to each 
other, since they both arise from operational closure, yet as different domains, 
that of the organization itself and of the relation with its environment [ 10]. 
However, investigations that explicitly aim to consider the cognitive capability 
of minimal chemical systems are rather rare. We consider that a chemical system 
capable of maintaining operational closure and a relationship with its environ-
ment at least as prescribed in COT and FEP respectively, can effectively be con-
sidered a proto-cognitive system. These would contribute, as anticipated above, 
to an “experimental epistemology” program, in the tradition of early scholars in 
cybernetics (e.g., the already mentioned Warren S. McCulloch), and in second-
order cybernetics (Heinz von Foerster), but also to an “experimental ontology” 
program, in the tradition of relational biology (Robert Rosen).



92 S. Rubin et al.

5.1 Synthetic Biology and Embodied AI Research Program 

Our research program seeks to explore, in a preliminary and possibly rudimen-
tary phase, how biology and cognition (in minimal versions) can emerge from 
physics and chemistry. It is not difficult to reconstruct the genealogy of the mod-
ern experimental attempts, as a seminal publication is available and well known 
to specialists, i.e., the Varela-Luisi programmatic paper on the use of reverse 
micelles for constructing an autopoietic system in the chemical laboratory [ 20]. 
The article resulted from the encounter of the two authors at a 1983 “Other 
Realities” meeting in Alpbach (Austria) [ 21]. Some years later, the first experi-
mental results were published, giving rise to the so-called “chemical autopoiesis”, 
which was mainly developed by Pier Luigi Luisi and collaborators at the ETH 
Zürich in the 1990s, using reverse micelles, regular micelles, and – importantly – 
liposomes [ 22]. The first steps toward SCs originated, slowly, from the attempts 
that followed from these early papers. 

Our research program starts from the rediscovery of these early studies and 
of their recent developments, emphasizing those aspects that are firmly grounded 
in autopoietic constructive dynamics. Maturana and Varela’s autopoiesis offers 
a privileged possibility for a dialogue between epistemology and the sciences of 
the artificial [ 23], mainly developed, till now, in the software domain (e.g., in the 
field of “Artificial Life”). 

Chemical approaches represent the first, and most evident, shift in the prac-
tice of autopoiesis-inspired modeling (develop wetware models instead of software 
models). However, our research program further exploits autopoietic principles to 
tailor a realistic experimental route based on autonomy [ 6]. In particular, instead 
of insisting on the full set of transformations required to make an autopoietic 
network, we will target a narrower set of processes capable of adaptive behavior. 
More specifically, a possible goal for implementing EAI in wetware is the con-
struction of a network of processes that recursively depend on each other and 
that can be recognized as a unity in the domain in which they exist ([ 6], p. 55). 
To this aim we need to (i) identify, (ii) model in silico, and later (iii) realize in 
vitro a minimal set of self-constructive processes in SCs. These processes must 
operate in a mutual (and overall-circular) dependence, and on a timescale that 
is faster than the metabolic timescale, so that the required condition of mate-
rial production, transformation, and destruction can be partially or completely 
omitted (or outsourced to an auxiliary non-autopoietic network). Although we 
know that this “middle way” approach departs from an authentic autopoietic 
organization, it will allow us to explore adaptive behavior in a manner overtly 
inspired to autopoietic autonomy. 

With these pragmatic considerations in mind, a preliminary selection of plau-
sible mechanisms for future investigations has been carried out, leading to the 
following conceptual layout. 

Identification. By taking inspiration from known (bio)chemical systems, we can 
think of at least three categories of possible self-constructive networks. The first 
is based on coupling of physical and chemical processes, such as those involving 
sensitive microenvironments (particles, membranes, and other assemblies) and
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chemical reactions. For example, morphological or functional changes in vesicles 
driven by internal production of chemicals and a correlated variation of internal-
ized reactions (rates, selectivity, etc.) due to morphological changes. A second 
category can be represented by chemical networks with or without enzyme catal-
ysis, that operate out-of-equilibrium. They can be perturbed by variations in one 
or more of their “nodes”, in a manner that a new state is reached. In turn, the new 
state should lead to a modification of the perturbation or of its effect. A third 
category could be related to biochemical mechanisms of signaling and gene regu-
lation (examples come from systems and synthetic biology, especially when such 
networks have been already made in vitro). To keep such networks active, a con-
tinuous consumption of energy and matter is required –making evident the need 
of an auxiliary system that provides just the necessary chemicals without being 
itself directly involved in the regulatory dynamics. That role can be played by a 
transcription-translation machinery, included in the physical body of the agent 
of interest, but not including –as it already happens– self-generative processes. 
In a previous publication, we have depicted a possible scheme based on bacterial 
two-component systems, which are able to sense environmental variables and 
regulate gene expression. In particular, we have hypothesized a recurrent net-
work based on the increase or on the decrease of the concentration of regulators 
(synthesis/degradation), or of their activity (via allosteric effects) [ 24]. 

In Silico Modeling. The systems of interest will first be simulated, by in silico 
modeling, for their capability of displaying adaptive behavior. Our initial plan is 
to apply periodic environmental conditions (without and with noise), acting both 
as perturbations and as material supplies for sustaining the network, and explore 
the conditions for existence and adaptation (a form of learning). While rate con-
stants and binding constants are the equivalents of neural network parameters 
(i.e., weights, biases, thresholds), chemical networks have as additional parame-
ters the concentrations of the participating species. In turn, these concentrations 
might depend on reactions within the network, and thus generate a recurrent net-
work. In addition to this kind of modeling, we also intend to investigate chemical 
networks from the viewpoint of semantic information theories. The first concep-
tual shift we propose is to move away from considering information as a static 
entity, and instead understanding it as a dynamic process –specifically– the pro-
cess of being in-formed. This perspective aligns with the early discussions on the 
nature of information, mainly debated in the early days of cybernetics and not 
further developed at that time. Notably, while Claude Shannon’s definition of 
information [ 25] does not address meaning [ 26], others – such as Gregory Bate-
son and Donald M. MacKay – emphasized its semantic aspects (e.g., Bateson 
defined information as “a difference that makes a difference” [ 27]). Similarly, as 
remarked by Gordon Pask in his monography on cybernetics, MacKay’s view sug-
gests that information carries meaning when there is a selective function enacted 
by an organism’s behavior [ 28]. For a system to undergo in-formation, it must be 
capable of altering its structure and dynamics in response to internal or external 
events, which act as perturbations or, in the FEP framework as ‘belief priors’ 
to its pre-existing behavior. For example, in a life-like chemical network, the
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relationships between elements (chemical interactions or reactions) must change 
both qualitatively and quantitatively even with antecedence to perturbation. 
The ability of a network to accommodate perturbations while maintaining its 
overall organization (as occurs in autopoiesis) becomes a key feature in devel-
oping new systems in SB and systems chemistry that are both cognitive and 
capable of sense-making. 

In Vitro Realization. The current approaches typically developed as “Systems 
Chemistry” [ 29] and SB are perfectly suitable for the wetware implementation 
of the artificial systems we refer to. Our design will always involve particles of 
various types as cellular mimics in order to fulfill a primary need of distinc-
tion, confinement, and individuation (versus the environment) of the reactive 
networks we will explore. Particles of various sizes and structures are currently 
explored in the field, such as micelles, reverse micelles, vesicles (lipid and fatty 
acid vesicles), coacervate, water-in-oil droplets, and similar. A peculiarity of 
such systems is that their structure can be easily tuned by varying the nature 
or the amount of their components, and this offers the possibility of reversible 
(when possible) perturbations. Chemical and biochemical networks have also 
been intensively explored, especially in the case of enzyme-catalyzed systems. 
Enzyme-free reaction networks appear more challenging to control, but being 
more “prebiotic-like”, are certainly intriguing targets for exploration. However, 
achieving autonomous and autopoietic dynamics is a challenging goal. 

The summarized perspective represents an innovative shift –at least in the 
realm of wetware implementations– from seeing autopoiesis merely as the self-
production of system components to acknowledging its original and broader con-
ception, which includes action, perception, and structural coupling to environ-
mental perturbations that the system has selected based on their compatibility 
with its ongoing dynamics. In 2004 Luisi and Bitbol discussed, in a commen-
tary, the concept of autopoietic cognition in an artificial ‘metabolic’ network 
[ 30]. We believe that the prototypes we intend to explore (in silico and later in 
vitro) can be fruitfully guided by the theoretical frameworks of COT and FEP 
taking advantage of the recent advancements in systems chemistry. Such novel 
approaches can help move research in the desired direction and offer a promising 
path toward developing minimal cognitive systems in the laboratory. 

6 Conclusion 

The autopoietic-based steps to chemically embodied cognition through the inte-
gration of COT and active inference (a.k.a. FEP), outlined in this paper, aims to 
create a new form of bioinspired AI, specifically embodied AI in synthetic cells. 
Our vision diverges from the traditional computational approach, as our focus 
is not on building programmable chemical robots, though some of the modeling 
and experimental tools may overlap. 

Investigating how cognition as sense-making emerges in certain chemically 
dynamic systems that exhibit an autopoietic-like organization is not trivial. 
These processes can occur on both short and long timescales. The theory and
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experiments, but also the conceptual and numerical models of COT and active 
inference has never been applied to minimal self-sustaining metabolic systems 
operating out of equilibrium. 

From a practical standpoint, SB approaches, including systems chemistry, 
provide promising experimental platforms for this research. Although our pri-
mary focus is on fundamental questions regarding the origins of cognition in 
minimally complex chemical systems, we believe that this work can also con-
tribute to applied research, such as molecular robotics and “chemical AI” [ 31, 32]. 
This could be particularly valuable in scenarios where artificial agents, such as 
synthetic cells, establish communication with biological cells, as in the field of 
nanomedicine – an exciting area with significant potential for development in 
the near future. 
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Abstract. In swarm robotics, it is crucial for swarm members to reach 
a consensus on a single option from a set of alternatives to complete 
complex tasks autonomously. Typically, individual mechanisms under-
pinning such collective behaviour are designed using either hand-coded 
or automatic approaches. In this paper, we aim to compare the per-
formance of robotic swarms controlled by mechanisms designed using 
both types of techniques in a site-selection task. The evaluated hand-
coded mechanisms are based on the voter model and majority rule, 
while the automatic design approach involves an evolved dynamic neural 
network mechanism. The evaluation is conducted in a simulated envi-
ronment that represents different operating conditions and swarm sizes 
and follows the same protocol for all decision-making mechanisms. The 
results reveal that the evolved neural network controller demonstrates 
better behavioural responses, including more accurate decision-making 
and increased resilience to varying environments and group sizes, com-
pared to traditional hand-coded approaches. 

1 Introduction 

In swarm robotics, collective behaviour is a global response arising, through a 
self-organisation process, from the local interaction of multiple simple agents 
with their physical and social environment. This emergent behaviour allows 
robotic swarms to achieve complex tasks beyond the capabilities of individ-
ual robots. While self-organisation offers undeniable advantages for designing 
adaptive and resilient systems, its inherent unpredictability and decentralised 
nature pose significant hurdles for system engineers [ 3]. To address the design 
problem, researchers have investigated a variety of controller design approaches, 
such as hand-coded and automatic design techniques. Hand-coded mechanisms 
produce behavioural strategies that can be easily described in operational terms. 
However, their capability to adapt to different sources of variability tends to be 
limited to the circumstances clearly predicted by the designer, which leaves the 
robots potentially unprepared to tackle unexpected events encountered in real-
world settings [ 3]. In contrast, evolutionary robotics (ER), an automatic design 
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strategy, employs evolutionary computation techniques to develop controllers 
based on artificial neural networks [ 10]. The primary advantage of ER lies in 
its use of evaluation functions that prioritise the performance of the swarm 
as a whole over the behaviour of individual robots. This approach allows for 
an automated design process that is adaptable to the specific requirements, 
however poses challenges for the analysis and the interpretation of such con-
trollers [ 7, 9,12,15]. 

Collective decision-making, one of the most studied collective behaviours 
in swarm robotics, refers to a decision problem in which natural or artificial 
agents collectively make a choice among two or more alternatives, with the 
final decision being a group outcome rather than an individual one [ 16]. Within 
the domain of collective decision-making, robot swarms demonstrated two fun-
damental abilities: task allocation and consensus achievement. Task allocation 
involves improving overall performance by splitting the swarm into subgroups 
focused on different tasks. While consensus achievement allows the swarm to 
adopt the same opinion about different options. The individual opinion forma-
tion process is influenced by direct sampling of the physical environment and by 
social interaction based on local communication. 

In this paper, we present a comprehensive comparative analysis of swarm per-
formance in the site selection task, building on the paradigm illustrated in [ 1], 
and evaluating three different decision-making mechanisms for opinion forma-
tion – two hand-coded ones based on the voter model and the majority rule 
and one evolved dynamic neural network as described in [ 1]. The evaluation of 
these approaches across a range of operating conditions and swarm sizes aims 
to provide deeper insights into their relative strengths and weaknesses, eventu-
ally contributing to the development of more effective and adaptable collective 
decision-making strategies for robotic swarms. 

2 Related Work 

To date, site selection research is based predominantly on hand-coded strate-
gies. [ 20] studies a binary site-selection task using the voter model, which 
makes a robot switch to the opinion of a randomly chosen spatially close neigh-
bour. [ 18,19] explore the majority rule, which makes a robot switch to the most 
frequent opinion among n spatially close neighbours. In these studies, robots 
alternate between exploring options and disseminating their current opinion for 
a time proportional to the option’s quality. This modulation of the dissemina-
tion time is the main factor driving consensus achievement on the best quality 
option. Related research [ 4,11] on a binary site selection scenario investigates 
the effect of different opinion formation strategies on the decision dynamics. [ 14] 
explores the relationship between the maximum communication distance and the 
accuracy of the collective decision-making process in dynamic environments with 
three sites of different quality using the voter model with cross-inhibition, where 
conflicting information leads robots to reset their opinions and seek others.
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Diverging from the previous body of research, a recent study demonstrates 
the potential of evolved dynamic neural networks as a more flexible and adapt-
able alternative for site selection [ 1]. By leveraging evolutionary computation 
techniques, the authors synthesised controllers enabling robotic swarms to effec-
tively solve a ternary site selection task, without explicit assumptions on indi-
vidual responses or group dynamics. The proposed approach does not assume a 
correlation between environmental features and robot behaviour, such as the pos-
itive correlation between option quality and dissemination time used in [ 4,11,18– 
20] or between option quality and the frequency of the individual’s opinion 
update process used in [ 13,14]. Furthermore, this work avoids built-in assump-
tions on how robots process perceptual cues and communication signals to form 
their opinions, as seen in the voter or majority models. Instead, the evolutionary 
process develops individual mechanisms for integrating these signals and creat-
ing the necessary relationships for generating modulations that break the initial 
equilibrium and push the group toward consensus on the best option. 

As demonstrated in Sect. 4, our approach generates effective, robust and scal-
able group strategies. As discussed in Sect. 3, in spite of the simplifications dic-
tated by the necessity to limit the complexity of this initial study, the task 
not only possesses all the relevant characteristics of classic site selection sce-
narios, but also features some properties that make it particularly challenging. 
For example, outside the social context, single robots do not have the means 
to systematically make correct decisions on which is the best quality site. This 
makes it particularly hard for the swarm designer to predict and potentially 
to hand-code the actions underpinning virtuous collective responses. In view of 
the promising results that we obtain in terms of accuracy and robustness of the 
decision-making strategies, we discuss possible further developments in Sect. 5. 

3 Methods 

The site-selection scenario investigated in this study closely replicates the one 
described in [ 1], and is implemented using a single square arena of 2 m × 2 m  
in which 21 simulated robots pseudo-randomly move for the entire duration of 
the evaluation while avoiding collisions with other robots and arena walls. 

In both, hand-coded and neural network-controlled swarms, the development 
of individual opinions and the subsequent decision-making process follow a sim-
ilar structure. The robots alternate between two phases: i) exploration phase, in 
which the robots perceive the cue signalling the respective site’s quality, but they 
cannot communicate; and ii) dissemination phase, in which they are allowed to 
communicate their respective opinions on the best quality site to spatially close 
robots, but they cannot sample the site’s quality. At the end of the dissemina-
tion state, each robot updates its opinion using either the VM or MM for the 
swarms controlled by hand-coded mechanism or the neural network controller 
for the swarm controlled by evolved mechanism. Finally, each robot moves to 
the exploration state that corresponds to its new opinion (see Fig. 2b). 

The main differences between hand-coded mechanisms (VM and MM) and 
the evolved neural network are in the dissemination time and opinion update
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mechanisms. In VM and MM, the dissemination time is directly proportional to 
the robot’s estimate of site quality, promoting robots with higher site quality to 
propagate their opinions for longer duration. Following hand-coded mechanisms, 
the robots update their opinions based only on social information received from 
their neighbours. In the VM, this involves adopting a random neighbour’s opin-
ion, while in the MM, it involves adopting the majority opinion. Conversely, the 
evolved neural network does not impose a direct relationship between quality 
estimation and dissemination time. Instead, during the evolution phase, the net-
work learns how to use the environmental bias among the available options to 
create both the indirect feedback modulation and opinion update mechanism 
needed to complete the task. This is done through a complex interaction of 
sensory inputs and communication signals. 

Alike other studies on site selection with simulated agents (e.g., see [ 11]), 
our experimental setup is simplified with respect to those elements that can be 
omitted while preserving the distinctive challenges related to the development 
of a consensus to the best quality option through a process based on a collec-
tive decision. In particular, in our scenario depicted in Fig. 1a, the sites are not 
distinctive locations, which the robots join and leave based on the experimental 
phase. The robots never actually leave the square arena during evaluation. The 
back-and-forth movement between the nest and sites is implemented through 
modifications of the robots perceptual system, for which either communication is 
allowed (this consists of the robot being in a dissemination phase and metaphor-
ically placed in the nest) or the site quality sampling is allowed (this consists 
of the robot being in an exploration phase and metaphorically placed in the 
site corresponding to its current opinion). Note that, this way of instantiating 
the nest/sites is meant to simplify the scenario with respect to the following: i) 
it eliminates the requirement to develop control mechanisms underpinning the 
back-and-forth navigation between nest and sites; ii) it reduces the evaluation 
time by eliminating the nest-sites transfer time. This is particularly helpful to 
reduce the design time of decision mechanisms which tends to be quite large 
with the use of evolutionary computation techniques. 

Fig. 1. a) The site-selection scenario with nest and three sites – L, M, and S [ 1]. b) 
The position of each site in the three experimental conditions [ 1].
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The scenario features three different sites (or options) – large (L), medium 
(M), and small (S) – with varying white floor proportions (80%, 50%, and 20%, 
respectively) and a nest (see Fig. 1a). The higher the proportion of white the 
better the site’s quality. The nest is a location in which the colour of the floor 
is gray (see Fig. 1a). The swarm is evaluated in three experimental conditions 
(Cond 1, Cond 2, and Cond 3) that differ in the position of the best quality site 
(see Fig. 1b). The positions of the sites in the metaphorical space change based 
on the experimental condition: in Cond 1, site L is in position 1, site M is in 
position 2, and site S in position 3; in Cond 2, site S is in position 1, site L is 
in position 2, and site M in position 3; in Cond 3, site M is in position 1, site S 
is in position 2, and site L in position 3 (see Fig. 1b). Evaluation takes place in 
all three conditions. The task of the swarm is to determine which position hosts 
the highest quality site in all three conditions. 

At the beginning of each trial, 21 robots are placed randomly in the arena and 
are initialized uniformly with the three possible opinions (seven each) – i.e., the 
best quality site is located in position 1, 2 or 3, respectively. Each robot starts 
the trial in the exploration phase by sampling the site’s quality corresponding 
to its current opinion. For each robot, the duration of the exploration phase 
is sampled from an exponential distribution with 10 s mean. At the end, of its 
exploration phase, each robot switches to the dissemination phase in which it has 
no access to the cue signaling the quality of the site, but is allowed to disseminate 
through communication its opinion to spatially close neighbors. The duration 
of the dissemination phase is also sampled from an exponential distribution 
with 10 s mean. At the end of its dissemination phase, each robot returns to 
an exploration phase that takes place in the site corresponding to the robot’s 
opinion. The latter is set at the end of the dissemination phase by choosing the 
opinion most frequently expressed during that phase. The metaphorical back-
and-forth movement between the nest and the sites of the robots lasts 800 s – this 
is the trial time within which the group has to reach a consensus. Note that, the 
random variations in exploration and dissemination durations progressively bring 
the swarm into an “asynchronous” state, in which robots operate in different 
phases simultaneously. A trial is considered successful whenever all the robots 
hold the same opinion concerning the position of the best quality site for at least 
10 s consecutively. 

The simulated e-puck2 robot [ 8], a platform frequently used in swarm robotic 
experiments, is equipped with eight infrared sensors located around the robot’s 
body, a floor sensor placed on the bottom of the chassis, and a communica-
tion system implemented with a range and bearing board. The infrared sensors 
return a signal that is proportional to the robot’s distance to obstacles, which 
can be other robots or arena walls. During exploration, the floor sensor detects 
the colour of the floor underneath the robot and returns a single value, 0 for 
black and 1 for white. During dissemination, the floor sensor constantly reads 
0.5, indicating that the robot is on a gray floor in the nest. The robot opinion 
is a three-bit signal, i.e., {1, 0, 0} if the best quality site is considered located in 
position 1 (Pos. 1); {0, 1, 0} – position 2 (Pos. 2); and {0, 0, 1} – position 3 (Pos.
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3), respectively. For the entire duration of the dissemination phase, each robot 
emits a three-bits signal corresponding to its opinion. Every robot in the dissem-
ination phase receives, for the entire duration of this phase, a signal from the 
spatially closest neighbor among those in the dissemination phase and located 
at less than 50 cm distance. If there is no disseminating robot within the com-
munication range (<50 cm), the communication signal of a robot receiver is set 
to {0, 0, 0}. When a robot is in the exploration phase, the communication signal 
is constantly set to {0.5, 0.5, 0.5}. To compensate for the simulation-reality gap, 
uniform noise is added to all sensor readings, motor outputs and robot position 
(see [ 6] for a similar approach). 

The robot controller is made of two modules. The “walk” module gener-
ates the pseudo-random walk and obstacle avoidance behaviour. The “decision” 
module generates the robot’s opinion. The walk module makes the robot move 
according to an isotropic random walk consisting of straight motion for 5 s at 
a speed of 20 cm/s and rotation with turning angles sampled from a wrapped 
Cauchy distribution [ 5], defined by: 

fω(θ, μ, ρ) =  1 
2π 

1 − ρ2 

1 +  ρ2 − 2ρ cos(θ − μ) 
, 0 < ρ <  1; (1) 

with skewness ρ = 0.5. Upon obstacle detection (wall or other robots), the 
robot stops and rotates with a random angle generated uniformly in the interval 
[−π, π]. The robot resumes its random walk after turning, provided that there 
is no obstruction, otherwise it repeats the maneuver. 

The decision module is a three-layer dynamic neural network (see Fig. 2a 
and [ 2] for more details), with a four-neuron fully recurrent hidden layer (i.e., 
NH,1, NH,2, NH,3 and NH,4). The four-neuron input layer relays sensory activa-
tion into the network, with the activation of NI,1 corresponding to the reading of 
the floor sensor, and the activation of neurons NI,2, NI,3, and  NI,4 correspond-
ing to the three-bit communication signal. The three-neuron output layer (NO,1, 

Fig. 2. (a) The decision module made of a dynamic neural network [ 1]. (b) The proba-
bilistic finite-state machine. E Pos 1, E Pos 2, E Pos 3, D Pos 1, D Pos 2 and D Pos 3 
represent the exploration and the dissemination state, respectively. Solid lines represent 
deterministic transitions, while dotted lines represent stochastic transitions.
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NO,2, and  NO,3) generates the robot opinion. The activation of each hidden unit 
(Hj) is governed by the following differential equation: 

τj Ḣj = −Hj + 
4∑

h=1 

W H 
hjσ(Hh + βHh ) +  

4∑

i=1 

W I 
ijIi; σ(x) =  1 

1 +  e−x ; (2) 

where τj is the decay constant, W H 
hj is the strength of the synaptic connec-

tion from hidden neuron h to hidden neuron j, and  W I 
ij is the strength of the 

connection from input neuron i to hidden neuron j, and  Ii is the activation of 
input neuron NIi . The activation of each output neuron (Oj) is computed by 
the following: 

Oj = 
4∑

i=1 

W O 
ij σ(Hi + βHi ) +  βOj ; (3) 

where j ∈ [1, 2, 3]. Hi is the activation of the hidden neuron i, βOj and βHi 

are bias terms, and W O 
ij is the strength of the synaptic connection from hidden 

neuron i to output neuron j. The weights of the connections between neurons, 
the bias terms and the decay constants are genetically encoded parameters. Cell 
potentials are set to zero each time the network is reset. State equations are 
integrated using the forward Euler method with a step size of 0.1 s.  

At every update cycle, the robot opinion (OP ) is derived by normalising the 
activation of the output neurons (Oj) with the following softmax function: 

Sof tmax(
−→
O )j = eOj

∑3 
n=1 e

On 

, j  ∈ 1, 2, 3; 
−→
O = (On) ∈ R3; (4) 

The highest activated output defines the robot’s opinion according to: 

OP = 

⎧ 
⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

Pos. 1 if O1 = maxjOj , 
Pos. 2 if O2 = maxjOj , 
Pos. 3 if O3 = maxjOj , 
no change if O1 = O2 = O3. 

(5) 

A tournament selection evolutionary algorithm using linear ranking is 
employed to set the network parameters. The population contains 64 genotypes. 
Each genotype vector comprises 44 connections, four decay constants, and seven 
bias terms, which are randomly initialised in the range [0, 1]. New genotypes, 
except the elite, are produced by applying mutation with a random Gaussian 
N(0, 0.1) offset applied to each component encoded in the genotype, with a 
probability of 0.03. At each new generation the highest scoring individual (the 
elite) is retained unchanged from the previous generation. The remainder of the 
new population is generated by binary tournament selection from the 45 best 
individuals of the old population. 

At the beginning of each differently seeded evaluation trial, the decision mod-
ule is reset (i.e., robots have no memories from previous evaluations) and cloned
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on each of the 21 robots forming a homogeneous swarm. The robots are ran-
domly positioned in the arena with a randomly chosen orientation in [0, 2π]. 
Each robot performs a pseudo-random walk as illustrated above for the entire 
duration of the trial (i.e., 800 s, T = 8000 simulation cycles). The fitness of a 
genotype F is defined as the average group evaluation score after it has been 
assessed once in each condition. 

The opinion OPrt of robot r at time step t, being OPrt = 1 if the robot 
holds the correct opinion and OPrt = 0 otherwise, contributes to calculating the 
average group evaluation score F as follows: 

Fe = 2 
TR  

T∑

t=T/2 

R∑

r=1 

OPrt, F  = 1 
E 

E∑

e=1 

Fe, (6) 

where Fe in trial e is computed from trial half-time to trial end. 

4 Results 

In order to compare the performance of our neural-network-based decision-
making mechanism (NNM) with the extensively studied voter model (VM) and 
majority model (MM) (both implemented as described by [ 17]), we conducted 
three tests with simulated swarms of robots in the site selection scenario, focus-
ing on the robustness of collective decision-making strategies. 

In all tests, unless otherwise indicated, the swarm size is 21 robots, with white 
floor coverage set at 80% for site L (best site), 50% for site M, and 20% for site S. 
Each randomly seeded trial lasts 800 s, during which robots operate following the 
procedure described in Sect. 3 The robots’ communication range in all tests is 50 
cm and the objective is to collectively identify the location of the site with the 
largest proportion of white floor (best option). Consensus is achieved when all 
robots hold the correct opinion for at least 10 s. For the NNM-controlled swarm, 
trials are repeated for all three conditions (Cond 1, Cond 2, Cond 3) outlined in 
Sect. 3, due to evolutionary bias. For VM and MM-controlled swarms, trials are 
conducted only in Cond 1, as these strategies are functionally symmetric with 
respect to the location of the best option. The applied performance measures 
are accuracy (number of trials with correct consensus) and time to consensus. 

The results reveal the pronounced superiority of the NNM over the VM and 
MM controllers in terms of performance accuracy over 50 experimental trials (see 
Fig. 3a). The NNM maintains a high accuracy rate across all three conditions 
with minor deviations, which demonstrates its ability to collectively capture 
the environmental bias, represented by the variation of the proportion of the 
white floor, and exploit it to generate the required feedback modulation and 
opinion updating mechanism to push the swarm to achieve correct consensus. 
The significantly lower accuracy rates of the VM and MM suggest that these 
models struggled with the correct estimation of the sites’ qualities, which is 
crucial for generating an ample distinction in the dissemination periods that 
break the initial equilibrium toward the correct opinion. The consensus time of
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Fig. 3. (a) Accuracy (i.e., consensus for at least 10 s) and (b) consensus time (successful 
trials only) over 50 trials of the NNM (all three conditions), MM and VM controllers. 
Pairwise Mann-Whitney U-test p-values – ∗ for p <  0.05, ∗∗ for p <  0.01, ∗ ∗ ∗  for 
p <  0.001, and ∗ ∗ ∗∗  for p <0.0001. 

the NNM is significantly lower than the VM and MM, corroborated by a pairwise 
Mann-Whitney U-test (see Fig. 3b). In this experiment, the initial opinions of the 
robots were uniformly and randomly distributed over the swarm (seven robots 
each), which follows a common practice in swarm robotics for site selection 
studies and is also applied during the evolution phase of the NNM. 

In order to explore the robustness of the controllers under conditions that 
diverge from the standard setup, we performed series of tests with varying the 
initial number of robots holding the correct opinion from zero to 21. The results 
(see Fig. 4) reveal that the NNM controller remains resilient across diverse ini-
tial configurations, performing reliably with just a minor deviation in Cond 3, 
which can be attributed to evolutionary bias [ 1]. In contrast, the accuracy of 
the VM and MM controllers declines significantly when the initial number of 
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Fig. 4. The number of successful trials (i.e., with correct consensus) out of 50 runs, 
presented as a function of the initial number of robots holding the correct opinion 
(ranging from 0 to 21).
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robots holding the correct opinion is lower than in the standard setup. Notably, 
consensus is never reached in cases where no robots initially hold the correct 
opinion. 

We have investigated the scalability of the studied decision-making con-
trollers with swarms of 42, 84, and 126 robots while keeping the robot density 
in the arena unchanged – thus the arena size has been modified to 2

√
2 m  × 

2
√

2 m (42 robots), 4 m × 4 m (84 robots), and 2
√

6 m  × 2
√

6 m (126 robots). 
Figure 5a reveals that the accuracy generally drops with increasing the swarm 
size, however the performance of the NNM controller is the least affected among 
all. Considering our strict definition of consensus, which requires all robots to 
share the correct opinion for at least 10 s, we have investigated the evolution of 
opinions in more detail and found that the NNM controller often fails by a mar-
gin only of a few robots at the end of the trial (see Fig. 5b), which is not the case 
for the MM and VM controllers. This evidence indicates that the NNM controller 
is less affected by increasing swarm size than the VM and MM controllers. 

The results of our study reveal a significant performance drop for the voter 
model and the majority rule controllers with respect to reported previous work 
[ 4,11,20], which is arguably due to the lack of global information typically used 
for positive feedback modulation. Earlier research has relied on the assumption 
that robots possess sensors capable of precisely estimating options’ quality and 
employed these estimates for regulating dissemination time or frequency of com-
munication events, thus explicitly reinforcing the positive feedback allowing to 
break the initial equilibrium and incite the swarm toward the correct option. In 
our experimental setup, the quality estimation occurs during exploration, where 
robots move randomly across the arena and sample the floor to estimate the 
site quality. This random exploration, however, leads to unstable (noisy) quality 
estimates that seem to have a severe detrimental effect on the VM and MM 
performance, which rely largely om a consistent distinction between options’ 
qualities for generating the required bias in dissemination times that facilitates 
consensus towards the correct option. 
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Fig. 5. Results of the scalability test of the NNM (all three conditions), MM and 
VM controllers with swarm size of 42, 84, and 126 over 50 trials. (a) The number of 
successful trials (i.e., with correct consensus). (b) The number of robots with correct 
opinion at the end of each trial.
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Fig. 6. (a) Accuracy and (b) consensus time of the VM and MM controllers regulated 
with (estimated) noisy (MM EQ and VM EQ) and (direct) accurate option quality 
information (MM DQ and VM DQ). Pairwise Mann-Whitney U-test p-values – ∗ for 
p <  0.05, ∗∗ for p <  0.01, ∗ ∗ ∗  for p <  0.001, and ∗ ∗ ∗∗  for p <  0.0001. 

To verify that this performance drop was indeed due to the lack of reli-
able quality estimation and not an implementation artifact in our solution, we 
conducted an additional test in which the robots were able to detect the cor-
rect quality of the sites for direct modulation, as reported in previous studies 
[ 4,19,20]. 

The results (see Fig. 6) reveal a pronounced significant difference in MM and 
VM performance when the robots are equipped with reliable (direct) and unreli-
able (estimated) option quality information. Our finding supports the hypothesis 
that accurate quality estimation is paramount for the effectiveness of this family 
of controllers. In this light, our results emphasize the strength and benefits of the 
evolutionary approach, which can yield high performance even in environments 
for which the option quality cannot be inferred directly. Hence, the automatic 
evolutionary process appears to be the most effective known solution to date in 
this scenario. 

5 Conclusions 

This paper presents the insights of a comparative study of two types of decision-
making mechanisms for the site selection task in swarm robotics: hand-coded 
(i.e., voter model and majority rule) and automatically evolved (i.e., dynamic 
neural network). The comparisons are conducted in a uniform fashion based 
on standard performance criteria. The scalability and robustness of solutions 
to environmental variability are evaluated in a range of conditions. The results 
demonstrate that the evolved neural network controller offers better behavioural 
responses, higher accuracy and stronger resilience to varying environmental con-
ditions with respect to traditional hand-coded solutions. Future work will focus 
on: i) more comprehensive analysis of the operational principles underlying opin-
ion formation in single robots; ii) progressive elimination of simplifications in 
order to port the solution to physical robots; iii) modification of the site selection
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scenario by distributing the cues non-homogeneously; iv) development of inte-
grated neuro-controllers supporting simultaneously opinion formation as well as 
environmental exploration. 
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15. Tuci, E., Rabérin, A.: On the design of generalist strategies for swarms of simulated 
robots engaged in a task-allocation scenario. Swarm Intell. 9(4), 267–290 (2015). 
https://doi.org/10.1007/s11721-015-0113-y 

16. Valentini, G., Ferrante, E., Dorigo, M.: The best-of-n problem in robot swarms: 
formalization, state of the art, and novel perspectives. Front. Robot. AI 4, 9 (2017). 
https://doi.org/10.3389/frobt.2017.00009 

17. Valentini, G., Brambilla, D., Hamann, H., Dorigo, M.: Collective perception of 
environmental features in a robot swarm. In: Dorigo, M., et al. (eds.) ANTS 2016. 
LNCS, vol. 9882, pp. 65–76. Springer, Cham (2016). https://doi.org/10.1007/978-
3-319-44427-7 6 

18. Valentini, G., Ferrante, E., Hamann, H., Dorigo, M.: Collective decision with 100 
kilobots: speed versus accuracy in binary discrimination problems. Auton. Agents 
Multi-Agent Syst. 30(3) (2016). https://doi.org/10.1007/s10458-015-9323-3 

19. Valentini, G., Hamann, H., Dorigo, M.: Efficient decision-making in a self-
organizing robot swarm: on the speed versus accuracy trade-off. In: Proceedings 
of the 2015 International Conference on Autonomous Agents and Multiagent Sys-
tems, pp. 1305–1314 (2015) 

20. Valentini, G., Hamann, H., Dorigo, M., et al.: Self-organized collective decision 
making: the weighted voter model. In: AAMAS, vol. 14, pp. 45–52. Citeseer (2014)

https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.1007/s11721-015-0113-y
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.3389/frobt.2017.00009
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/978-3-319-44427-7_6
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3
https://doi.org/10.1007/s10458-015-9323-3


Emergent Naming System in an Unknown 
Dynamic Environment: A Collective 

Perception Scenario 

Dat Nguyen Tien Hoang(B) and Nicolas Cambier 

Vrije Universiteit Amsterdam, Amsterdam, The Netherlands 
datnguyen11.2003@gmail.com, n.cambier.research@gmail.com 

Abstract. Best-of-n problems have been rigorously studied in the con-
text of swarm intelligence. However, most solutions to this problem rely 
on a series of assumptions such as prior knowledge about the number 
or features of available options. In this study, we investigate a collec-
tive perception task with no prior knowledge about option features, in a 
dynamic environment. The added constraint renders previous approaches 
impractical, as robots are no longer able to use option features to iden-
tify them when communicating. To resolve this problem, we propose 
a novel probabilistic Naming Game routine that allows agents to con-
verge on words that uniquely identify such features. We also propose 
a new quality estimation method that is compatible with the proposed 
Naming Game routine and easier to optimise. We compare the proposed 
approach with two baselines: decision convergence without communica-
tion, and decision convergence with pre-existing identifiers. We perform 
scalability tests for larger swarm sizes in larger environments. Our find-
ings indicate that swarms utilising the probabilistic Naming Game to 
interpret neighbours’ communication signals for the purpose of quality 
estimation generally performed better than swarms that do not commu-
nicate and that this behaviour is relatively scalable. We also found that 
swarms using communication suffer from social inertia, that impacts the 
probabilistic Naming Game swarms less than swarms with prior environ-
mental information. 

Keywords: Swarm Intelligence · Collective Perception · Unknown 
environment · Naming Game · Best-of-n · Collective Decision Making 

1 Introduction 

Collective decision-making is a decentralised process in which a population of 
agents come to a consensus on a particular decision. This decision should emerge 
as the consequence of the population interacting and communicating locally, and 
should not be attributable to any individual in the swarm [ 14]. In other words, 
as there exists no “coordinator” to aggregate the opinions of individuals, the 
collective decision emerges as a function of swarm individual behaviours. This 
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not only allows for trivial scaling of the system but also increases the tolerance 
of the system in terms of the number of agents. Collective decision-making has 
regularly been explored and formulated as instances of best-of-n problems: In 
an environment with n options of varying qualities, determine which option is 
of the highest quality. 

One specific instance of the best-of-n problem is the Collective Perception 
task, whereby the agents have to determine which of n = 2  (sometimes extended 
to n >  2 [ 5, 9]) options in a checked environment is most prevalent [ 13], as 
presented in Fig. 1. This task is useful to analyse the generality of a model 
as any given option is scattered in the environment, thus its quality (i.e., the 
proportion of the option in the environment) can not be determined from a single 
vantage point. Various approaches to the task have been proposed, some of which 
were hermetic to environmental changes [ 8, 13], while others were adaptable to a 
dynamic environment [ 1, 10, 11]. These works however all assume prior knowledge 
of the environment: unique identifiers of options are shared across the population, 
hence individuals’ opinions regarding the options can be trivially communicated 
by using a signal pre-associated with a given option’s features (e.g. 0 for black 
and 1 for white). 

Fig. 1. A (55%) white-dominant environment with 20 agents. Agents’ colours indicate 
their current opinion (green-white, red-black). (Color figure online) 

Consider now scenarios in which environmental features are unknown and 
agents’ sensors are realistically noisy; identifying options by their sensor values 
becomes impossible as we do not know in advance what threshold to use to 
distinguish between two options, and that threshold might vary from agent to 
agent depending on the sensor noise. Moreover, pointing an option or guiding 
other agents toward it is non-trivial and time-consuming for swarm robots. In 
such a scenario, successful communication therefore requires agents to agree on 
some symbols (e.g. values) referencing each option. In other words, the swarm 
must learn to “name” environmental options. For this purpose, language games 
are useful, as demonstrated by a previous work on collective navigation using 
virtual pheromones, that assumed a similar set of constraints as the one we have 
described above [ 6] (i.e. no preexisting values associated with each option). 

Language games emerged as a study of how symbolic language evolves in a 
population. In particular, consider the naming game: At any time, 2 individuals
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are randomly selected from the population, with one being the speaker and the 
other the hearer. The speaker chooses a topic and a word associated to that 
topic from its memory, and communicates it to the hearer. If the hearer knows 
the word and associates it to the same topic as the speaker, then the naming 
game is considered a success and the association is reinforced. Otherwise, it 
is considered a failure and the association is weakened. A population playing 
this naming game will eventually converge to a set of word-topic associations 
that is shared across the whole population [ 12]. Various versions of the naming 
game, as well as numerous repair strategies for when the naming game fails have 
been analysed [ 3, 7]. However, to the authors’ best knowledge, the naming game 
research so far had all assumed, at least partly, definitive topic disambiguation 
from the hearer (e.g. via pointing), which requires some adaptation given realistic 
constraints (as we outlined above, referring to options are not possible). 

In this study, we consider a collective perception scenario [ 13] in which  the  
binary environment is unknown and changes after some time. We present a novel 
approach to the task by playing a Probabilistic Naming Game (PNG) on top 
of a simple yet original quality estimation method. We then show how effective 
the communication induced by the naming game is, compared to the cases in 
which the population 1) does not communicate and 2) communicates with prior 
environment knowledge. We tuned all relevant parameter settings on a small 
swarm and environment size, then the same parameters were tested for scala-
bility. We found that the PNG swarms show a significant performance improve-
ment compared to swarms that do not communicate, despite being less scalable 
than swarms with prior knowledge. PNG swarms even outperform prior knowl-
edge swarms after the environment change in terms of our defined Performance 
metric. We also discuss the implications of these results, the limitations of this 
study and our approach, and potential future research directions. In this paper, 
we focus on the best-of-2 case, but we propose a method to extend to best-of-n 
(n >  2) in Sect. 4. 

2 Methodology 

We consider a collective perception task in which the binary options of the 
environment are a priori unknown and change after some time; this implies 
that the options present in the environment could not be directly referred to 
from the outset, and that the “correct decision” of the swarm is not static. It 
should be noted that even though the agents could not communicate the options, 
they are still able to differentiate any two options features with their sensor. 
The environment being unknown entails a constraint that previous approaches 
did not take into account, rendering them unsuitable: inherently agents could 
not globally assign identifiers to the options, and consequently are unable to 
communicate the options and by extension opinions regarding the options. To 
resolve this, we propose an approach consisting of a homogeneous swarm playing 
a probabilistic version of the naming game. Swarm individuals utilizing this 
method would be able to communicate effectively and converge on the decision
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of the highest-quality option (i.e., option making up the highest proportion of 
the environment). 

2.1 Approach 

At any timestep, the agent performs the four following routines: random walk 
(and obstacle avoidance), quality-selection, opinion signal matching, and proba-
bilistic naming game. The approach was motivated by the following rationale: 

– Agents explore the environment “individually”, forming an idea of which 
option is more/less dominant. 

– Agents play the naming game with that knowledge and come to a consensus 
on the identifiers for all options using Naming Game messages. 

– Agents should be able to use the identifiers to (sustain and/or) converge 
to a consensus faster (especially after the environmental changes). For this 
purpose, they communicate with quality-related messages, using the names 
from the Naming Game as identifiers. 

The main obstacle to this approach is that the agents are only able to con-
verge to some option-identifier pairs if they agree on which option is more/less 
dominant; yet coming to a consensus on the dominant option depends on inter-
preting the communication signals. To resolve this issue, we propose a proba-
bilistic version of the naming game with lateral inhibition strategy [ 12]. That 
is, for each word, either increase or decrease their association strength with 
each option according to whether the word-option association corresponds to 
the agent’s experiences; such that the naming system converges as the swarm’s 
decision converges, forming a positive feedback loop. We hypothesize that this 
allows the population to 1) sustain the consensus once it is achieved and 2) make 
use of the “naming” identifiers to converge faster after the environment changes. 

Random Walk Routine. We implemented a random walk routine similar to 
that of NNM [ 1]. Every 5 s, the agent uniformly samples an angle ω ∈ [−π, π], 
rotates itself by ω, then continues to move forward for 5 s. At any timestep, if 
the agent senses an obstacle ahead (i.e., the border or another agent), then it 
performs the sampling and rotating sub-routine until no obstacles are sensed. 

Quality-Selection Routine. Swarm individuals have mappings {option: qual-
ity}, indicating the estimated quality for some encountered options. When the 
agent encounters a new option, they initialise that option’s quality to the mean 
of other known option’s qualities; if this is the first option encountered, the 
initialised value is inconsequential as it is normalized every timestep. At any 
timestep where the individual senses a given option, the quality corresponding 
to that option is incremented by εsens. Similarly, an option’s quality is increased 
by εcomm when the individual receives an opinion signal for that particular option 
(the signal is matched in the Opinion signal matching routine). The qualities of
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the options are normalized after this incrementation. We also put an upper limit 
on the quality of any option at 0.55 for a similar reason. 

The routine not only gives more weight to the more recently sensed/received 
options, but also makes further increments/decrements to qualities smaller when 
the qualities are higher/lower, increasing sensitivity to environment changes. 1

At any time T , agents have some probability Pcomm to broadcast a word 
that represents their opinion. An agent’s opinion is the dominant option with 
the higher quality score while the word corresponding to the opinion is the one 
with the highest word-option association score (2.1). If no words are present in 
the lexicon for the more dominant option i, then the agent generates a random 
word wi ∈ [0, 255] and associates wi with the option with score s. 

Opinion Signal Matching Routine. At any time T , suppose that the agent 
received the word wopi in a quality-related message from its neighbour, it would 
choose an option that is likely to be represented by this word. This option is 
chosen probabilistically, proportionally to the normalized scores of the word for 
each option (Eq. 1). Let us recall that this matched option’s quality is then 
increased by εcomm in the Quality-Selection Routine. 

P (matchedO = o) ∼ score[o][wopi] (1) 

Probabilistic Naming Game Routine. As a hearer, this routine is triggered 
at any time T , if the agent has received Naming Game message as [w0, w1] (2.1), 
and the agent sensed option oS in the environment. The goal of the routine is to 
match w0 and w1 with some options o0 and o1. We introduce the parameter cbias 
governing this bias term. Figure 2 describes the word interpretation subroutine 
for the Probabilistic Naming Game. It should be noted that the algorithm utilises 
quality[opinion] as a proxy for quality difference; this is only possible since the 
environment is binary: certainty for one option translates to certainty for the 
other. Also note that in Fig. 2, score[o][w] refers to the normalized scores, as we 
want the relative certainty between options for each word. 

The matching gives more weight to the quality of the option if the agent 
is unsure which option the word should be matched with, and less when they 
are certain: At the onset, agents rely on the qualities as the options do not 
have reliable “names”; conversely, agents relying on the changing qualities (due 
to the dynamic environment) late in the experiment could cause the naming 
system to diverge. Furthermore, as the absolute quality value of the option is 
dependent on εsens and εcomm, setting the two parameters high to increase sen-
sitivity compelled the naming to converge prematurely. This is the rationale for 
the parameter cbias: one option is certainly more frequent than the other; if the 
agent is sensing oS , it is more likely that the option is the dominant one.

1 https://github.com/DaBo111/Wivace2024-EmergentNaming/blob/main/ 
Wivace2024_appendix.pdf. 
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Fig. 2. Options weighting for each word. The final weight of an option is the summation 
of three components. They are calculated by the illustrated formulas given conditions 
on the right are satisfied, otherwise the “Else” value is used for each of the components 
instead. Lex(o) refers to the lexicon of o (i.e., {all words w} that is associated with o). 

For every word wi, the matching (Fig. 2) returns the unnormalized proba-
bility distribution for all options o. The matched oi is then chosen with some 
probability (Eq. 2). 

P (oi = o) ∼ weight[o][wi] (2) 

If wi is not in the lexicon of oi, initialise the score of wi in oi with s, otherwise 
increase the score with δinc (Eq. 3). All other words w∗ �= wi in the lexicon 
get their scores inhibited with δinh (Eq. 4). For memory efficiency purposes, if 
the association score for any option-word pair decreases below εmin, the agent 
removes the association from its memory. In the following equations, score[o][w] 
refers to the unnormalized scores. 

score[oi][wi]T +1 = score[oi][wi]T + δinc ∗ (1 − score[oi][wi]T ) (3) 

score[oi][w∗]T +1 = score[oi][w∗]T − δinh ∗ score[oi][w∗]T , ∀w∗ �= wi (4) 

The agents also naively deal with homonyms (i.e., same words but different 
meanings) by just removing them from the lexicon. Homonyms are identified by 
getting the most probable word for each option; if the words are the same, then 
they are homonyms. 

As  a speaker, at any  time  T , agents have some probability PNG to broadcast 
some words [w0, w1]. w0 refers to the word associated with the agent’s current 
opinion (dominant option) and w1 refers to the word associated with the non-
dominant option.
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2.2 Experimental Setup 

We propose a novel approach to the collective perception task with a priori 
unknown about environmental features (in this case, the colour of the options). 
We designed a set of experiments and metrics to investigate to what extent this 
proposed approach assists in the swarm’s decision-making process in terms of 
convergence speed, convergence accuracy, resilience to environmental changes 
(i.e. option swap), and scalability. 

Environment. The environment is a 200 cm×200 cm continuous plane bounded 
by a barrier. The surface of this plane consists of 10 cm×10 cm cells, representing 
options of the environment; here, the cells can either take the value 0 (white) or 1 
(black). One of the options is dominant, covering 55% of the plane. To simulate 
the experimental conditions of both [ 1, 13], we implemented our model in the 
violet-simulator 2, and let the agent’s shape be a circle of diameter 7 cm  × 7 cm  
(the cross-section of an e-puck robot), moving at 20 cm/s. All the specifications, 
including the ones mentioned henceforth, are scaled in terms of “pixels” (p) and  
“ticks” (T ) (instead of “centimetres” (cm) and “seconds” (s)) with the ratio of 
10T = 1  s, 1 cm  =  5p. To simulate an unknown environment, the sensor values of 
random agents are swapped. After some time Tchange, the environment changes 
such that the dominant option becomes non-dominant and vice versa; this change 
occurs not simply by flipping the options’ feature but instead by providing the 
environment with a new option distribution. For the simplicity of evaluation, we 
keep track of the true (pre-swapped) sensor values of each agent and evaluate 
their opinion on that true sensor value. In both the duration before and after 
the environment change, the swarm has to come to a consensus on the current 
dominant option of the environment. Hereafter, we refer to “phase 1” as the part 
of the simulation before the environment change and “phase 2” as the section 
after the change. 

Experimental Parameters. We performed experiments with 20, 40 and 100 
agents to evaluate the scalability of our approach; for this test, we also scaled 
the environment dimensions to preserve the swarm density, and all other settings 
were kept identical. The parameters of our model were manually tuned for the 
setting with 20 agents as shown in Table 1: 

Table 1. Parameters

εsens εcomm εmin δinh δinc s PNG Pcomm cbias 

5e−04 2.5e−04 0.01 1.5e−03 1e−03 0.5 0.15 0.05 0.75

2 https://github.com/m-rots/violet. 

https://github.com/m-rots/violet
https://github.com/m-rots/violet
https://github.com/m-rots/violet
https://github.com/m-rots/violet
https://github.com/m-rots/violet
https://github.com/m-rots/violet
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Evaluation Metrics. We define a swarm as having converged on a decision 
if they can sustain the consensus for at least 50s (500T ) both pre and post 
environment change. The value of 50s was chosen to be in the same scale as [ 1]’s 
experiments relative to the duration of each simulation run. As we also want to 
investigate the effect of our approach on the decision convergence of the swarm 
in a dynamic environment, we propose a “Performance metric” (5). 

Perf  ormance  = Σ
D∗ 

t=T ((t − T ) ∗ eRopiT ) 
ΣD∗ 

t=T ((t − T ) 
, (5) 

where T = 0,D∗ = Tchange if measured in phase 1 and T = Tchange,D
∗ = 

Duration if measured in phase 2. RopiT 
is the ratio of population that holds the 

correct opinion in timestep T . 
RopiT 

is exponentiated as we place more importance on whether the popu-
lation actually converges; this is then weighted by the timestep value to further 
emphasize convergence in the later timesteps (as opposed to high RopiT 

at the 
beginning but do not converge throughout the run). 

3 Results 

We performed 100 seeded runs with the optimised parameters in an environment 
with 20, 40 and 100 agents for 3 different communication strategies, the proposed 
strategies and 2 baselines: one wherein the agents do not communicate and only 
estimate the options’ qualities via the quality estimation method (No Communi-
cation, NC); the other wherein the agents communicate with prior information 
(Prior Information, PI), i.e., directly communicating the pre-swapped sensor val-
ues. Each seeded run lasted for 2000s (20000T ) and the environment changes 
were scheduled at 6000T , 10000T and 14000T (in distinct runs). 

3.1 Decision Convergence 

We present the evaluation results demonstrating how the 20-agent swarm’s deci-
sions converge in the duration of the simulation in Fig. 3 (Left). First and fore-
most, we observe that the communication routine does in fact impact conver-
gence; in fact, the routine enables the sustenance of the consensus. This is illus-
trated by the fact that swarms that do not estimate quality via communication 
are more likely to fail to converge to a consensus both before and after the 
environment change. Secondly, in phase 1, swarms with prior information of the 
environment can converge much faster than the ones that do not. 

This difference in speed, however, is not observed in phase 2 of the simula-
tion: the convergence speeds of the two settings are relatively similar. In fact, 
if the PNG swarm is allowed sufficient time to converge on both the decision 
and the language (see Sect. 3.2), the behaviour of the swarm after the swap is 
almost identical to that of the PI swarm. Furthermore, one can observe a slight 
correlation between the duration of time from the point of convergence to the
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Fig. 3. Swarm of 20 agents. Upper, Middle, Lower: Tchange = 6000, 10000 and 
14000. Left: Lines with shaded percentiles represent the ratio of agents having 
the correct opinion. Right: Lines with shaded percentiles represent the number of 
unique words the population used for a specific option (Blue: dominant, Yellow: non-
dominant); the Green line represents the number of unique intersections between the 
two lexicons. Scatter dots represent the mean ratio of the population using a specific 
distinct word (words that are not in the intersection of the lexicon) for each of the 
options (Blue: dominant, Yellow: non-dominant). (Color figure online) 

swap and the time it takes for the swarm to start deviating from the consen-
sus after the swap for swarms that did use communication. This behaviour can 
be attributed to the quality estimation method of our approach: as the swarm 
spends more time in an environment, individuals are allowed to further reinforce 
the quality associated with the dominant option in that environment. We call 
this phenomenon “social inertia”, the longer the swarm is exposed to an envi-
ronment the less sensitive it is to changes; this is somewhat alleviated by our 
decision to cap the estimated quality at 0.55 in Sect. 2. 

3.2 Language Convergence 

We can observe, in Fig. 3 (Right), that, during all three environment change 
schedules, the 20-agent swarm can converge to a unique word for each option 
in most simulation runs. Interestingly, the decision convergence of the swarm 
does not require the whole population to converge on the language; this is most 
obvious in the case with Tchange = 10000, wherein the swarm reaches a sustained 
consensus in most of the simulation runs at around T = 6000 while only around 
0.8 of the population has reached a language consensus. Figure 3, Tchange = 6000 
also demonstrates the case when the change occurs before the swarms reach a 
decision consensus: there is a decrease in the population’s meaningful language



120 D. Nguyen Tien Hoang and N. Cambier

Fig. 4. Upper: Number of runs in which the swarm converged to a decision consensus 
in phase 2 and  Lower: the “Performance” of the swarm in phase 2 for swarms of 20 
(Left), 40 (Middle) and 100 agents (Right) in 100 simulation runs. 

usage shortly after the change, yet the population is still able to converge on a 
meaningful language system. 

3.3 Scalability 

Figure 4 (Upper) shows the number of simulation runs in which the swarm was 
able to converge to the correct decision in phase 2. Unexpectedly, in the basic 
setting (swarm size N = 20), swarms that do not interact could still somewhat 
consistently converge to a decision; this implies that the task can still be achieved 
without requiring collective behaviour. However, this behaviour is neither scal-
able nor robust without the effect of communication (PI and PNG swarms). This 
is evidenced by results when the swarm size is scaled to 40 and 100 agents and/or 
when the change schedule is delayed. Table 2 shows that, while PNG performs 
significantly worse than or on par with PI (in terms of successful runs), it also 
significantly outperforms NC for both phases in most settings. 

Figure 4 (Lower) demonstrates the Performance metric defined in Sect. 2.2. 
We observe an interesting pattern here: across all three scales, PNG is more likely 
to, and converge faster than both PI and NC for Tchange = 6000 and 10000 while 
for Tchange = 14000, PNG performs better than PI but worse than NC in phase 
2. Table 2 shows that, in phase 1, the Performance of PNG is significantly worse 
than that of PI while being comparatively similar to NC. This performance dif-
ference is significant in most cases. The difference in performance between PNG 
and PI in phase 2 can be attributed to the fact that PI swarms take longer to 
start switching opinions after the environment changes (see Sect. 3.1). This (lack 
of) social inertia also plays a role in the sudden increase in NC’s performance 
relative to PNG and PI when Tchange = 14000. The gradual degradation in
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Table 2. Mann-Whitney U test for performance and binomial test for number of 
successful runs for various swarm sizes. PNG was tested against the two baselines in 
100 simulation runs. * indicates whether H0 was rejected to α = 5e−02. A conclusion  
is drawn for each phase if PNG is either significantly better/worse in both metrics, or 
in one metric and similar in the other metric. P1 refers to “Phase 1” and P2 refers to 
“Phase 2”. 

N Tchange Against Performance Successful runs Conclusions 
Phase 1 Phase 2 Phase 1 Phase 2 
H1 p-value H1 p-value H1 p-value H1 p-value 

20 6000 PriorInfo <* 4e−13 >* 2e−05 <* 0e−00 <* 1e−02 P1 worse 
NoComm �= 1e−01 >* 1e−11 �= 5e−01 �= 5e−01 P2 better 

10000 PriorInfo <* 5e−15 >* 2e−03 <* 0e−00 <* 0e−00 P1 worse 
NoComm �= 6e−01 >* 3e−03 �= 3e−01 �= 5e−01 P2 better 

14000 PriorInfo <* 5e−16 �= 3e−01 <* 0e−00 �= 1e−01 P1 worse 
NoComm �= 3e−01 �= 1e−01 <* 0e−00 >* 9e−17 P1 worse, P2 better 

40 6000 PriorInfo <* 3e−19 >* 2e−03 <* 2e−30 <* 0e−00 P1 worse 
NoComm �= 7e−01 >* 1e−16 >* 1e−02 >* 1e−05 P1, P2 better 

10000 PriorInfo �= 4e−01 >* 1e−10 �= 8e−01 >* 4e−06 P2 better 
NoComm �= 7e−01 >* 1e−08 �= 3e−01 >* 1e−09 P2 better 

14000 PriorInfo <* 1e−22 >* 3e−02 �= 6e−01 �= 8e−01 P1 worse, P2 better 
NoComm �= 6e−01 <* 5e−05 >* 5e−03 >* 8e−24 P1 better 

100 6000 PriorInfo <* 1e−29 �= 3e−01 <* 3e−115 <* 3e−02 P1, P2 worse 
NoComm �= 4e−01 >* 2e−15 >* 2e−02 >* 1e−12 P1, P2 better 

10000 PriorInfo <* 4e−33 >* 5e−13 <* 1e−35 �= 4e−01 P1 worse, P2 better 
NoComm �= 7e−01 >* 3e−15 >* 4e−09 >* 1e−46 P1, P2 better 

14000 PriorInfo <* 4e−33 >* 7e−03 �= 1e−00 <* 2e−02 P1 worse 
NoComm �= 1e−01 <* 3e−09 >* 1e−17 >* 4e−51 P1 better 

Performance as Tchange increases is caused by the same dynamic (for NC, this 
degradation is due to not social inertia, but purely self-reinforcement inertia). 
Furthermore, this Performance metric does not fluctuate much as the setting is 
scaled. 

All in all, our results show that PNG generally outperforms NC in phase 2 
while being overshadowed by PI in phase 1. 

4 Conclusions 

In this study, we presented a novel approach to the Collective Perception sce-
nario [ 13] in a dynamic environment and with additional constraints, namely the 
absence of any prior knowledge about the features of available options. Our con-
tribution is two-fold: on the one hand, we proposed a simple quality estimation 
strategy that is capable of dealing with a dynamic environment; on the other 
hand, we showed how a probabilistic naming game routine could be adapted to 
the task, enabling meaningful communication between individuals in the swarm
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while also offering a better trade-off between resilience to environmental changes 
and achieving opinion convergence (compared to swarms with prior environment 
knowledge). 

We tested our Naming Game approach against two baselines, one with known 
prior (Prior Information, PI) and one wherein agents do not communicate (No 
Communication, NC), and found that, while the results of our Probabilistic 
Naming Game (PNG) approach do not reach that of PI in phase 1, it outper-
formed NC in phase 2 in most cases; this phenomenon is observed across all 
simulation scales. This means that the swarm is able to create meaningful com-
munication about the available options. We also found that, in terms of the 
Performance metric, PNG is statistically significantly better than both PI and 
NC in phase 2 if the environment changes shortly after the beginning of the 
experiment, and worse than NC as the change happens later, demonstrating 
the effect of social inertia. Our communication approach enables the swarm to 
be relatively scalable: larger swarms using PNG and PI are still able to con-
verge somewhat consistently in phase 2 when the environment change schedule 
is early, while NC’s convergence rate plummets. PNG’s results could be seen as 
the intermediate between PI and NC, having less social inertia than the former 
(while also obeying harder constraints) but converging more consistently than 
the latter. Unexpectedly, we found that our quality estimation method performs 
well enough, such that the task can be achieved relatively consistently without 
interaction in the “easy” setting; to the best of the authors’ knowledge, this was 
neither mentioned nor demonstrated in any prior related work. 

Although the study focused specifically on the Collective Perception task, 
our probabilistic Naming Game approach can be adapted to other best-of-2 
problems, either coupled with our proposed quality estimation method or with 
another suitable strategy (that expresses agents’ certainty regarding an option 
e.g., NMM [ 1]). Extending to best-of-n, however, requires modification in the 
Naming Game word interpretation sub-routine as an assumption does not imme-
diately generalize to n >  2: in a binary environment, certainty of one option 
implies certainty of the other option; a solution to this could be for the hearer 
to match a received word to an option by a “one-vs-all” method. We conjecture 
that this enables language convergence, as agents treat ith option as dominant 
when matching ith word, supposing all other “more dominant” options j <  i  do 
not exist, essentially reducing the task to be equivalent to the setting studied 
in this paper. Another interesting extension could be to adapt our approach to 
continuous environments in which the naming game routine could be motivated 
by a model studied for colour naming patterns [ 4]. This could also tackle the 
assumption that agents can individually differentiate different options: handling 
sensor noise might be non-trivial and agents have to learn to categorize their 
own sensor values. Another assumption we implicitly made was that the environ-
ment options are “somewhat” uniformly distributed, as this allows individuals to 
form their own opinions to match the words of the probabilistic Naming Game; 
future research could either address this problem or show that this require-
ment is strictly necessary for the task to be feasible. Another immediate next
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step from this study is to determine whether the probabilistic Naming Game 
is asymmetric when spoken non-deterministically and interpreted deterministi-
cally (as opposed to our approach); analogously, the Naming Game’s feedback 
requirement is asymmetric: only updates in the hearers’ lexicon is required for 
the naming system to converge [ 3]. 
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Abstract. In practice, various industrial design problems have contin-
uous, discrete, and categorical variables. Our objective is to manage effi-
ciently these different types of variables within a surrogate-based opti-
mization process. In this work, we propose to redefine the notion of 
distance between the possible values of a categorical variable (named 
“attributes”), through the concept of “affinity”. The notion of affinities 
between attributes can be interpreted as a weighted relationship between 
attributes. These affinities are usually defined based on a physical intu-
ition of the designer. Indeed, affinities are generally implicitly associated 
to the behavior of one or several outputs that behave(s) similarly for 
various attributes. In order to study the impact of the use of affinities, 
numerical results are presented on specific test problems coming from 
structural and mechanical design frameworks. 
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1 Introduction 

The objective of this work is the development of methods combining numeri-
cal simulation tools and advanced optimization algorithms, which play a crucial 
role in exploring new conceptual designs. Nowadays the exploitation of multi-
disciplinary optimization using high-fidelity simulation models is common to 
many engineering design problems. A globally effective approach to high-fidelity 
optimization problems based on computationally expensive analysis lies in the 
exploitation of surrogate models. They act as cheap-to-evaluate alternatives to 
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the original high-fidelity models reducing the computational cost, while still 
providing improved designs. Furthermore, in practice, various industrial design 
problems have continuous, discrete, and categorical variables. From an engineer-
ing point of view, the specific case of categorical variables is of great practical 
interest by their ability to represent the choice of a material, the type of engine 
architecture, the shape of a cross-section for a beam profile, etc. 

This work takes place in a development environment provided in [ 7]. More 
precisely, the developments are carried out in Minamo, Cenaero’s in-house 
design space exploration and multi-disciplinary optimization platform. The 
underlying principle of Surrogate-Based Optimization (SBO) consists in acceler-
ating the optimization process by essentially exploiting surrogate models for the 
objectives and constraints evaluation, with a minimal number of function calls to 
the high-fidelity models in order to keep the computational cost within affordable 
limits [ 4]. In more details, this online SBO, carried out by Minamo, consists on 
several steps, as illustrated in Fig. 1. First of all, a Design of Experiments (DoE) 
is defined using an a priori space filling technique LCVT (Latinized Centroidal 
Voronoi Tessellations). Here, the objective is to extract as much information as 
possible from a minimum number of experiments. After the evaluation of the 
DoE by the high-fidelity models, the next step is then the online SBO process. 
The surrogate models (a tuned version of Radial Basis Functions (RBF) net-
works here) are trained based on the available information in the database, and 
an evolutionary optimization step is launched to generate new best candidates 
for the given optimization problem. These candidates are then evaluated by 
the high-fidelity models and their accurate performance is checked afterwards. 
Finally, the new candidates are added to the database and the online SBO is 
repeated until a satisfactory performance is achieved. 

Fig. 1. Online surrogate-based optimization scheme process within Minamo. 

The contributions of this paper are focused on the management of mixed vari-
ables in this surrogate-based optimization process. For this purpose, a method 
is proposed to redefine the notion of distance between two attributes of a cate-
gorical variable, through the concept of affinity.
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In this paper, Sect. 2 introduces and investigates the concept of affinity for 
categorical variables while Sect. 3.2 describes the test problems (coming from 
mechanical and structural design), explains the experimental setup, and presents 
the numerical results obtained. Finally, Sect. 4 summarizes the current contribu-
tions and discusses the next steps for future research. 

2 Affinity-Based Distance 
2.1 Mixed-Variable Distance 

Our objective is to manage efficiently and concurrently the different types of 
variables in Minamo, within a surrogate-based optimization process. Since the 
construction of the surrogate models and the optimization search require the 
comparison of individuals with variables of different types, the best approach is 
to define a specific distance, as mentioned in [ 10]. One way to handle applications 
with both continuous and categorical variables is by means of a heterogeneous 
distance function that uses different distance functions on the different kinds 
of variables. One approach that has been used in Minamo is to use the over-
lap metric for categorical variables and the normalized Euclidean distance for 
continuous variables (real, integer, and discrete ones) (see [ 11] and  [  10]). 

The authors in [ 11] and  [  10] define a heterogeneous distance function which 
sets the distance 1 between two values or attributes xi and yi of a given compo-
nent i of a vector of variables as: 

dist(xi, yi) =
{

norm_diff(xi, yi) if xi, yi are real values 
overlap(xi, yi) if xi, yi are attributes (1) 

where 
norm_diff(xi, yi) =

|xi − yi| 
maxi −mini 

(2) 

and 
overlap(xi, yi) =

{
0 if xi = yi 
1 otherwise , (3) 

with maxi and mini being the upper and lower bound for variable i, respectively. 
The overall distance is therefore given by the Heterogeneous Euclidean-Overlap 
Metric function HEOM(x, y): 

HEOM(x, y) =

√√√√√
n∑

i=1 

dist(xi, yi)2 

n 
, (4) 

where n is the number of variables.

1 For the sake of clarity, the term “distance” will be used both for the distance between 
two vectors and the distance between two components of a vector. 
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2.2 Notion of Affinity 

The overlap distance can be slightly modified by introducing the notion of affini-
ties between attributes for a given categorical variable. The rationale behind the 
role of affinities consists in providing a better representation of the intrinsic 
topology of the design space. Intuitively, the notion of affinities can be inter-
preted as a link between attributes. A typical example in mechanical design is 
the choice of a material: 

X = {steel_variant_1, steel_variant_2, steel_variant_3, wood_variant_1, 
wood_variant_2, wood_variant_3, aluminum}. 

We can define affinities between all the steel variants and between all the 
wood variants, while there is no link between aluminum and the other materials, 
hence the set X is partitioned into three groups. These affinities are usually 
defined based on a physical intuition of the designer. It is generally implicitly 
associated to the behavior of one or several responses that behave(s) similarly 
for several attributes. Some attributes can therefore be defined as close because 
they have a similar impact on one or more physical quantities. This is the reason 
why, in the remainder of this study, we will define affinities between attributes, 
depending on the way attributes are grouped together following a sensible (or 
not) physical or engineering intuition. 

Based on the definition of these affinities, the overlap distance formulation 
written in Eq. (3) becomes: 

overlap(xi, yi) =
{
0 if xi = yi 
1 − affinity(xi, yi) otherwise , (5) 

where affinity(xi, yi) ∈ [0, 1] is a numerical value defining the affinity/link 
between two attributes xi and yi, with  affinity(xi, yi) =  affinity(yi, xi) and 
affinity(xi, yi) = 0  for two attributes belonging to two different groups. Note 
that, as soon as the set of attributes is partitioned into distinct groups, Eq. (5) 
remains a distance in mathematical sense if affinity(xi, yi) ≤ 0.5 ∀i. Indeed, 
in that case, the overlap distance between two different attributes within the 
same group is always greater than or equal to 0.5 and the triangular inequality 
is still satisfied since overlap(xi, yi) ∈ [0, 1]. For larger values than 0.5, the 
triangular inequality may not be respected, unless a same numerical value of 
affinity is used for each group of the partition. This is due to the fact that the 
overlap distance between attributes of two different groups remains equal to 1. 
Based on the previous example, suppose that we define: 

affinity(steel_variant_i, steel_variant_j) = 0.3, for 1 ≤ i, j ≤ 3,
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such that the overlap distances between these attributes are equal to 0.7 and no 
more 1 for all steel materials. We can apply the same operation for wood materi-
als. The affinity value 0.3 is at this stage chosen arbitrarily to give an importance 
to the defined affinities. Figure 2 represents a simple example based on a categor-
ical variable X = {steel_variant_1, steel_variant_2, wood} with an affinity 
of 0.3 between steel_variant_1 and steel_variant_2. Now, since  the dis-
tance and affinities between attributes have an influence in the construction of 
the surrogate models and in the search process, the impact of the refinement of 
the distance on the surrogate-based optimization convergence results is presented 
in the following section. 

Fig. 2. Illustration of an updated overlap distance when affinities are defined between 
attributes. 

3 Numerical Results 
3.1 Test Problems 

In order to benchmark surrogate-based optimization algorithms, we use a set of 
test problems coming from several contexts (engineering, design, etc.). 

Welded Beam Design Problem. In this optimization problem presented 
in [ 8], a rectangular bar welded at one end is used to support a load at 
the other end. The goal is to minimize the manufacturing cost by playing 
on a total of six optimization variables. In particular, the first variable x1 

sets the weld configuration used between two possible ones, and x2 gives the 
material used among four possibilities for the beam and its support (x2 ∈ 
{steel, cast_iron, aluminum, brass}). The last four variables are related to 
geometrical variables (h, t, b, l illustrated in Fig. 3). The constraints are related 
to the bending stress, the buckling load, the beam deflection, and the weld 
shear stress. The outputs (objective and constraints) of this test problem can be 
expressed analytically.
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Fig. 3. Representation of the welded beam problem with the two possible weld config-
urations [ 8]. 

Structural Design Problems. A series of examples taken from the structural 
optimization literature (and initially defined for continuous variables only) have 
been adapted to include categorical variables. The first structure (t10b) is the  
10-bar truss, widely used as benchmark in structural optimization. The geome-
try and loads are defined in [ 6]. The boundary conditions impose zero horizontal 
and vertical displacements on the two nodes located on the left of the structure 
(see Fig. 4). The structure is a truss, i.e., all bar elements undergo tension or 
compression only. Inspired by [ 6], the continuous design variables include, in 
addition to the cross-section variables, the three vertical positions of the upper 
nodes, leading to a parametric and shape design set. 

Fig. 4. 10-bar truss (t10b) example. 

The second structure (dome) is a  3D reticulated dome, investigated in 
detail in [ 2], see Fig. 5. It is composed of 241 nodes and 686 elements, and should 
be modeled as a frame (beam elements). A vertical load of 1 kN is applied on 
the top of the dome.
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Fig. 5. Reticulated dome example: plane view of the ground structure. 

The third structure (bldg) is a  35-storey skyscraper investigated in [ 5], 
see Fig. 6. This building is composed of 244 nodes and 942 elements. Horizontal 
wind loads are applied on one side of the building, with a nodal value of 1 kN. 
The foundation nodes are fixed. 

Fig. 6. 35-storey skyscraper (bldg) example. 

The last example (wing) is a  simplified wing box structure inspired by 
the model used in [ 1] (see Fig. 7), with 100 nodes and 162 elements. The 2D wing 
is loaded by a uniformly distributed lift loading. 

The parametrization of these structural test cases are defined as follows: 
the variables are the diameters of the bar or beam cross-sections (except for 
t10b, where the three nodal positions are also tackled through continuous vari-
ables); additionally, two types of categorical variables are used, namely the cross-
section shape and the material. The shape must be taken in the {Circular_full, 
Circular_tubular, Square_full, Square_tubular} set (see Fig. 8). Regarding 
the material, two options are available:
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Fig. 7. Simplified wing box structure (wing) example. 

– light: only three materials are available: {steel, aluminum, timber}; 
– all: an extended set of ten materials is available: {steel, aluminum, timber, 

steel_variant_1, steel_variant_2, steel_variant_3, steel_variant_4, 
wood_beech, wood_elm, wood_maple}. 

We use a strategy for grouping the elements in the dome, bldg and wing cases 
in order to reduce the dimension. In that cases, all elements from a same group 
share the same cross-section material and geometry. The goal in these problems 
is to obtain the lightest structure while satisfying resistance and deformability 
constraints. The core of the simulation is a finite element analysis assessing the 
structural responses (mass, internal efforts, displacements) for a given parametric 
design. This analysis is performed by means of FEAPpv, a finite element program 
developed at UC Berkeley, see [ 9]. 

Fig. 8. Cross-section shape defined as a (categorical) variable. 

Table 1 summarizes the test problems: n, nc, and  ncat are, respectively, the 
total number of variables, and the number of continuous and categorical vari-
ables. The column nattr contains the number of possible attributes for each 
categorical variable, while the nconstr column shows the number of constraints 
considered in the optimization specification.
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Table 1. Summary of the structural and mechanical test problems. 

Problem Material n nc ncat nattr nconstr 

t10b 
all 15 13 2 4 10 3 

light 15 13 2 4 3 3 

dome 
all 14 12 2 4 10 3 

light 14 12 2 4 3 3 

bldg 
all 34 32 2 4 10 3 

light 34 32 2 4 3 3 

wing 
all 5 3 2 4 10 3 

light 5 3 2 4 3 3 
welded beam / 6 4 2 2 4 4 

3.2 Numerical Results Using Affinities 

In this section, we analyze the optimization results obtained on the mechanic and 
structural examples described in the previous section. In the sequel, we would 
like to test the concept of affinities, based on good choices of the designer (will 
defining “well-grouped” attributes improve the results?) but also based on wrong 
choices, as seen as mistake of the designer or bad intuition (will defining “ill-
grouped” attributes deteriorate the results?). The following “well-grouped” and 
“ill-grouped” attributes can be defined intuitively based on the material, through 
the similarity in Young’s modulus and density values and based on the definition 
of the cross-sections (only for the structural problems), see Tables 2 and 3. 

Table 2. Definition of the “well-grouped” attributes for the considered test problems. 

Problem Cross-sections Materials 

welded beam / {cast_iron, brass} 

structural cases
{•, “} {steel, steel_variant_1, steel_variant_2, 

steel_variant_3, steel_variant_4} 
{›, —} {timber, wood_beech, wood_elm, wood_maple} 

Table 3. Definition of the “ill-grouped” attributes for the considered test problems. 

Problem Cross-sections Materials 

welded beam / {steel, aluminum} 

structural cases 

{steel, timber} 
{•, —} {steel_variant_1, wood_beech} 
{›, “} {steel_variant_2, wood_elm} 

{steel_variant_3, wood_maple} 
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Surrogate-based optimization is studied here on 100 independent runs based 
on 3n points in the inital DoE. We performed 200−3n iterations of the surrogate-
based optimization (except for bldg cases: 400 − 3n) in order to have a total of 
200 function evaluations (400 for bldg), with a population size of 200 points and 
200 generations in the evolutionary optimization step (on the surrogate models) 
on three different versions: 

– sbo_dft: default SBO version with no defined affinities; 
– sbo_affXX: SBO version with well-grouped attributes, where XX specifies the 

affinity numerical value ∈ {0.1, 0.2, . . .  ,  0.8, 0.9}, identical for each defined 
group; 

– sbo_ill_affXX: SBO version with ill-grouped attributes, where XX specifies 
the affinity numerical value ∈ {0.3, 0.8}, identical for each defined group. 2 

In order to give a global view of the performances of the different versions, 
the performance profiles [ 3] are used which represent the percentage of solved 
problems by each version according to τ , where  τ is the proportion of the bud-
get used by a version to solve a problem, compared to the minimal budget 
required by the best version(s) to solve the same problem. The performance pro-
files comparing the default version and the version using ill-grouped attributes 
are shown in Fig. 9. These results confirm that defining ill-grouped attributes 
deteriorates the optimization results. The performance profiles comparing the 
default version and the version using well-grouped attributes with different val-
ues {0.1, 0.2, . . .  ,  0.8, 0.9} are shown in Fig. 10, where we can observe that good 
results can be obtained with values less than 0.4. This is why we are showing 
in Fig. 11 the performance profiles comparing the default version with only ver-
sions with well-grouped attributes of values {0.1, 0.2, 0.3}. It illustrates clearly 

Fig. 9. Performance profiles comparing default and ill-grouped attributes versions. 
2 All the values from 0.1 to 0.9 are not tested here since the idea is only to confirm 

that using ill-grouped attributes deteriorates the optimization results. 
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Fig. 10. Performance profiles comparing default and well-grouped attributes versions 
(with all values). 

Fig. 11. Performance profiles comparing default and well-grouped attributes versions 
(with best values). 

that the use of affinities for well-grouped attributes can help obtaining better 
performances. 

4 Conclusions 

The concept of affinities between attributes of categorical variables has been 
introduced. In order to study the impact of the use of affinities, specific test 
problems on which these affinities can be defined have been studied. The first 
results obtained are promising, showing how they can impact the quality of the 
results in a surrogate-based optimization process. A deeper analysis is required 
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to better understand how to determine them, potentially with an automati-
cal tool. Future work will be undertaken to further analyze their role on the 
surrogate-based optimization process, along with the possible development of 
other formulations of distance well suited to categorical variables. 
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Abstract. Using models to interpret data is a fundamental aspect of data analysis, 
enabling us to understand patterns, make predictions, and derive insights from raw 
information. In particular, using models transform raw or otherwise mute data into 
valuable knowledge. In this work we show how an intuition concerning Random 
Boolean Networks (RBNs) - a well-known model in the field of complex systems
- allows the introduction of a new type of observable, useful for the analysis of 
real biological data. We then apply this idea to single-cell data on humans and 
mice. 

Keyword: Random Boolean Networks · models · single cell data 

1 Introduction 

1.1 Random Boolean Networks and Generic Properties 

Random Boolean Networks are simplified representations of gene regulatory networks 
(GRNs), which have been extensively studied as abstract models of complex systems 
due to the flexibility of their dynamic behavior, which can be adjusted from ordered to 
disordered by changing a few key parameters [1–4]. RBNs have been applied to various 
biological phenomena, such as cell differentiation [5–7], and to several fields including 
robotics [8–10], the study of evolutionary processes [11–14], and the simulation of social 
systems [15–18]. 

The behavior of RBNs can be compared to that of GRNs, allowing for inferences 
about their dynamics. RBNs exhibit dissipative dynamics, leading finite networks to 
eventually settle into a limited number of attractor states, which can be either constant 
(fixed points) or periodic (limit cycles) after an initial transient phase. Under the assump-
tion that these attractors correspond to distinct cell types in multicellular organisms [2], 
interesting scaling relationships between the number of genes and the number of differ-
ent cell types have been proposed: in the case of ensembles of RBNs having critical or 
slightly ordered dynamics such relationships are somewhat similar to those observed in
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nature [19, 20]. These results support the idea that the RBN ensembles could effectively 
simulate some characteristics of the genetic networks of living beings. This hypothe-
sis is further supported by studies showing that RBNs can reproduce data from HeLa 
cells [21] and the distribution of gene perturbation avalanches in yeast [22]. Nowadays, 
advancements in genomic and related technologies enable the prediction of the struc-
ture of various subsets of real genetic networks [4]. However, the number of thoroughly 
understood cases remains limited, and significant uncertainties exist regarding the larger 
networks that contain these partially known circuits. Consequently, investigating generic 
properties using random networks continues to be an important area of research. 

1.2 The “Common Sea” 

Due to their significance, critical networks have been extensively studied and discussed 
in numerous papers. However, some important features have been largely overlooked. 
This work aims to explore the existence and properties of a relatively large set of nodes 
that take the same value across all attractors, called “common sea” (CS) [23]. Nodes 
that do not belong to the common sea, which take different “specific” values in different 
attractors, are called specific nodes, and their collection is referred to as “specific part” 
(SP). 

As mentioned above, RBN attractors can be either constant (fixed points) or periodic 
(cycles). However, for reasons discussed in [23], it makes sense to define a (constant) 
pseudo-attractor for each dynamic attractor, whose components are identical to the time 
averages (binarized by comparison with a threshold) of the corresponding components 
of the true attractor. The mapping from true dynamic attractors to pseudo-attractors is 
therefore not injective, and different attractors can be represented by the same pseudo-
attractor, which therefore becomes the representation of a class of attractors all having 
similar average activities once compared with a threshold (Fig. 1). 

Fig. 1. The construction of a pseudo-attractor. Starting from an attractor of the RBN, the 
component-by-component averages are obtained and compared with a threshold: the value of the 
pseudo-attractor components are “0” if the average is less than the threshold, and “1” otherwise 

We can therefore define the common sea (CS) as the set of nodes assuming the 
same values in all the pseudo-attractors of a given network realization (see Fig. 2). 
By examining different realizations with different parameter values it is possible to 
understand how the CS is influenced by the characteristics of the network, see [23, 24]. 

It is important to note that the concept of “common sea” is new and distinct from 
previous definitions. In the RBN literature, fixed points are sometimes called “frozen



Using Pseudo-attractors of Genetic Regulatory Networks 139

nodes” and entire network segments are referred to as “frozen sea” [19]. However, the 
common sea definition is different because (i) it is based on pseudo-attractors, meaning 
that nodes oscillating in the “true” dynamic attractor can still belong to the CS, and (ii) it 
requires that nodes take the same value in all attractors, so some nodes that are “frozen” 
in some attractors may not be part of the CS. Property (i) also differentiates the common 
sea from the “stable cores” defined in previous studies [3, 25]. 

Fig. 2. The identification of the common sea (the set of genes that have the same value in all 
pseudo-attractors) and consequently of the specific parts. Genes that are always “off” correspond 
to genes that are normally never expressed by cell types (but which, for example, can perform a 
function in transition periods). In the following the part of the common sea always expressed is 
called “UNI”. 

In [23, 24] it is shown that the dimensions of the common sea of RBNs belonging 
to the same ensemble are very similar, and interestingly that these dimensions (i) are 
already relevant for small systems (a fraction always greater than 80% of the genes of 
the systems used) and that (ii) grow with the number of nodes of the system, so that 
already with a few hundred genes the fraction exceeds the value of 0.95. Half of this 
common sea is represented by always active genes. These considerations are more or 
less similar for most of the threshold values used to binarize the pseudo-attractors. 

2 Common Sea in Biological Data 

2.1 Adult and Fetal Cell Types 

The same approach (identification of pseudo-attractors, search of the common part) can 
be adopted for analyzing and give meaningful interpretation of real data. In particular, 
in this work we are interested in single cell data concerning two living species, namely 
humans and mice. 

In the data sets we analyze here [26, 27], the expression levels of numerous genes in 
single cells are measured (>700,000 single cells from >50 human tissues, and >400,000 
single cells from >10 mouse tissues). These data are very noisy, so to obtain a reliable 
average profile for a given cell type, it is useful to aggregate the contributions of multiple 
instances of the same type (the variance of the average of several instances of the same 
type decreasing with the square root of the number of instances). The result is a vector 
representing the cell type, very similar to the “average attractor” mentioned by studying
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RBNs. In the biological literature, these typical expression profiles are referred to as 
“pseudo-cells”. 

We propose to binarize these profiles by comparing the value of each component to 
a threshold: each gene is considered active only if its activation exceeds that threshold. 
In this way, Boolean pseudo-cell types can be defined by assigning a value of 0 to each 
gene if its activation level is below the threshold and a value of 1 otherwise. 

This work therefore presents the result of the analysis of experimental data of human 
and murine cell types, using Boolean pseudo-cells as analogues of Boolean pseudo-
attractors. This approach helps to identify the biological “common sea” and identify 
its dimensions. Furthermore, within the common sea, it is possible to identify “always 
active” genes (responsible for activities that are probably fundamental for all the cell 
types involved) and genes that are always inactive (responsible for activities that should 
be kept unexpressed in those specific cell types). Boolean pseudo-cell types are derived 
from real-valued data and are highly dependent on the threshold you choose - with one 
exception, at least in the case of current single-cell analyses. 

In single-cell experiments, a large fraction of values are often null (they are below 
any threshold). Many of these values are probably measurement errors, given the small 
amount of starting materials. The averaging procedure should correct for such errors: 
but what is the meaning of the case in which all measurements of a gene in all attractors 
are exactly null? This situation is not uncommon: we are particularly interested in the 
case where it occurs if we analyze adult tissue cell types and fetal cell types separately. 

Fig. 3. (a) In human lines (27341 genes in total): the number of genes that show no activity in 
any single cell of any adult cell type, the number of genes that show no activity in any single cell 
of any fetal cell type, and the number of genes that show no activity in any single cell of any cell 
type, whether adult or fetal (in this case, there are only genes that are always inactive in the adult 
types but active in the fetal types, or genes that are always inactive in the fetal types but active in 
the adult types). (b) The same measurement, performed in the mouse single cell database (34947 
genes in total). 

A first interesting observation is that in the case of human lines there is an alternation: 
genes inactive for adult cell types are active in fetal cell types, or vice versa (and there 
are no permanently inactive genes – Fig. 3a). The total inactivity therefore seems to be 
at least partly related to these large groupings (with an imbalance towards fetal types, 
in which 5.2% of the genes (1427/27341*100 are kept inactive – Fig. 3a). These genes
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are part of the inactive “common sea” of all fetal cell types, while this is not the case for 
adult cell types. 

A similar situation is also present in mouse cell lines (Fig. 3b), where however a 
large number of inactive genes is also present in both groups. Using the idea presented 
here, however, it is possible to interpret this number in different ways: (i) we are not 
taking into account all possible cell types, (ii) there are genes whose function is to 
regulate transient situations not present at the time of the measurements or (iii) there are 
numerous systematic measurement errors.1 The first two hypotheses lead to decidedly 
relevant consequences. It is very interesting to note, eventually, that in both cell lines 
there is a notable increase in genes never expressed in the case of fetal cell types. This 
parallelism encourages reflection on whether there are inherent qualitative differences 
between adult cell types and fetal cell types. 

2.2 Two Different Thresholding Approaches 

Is it possible to use the idea of a “common sea” more comprehensively, in order to better 
characterize these two groups of cell types? One difficulty is in identifying a correct 
value for the threshold to use: in fact, at least up to now there is no definitive reason 
to set a specific threshold value.2 In the following, however, we will show that there 
are features of the common seas of adult cell types and fetal cell types that are largely 
independent of specific threshold values - thus getting rid of this problem. 

Furthermore, in order to obtain the Boolean pseudo-cells we can use two different 
types of thresholding: an absolute threshold equal for all genes (method S1) and a 
mechanism in which for each gene we use a potentially different threshold (method 
S2) [23]. The first approach allows us to make some general considerations, while the 
second one addresses the hypothesis that the same concentrations of chemically different 
compounds can have different impacts on the regulatory network. The results from both 
approaches support the idea that fetal cell types are much more similar to each other (are 
less “differentiated”) than are adult cell types. 

The first approach is to simply examine the profiles of the available cell types and, 
gene by gene, compare the average of the counts with a threshold: if the average is less 
than or equal to the threshold the corresponding gene is to be considered “inactive” -
otherwise it is “active”. 

We then obtain a Boolean pseudo-cell for each profile, and it is therefore possible to 
identify the size of the “common sea” of a group of Boolean pseudo-cells corresponding 
to a specific threshold. It is then possible to repeat the operation for many thresholds and 
observe the corresponding variation of this size, both for the group of adult cell types and 
for the group of fetal cell types. In fact, we must Keep in mind that the two dimensions 
are not directly comparable. The observations regarding the RBN model remind us that 
the size of the common sea depends on the number of pseudo-attractors: the greater the

1 The probability that a purely random distribution of so many null values would give such high 
numbers of genes that are always inactive (or such high numbers of genes that are completely 
inactive in adult cell types, or in fetal cell types) is completely negligible. 

2 We can note that the identification of pseudo-attractors in synthetic RBNs shows little 
dependence on the threshold value (data not shown). 
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number of pseudo-attractors, the smaller the size of the common sea - a relationship that 
is not linear and tends to saturate [23]. 

Fig. 4. S1 threshold method (a) The fraction of genes belonging to the common sea is greater 
if only human fetal cell types are taken into consideration (the plot with big red spheres), while 
random extractions of 12 types carried out from the 51 human mature types always present a 
smaller common sea (the other lines): this happens at every threshold value used. The same 
happens if we compare the fraction of genes that are always active (c), and the fraction of genes 
that are always inactive (e). The same situation holds for the common sea of fetal mouse cell types 
(b), for the fraction of genes always active in fetal mouse cell types (d), and for the fraction of 
genes always inactive in fetal mouse cell types (f). Threshold values are shown until reaching a 
situation where more than 95% of the genes are detected as always inactive. (Color figure online)
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The human database contains 51 adult and 12 fetal cell types, while the mouse 
database contains 45 adult and 7 fetal cell types. In the first case we then proceeded to 
extract 100 random groups of adult cell types, each of size 12: what we will compare 
are the trends in the size of the common sea of these clusters (100 trends), against the 
trend in the size of the common sea of the group composed by the 12 fetal types. The 
same procedure was adopted for the murine cell lines. 

In human cell types, no ensemble of 12 adult cell types shows a common sea having a 
size comparable with the common sea present when considering fetal cell types: the same 
occurs for the fraction of always-active genes, and for the fraction of always-inactive 
genes (Fig. 4). Two orders of considerations can therefore be made. The first underlines 
the fact that fetal cell types show a very high mutual similarity (a large common sea). 
The second highlights that a larger fraction of always-active genes could indicate a lower 
degree of differentiation compared to adult cell types: in fact, many genes with variegated 
activity in different adult cell types are indifferently always-active in fetal cell types. The 
same observation applies when repeating the analysis with murine cell types. 

This observation is consistent with the idea, common to many researchers but so far 
never evaluated quantitatively (at least to the best of our knowledge), that fetal cells are 
“less differentiated” than the cells of mature individuals. 

It is interesting to verify if and which of these observations are maintained using the 
second thresholding method, in which for each gene we can potentially use different 
thresholds. 

In fact, both in human and mouse lines the maximum counts corresponding to various 
genes can differ even by two orders of magnitude. Furthermore, for the same gene the 
maximum counts on fetal cells only and on adult cells only can also differ significantly. 
The fact that - gene by gene - most of the “F/A” quotients between the maximum count 
of fetal types and the maximum count in adult types are less than 1.0 supports the idea 
that fetal types are less differentiated than adult types: fetal genes, in addition to having 
a widespread activity among many cell types (the previous considerations), also have 
lower activation levels (see Fig. 5). 

Fig. 5. (a) The distribution of quotients - gene by gene - between the maximum count of human 
fetal types and the maximum count of human adult types. 86% of the measurements are less than 
or equal to 1.0. (b) The same for mouse cell lines. 67% of the measurements are less than or equal 
to 1.0.
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Fig. 6. S2 threshold method (a) The fraction of genes belonging to the common sea is greater if 
only human fetal cell types are taken into consideration (the plot with big red spheres) vs. random 
extractions of 12 types from the 51 human mature types (the other lines): this happens at almost all 
the threshold values used. The same happens if we compare the fraction of genes that are always 
active (c), and the fraction of genes that are always inactive (e). The same situation holds for the 
common sea of fetal mouse cell types (b), for the fraction of genes always active in fetal mouse 
cell types (d), and for the fraction of genes always inactive in fetal mouse cell types (f). Threshold 
values are shown until reaching a situation where more than 95% of the genes are detected as 
always inactive. (Color figure online)

The second approach then divides each gene’s count value by its maximum value 
before comparing it to the threshold: the meaning of the threshold therefore derives 
from a relative comparison, where for example “0.05” indicates a threshold equal to one 
twentieth of the maximum possible value. The maximum value of each gene is calculated
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on all cell types, regardless of whether adult or fetal: it is therefore possible that, for a 
given threshold, a gene is detected as inactive in all fetal cell types, while it could be 
active in some adult cell types (or vice versa).

Despite this different approach, the second thresholding method also identifies a 
large common sea for fetal cell lines, with many genes always active and many genes 
always inactive, both for human and mouse lines. The fetal cell type plots are always 
above the corresponding extraction ensemble plots (Fig. 6). 

2.3 Genes Expressed Only by a Single Cell Type 

The argument that fetal cell types are less differentiated than adult ones suggests that 
the number of active genes in a single fetal cell type (an indicator of specific diversity) 
should be lower than that found in adult cell types. This is indeed the case: the fraction 
of genes expressed only by a single cell type is greater in mature types than in fetal types 
(Fig. 7). 

Fig. 7. S2 threshold method (a) The fraction of genes expressed by a single human cell type is 
greater in mature types than in fetal types (the plot with big red spheres, with respect to the other 
lines). (b) The same observation applies to murine cell types. (Color figure online) 

3 Discussion 

The use of generic models (which capture the correct dynamic regime even if they do 
not share all the details of the system under consideration) allows to suggest new types 
of observables, useful to extract new information from biological data. 

In this work we show how the identification of a “common sea” in generic regulatory 
network models (the RBN framework) has allowed a new use of the data contained in 
the so-called pseudo-cell, highlighting interesting differences between adult and fetal 
cell types. In particular, fetal cell types show a large common sea, composed of both 
genes active in all fetal cell types and genes that do not show activity in each of these cell 
types. The number of genes active in all fetal types is higher than the number of genes 
active in adult types: the same occurs for the number of inactive genes. This observation
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appears to be correct in the databases we used on humans and mice: it will be interesting 
to see whether it remains valid also in data from other databases, and in different living 
beings. 

The results presented here could be a clue to support the hypothesis that fetal cell 
types are at a less differentiated stage than adult cell types. A further clue in this direction 
is given by the observation that the number of genes active in a single cell type (an 
indicator of specificity) is lower in fetal cell types than in adult cell types. 

Furthermore, unless you use particularly high (and implausible) thresholds, it can 
be noted that the fraction of active genes belonging to the common part of real systems 
(human, mouse – Figs. 4a and 5a) seems to be lower than that detected in current models 
(a remark which applies to RBNs, but also to other models). This observation highlights 
that our current understanding of gene regulatory networks is largely incomplete and 
that new research approaches are needed. 
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Abstract. Animal dispersal is among the most impacted behaviours 
from habitat loss and fragmentation. Animals disperse in search of bet-
ter conditions to ultimately increase their fitness. However, the disper-
sal process induces costs that can be translated as a loss in fecundity 
or as an increase in predation risks. In this study, we use an evolu-
tionary multi-agent model to quantify how costs related to information 
acquisition shape information gathering strategies used in animal disper-
sal. We separate costs of private information, i.e., related to the direct 
acquisition of information sensed in the physical environment, from costs 
related to social information, i.e., derived from the observation of con-
specifics behaviour. We find that a low mortality risk associated with dis-
persal movements selects non-informed dispersal in low-variability envi-
ronments. However, high-variability environments select an information 
gathering strategy based on the exploration of multiple patches of habi-
tat. A higher mortality risk causes drastic drops in population abun-
dance and agents gather information from only one patch to limit their 
movements. Overall, private information is predominantly used in high-
variability environments while social and private information are used 
equally in low-variability environments. 

Keywords: Dispersal · Costs · Information gathering · Evolutionary 
modelling 

1 Introduction 

The impact of human activities on animal species is global, profoundly modi-
fying the living conditions of animals and fragmenting their habitats [ 17]. To 
mitigate the impact of these environmental changes, we must first understand 
how animals’ behaviours adapt and evolve in response to their modified living 
conditions. One behaviour of interest which is crucial for a majority of species is 
dispersal. Animals disperse in search of better resources for reproduction due to 
multiple factors such as varying environmental conditions, inbreeding avoidance 
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or resource competition [ 2]. Thus, dispersal is multi-causal and results in the 
movement of animals from and to different patches of habitat. Multiple costs 
such as energy expenditure or risk of predation occur during the dispersal pro-
cess. Gathering information is especially costly, since animals invest time and 
energy into information acquisition. 

We are particularly interested in the study of costs of information acqui-
sition and their effects on evolving dispersal strategies. Costs of information 
acquisition can translate themselves in an expense of time and energy during 
information gathering, because of movement and investment in the development 
of sensory organs dedicated to the gain of information [ 15]. Two other types 
of cost are the increased mortality risk due to individuals exposing themselves 
during the prospecting phase, as well as the damage done to the individual over 
time. Without direct repercussion on the fecundity, those costs can nonetheless 
impact fitness. Experimental research quantifying the impact of dispersal costs 
is scarce due to the difficulty of accounting for multiple information sources as 
well as environmental variability. Evolutionary models of dispersal provide an 
interesting alternative to this problem because of the implementation of differ-
ent rules related to the behavioural aspects of animals at the individual level, 
simultaneously allowing the observation of population-level dynamics. However, 
the majority of modelling studies on dispersal rely on a fixed dispersal rate or 
density-dependent information for agents to make a dispersal decision [ 1, 6, 9, 12]. 
In our two previous works [ 13, 14], we filled this gap by extending and enhancing 
a dispersal model [ 4] with genetic factors enabling or disabling the use of private 
or social information and by including separate information acquisition costs. 
This allowed us to study different types of environment with varying habitat 
qualities as well as multiple costs situations. 

Previously, the perceptual range of our agents was fixed: agents were either 
equipped with a limited range meaning they were only able to acquire infor-
mation from their natal patch, or with an extended range meaning they could 
sample additional information from a randomly chosen adjacent patch. In this 
paper, we aim to put the focus on the information gathering strategy that will 
be used at the population-level. Prospecting different patches of habitat is a 
key behaviour involved in informed dispersal and could help species adapt to 
environmental changes [ 10]. Costs linked to the exploration of the environment 
are substantial but difficult to evaluate through empirical experiments [ 2]. Works 
modelling dispersal often rely on the implementation of specific genes influencing 
prospecting strategies in their design [ 3, 11]. Similarly, we add a supplementary 
gene in our modelling framework that conditions the number of patches that an 
agent can sample in its lifetime before taking a dispersal decision. Our agents 
can thus potentially acquire information from multiple adjacent patches, not 
only just one, before taking a dispersal decision. We consider the reduction of 
fecundity due to costs related to private or social information acquisition, with 
these costs increasing when gathering more information. We also include mor-
tality risks occurring when moving from one patch of habitat to another.
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2 Material and Methods 

Our model simulates 40,000 agents (male/female ratio of 1:1) in a squared envi-
ronment composed of 20 × 20 patches. The carrying capacity (habitat quality) 
of each patch varies at each generation. The number of offsprings in generation 
t depends on the number of female agents from generation t − 1 present on a 
patch, as well as its quality. Agents can gather private (patch quality) or social 
(number of conspecifics) information on their natal patch and adjacent patches. 
Binary genes enabling the use of social and private information are s1 and s2 
respectively. Real-valued genes are used to determine the contribution of each 
information type in the dispersal probability, a1 corresponds to private informa-
tion in the natal patch, b1 to social information in the natal patch, a2 to private 
information in the adjacent patch and b2 to social information in the adjacent 
patch. Additionally, we introduce a gene corresponding to the number of adja-
cent patches where the agent gathers information from (s3 = [1, 8] for the eight 
nearest neighbours patches). During information gathering, the agent chooses s3 
times a random adjacent patch on which it acquires information. 

Based on the acquired information, female agents take a dispersal decision 
once in their lifetime to move to an adjacent patch before reproduction. Agents 
inherit the genes from their mothers and generations are non-overlapping, with 
genes mutating between each generation (model states variables and their pos-
sible values are  shown in Table  1). The steps in our model are the following: 

Table 1. State variables used in the model 

Parameter Values/bounds 
Probability of dying while dispersing/gathering information (μ) {0.0; 0.01; 0.1} 
Gene enabling the use of social information (s1) {0; 1} 
Gene enabling the use of private information (s2) {0; 1} 
Gene for the number of visited patches (s3) [1, 8] 
Gene weighting social information in the natal patch (b1) [−0.2, 0.2] 
Gene weighting social information in an adjacent patch (b2) [−0.2, 0.2] 
Gene weighting private information in the natal patch (a1) [−0.2, 0.2] 
Gene weighting private information in an adjacent patch (a2) [−0.2, 0.2] 
Lower bound for the reproductive success of a female (rmin) [0.75, 1.0] 
Upper bound for the reproductive success of a female (rmax) 1.0 

Relative cost for acquiring social information (c1) [0.0, 1.0] 
Relative cost for acquiring private information (c2) [0.0, 1.0] 
Probability of mutation of an allele (Pmut) 0.00005 
Initial quality of a patch (K0) 100 
Minimum quality of a patch (Kmin) 5 
Standard deviation of the quality of a patch (σ) {1; 10; 100} 
Upper limit for the local population on a patch (Nmax) 500
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Reproduction: new agents are born in each patch following this equation: 

Nnexti = min(2Nfi exp(r(1 − 2Nfi 

Ki 
)), Nmax) (1) 

with Nfi the number of females on the patch in the last generation, r = 1  a 
fixed population growth rate parameter, Ki the quality of the patch and Nmax 

an upper limit for the number of new agents on the patch. New agents inherit the 
genes from their mother, selected from the local pool of females randomly with 
replacement in a weighted distribution. Mothers each have a reproductive weight 
that varies depending on the different costs used when acquiring information: 

w = rmax + (c1s1 + c2s2) 
s3 
8 
(rmin − rmax) (2) 

with rmin and rmax bounding the value of the weight. c1 is the relative cost for 
acquiring social information and c2 = 1−c1 the relative cost for acquiring private 
information. A female using both sources of information (s1 = 1  and s2 = 1) and  
the highest number of patches (s3 = 8) has the lowest possible weight (rmin). We 
multiply the total cost of acquisition obtained by the number of patches visited 
by a female gathering information (divided by the maximum number of visited 
patches). Our rationale is that an individual pays a total cost for acquiring 
information with the development of sensory organs for private and/or social 
information and a direct loss of energy due to movement, sensing and storing 
the information. While gathering information from an adjacent patch, females 
have a probability μ of dying due to an increased predation risk. When the 
reproduction phase ends, all agents from the previous generation die. 

Varying Quality: the quality of each patch varies following a normal distribution: 

Ki(t) =  max(K0 + φ, Kmin) (3) 

with φ an independent normal variable with a mean of zero and a standard 
deviation σ. High values of  σ corresponds to high-variability environments, while 
low values create low-variability environments with spatially homogeneous patch 
qualities. 

Mating: in the presence of a male, females mate and will pass their genes in the 
reproduction phase. If no male is present on a patch, females stay unmated and 
will not reproduce. 

Dispersal: females compute a probability of dispersal for each visited patch with 
this equation: 

P = 
1 

1 +  exp(−a1Q1 s − a2Q2 s − b1N1 s − b2N2 s) 
(4) 

with Q1s the sensed quality of the natal patch, Q2s the sensed quality of the 
adjacent patch, N1s the sensed number of conspecifics on the natal patch and 
N2s the sensed number of conspecifics on the adjacent patch. Information is 
enabled or not following:
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N1 s = s1N1 and N2 s = s1N2 (5) 

Q1 s = s2Q1 and Q2 s = s2Q2 (6) 

Then, females select the patch with the highest dispersal probability and take 
a dispersal decision. They also have a probability μ of dying during the transfer 
from their natal patch to the adjacent one, as when gathering information. 

We study different environmental conditions with σ = {1; 10; 100} corre-
sponding to low, moderate and high-variability environments. We also vary 
information acquisition costs with rmin = {0.75; 0.80; 0.85; 0.90; 0.95; 1.0}, as  
well as relative costs between social and private information with c1 = 
{0.0; 0.25; 0.5; 0.75; 1.0}. Additionally, different mortality risks when moving 
between patches are tested with μ = {0; 0.01; 0.1} to investigate the consequences 
of a lower predation risk during transfer. Results presented in the next section 
are obtained after 20,000 generations and each data point is computed over 10 
different iterations. 

3 Results 

Heatmaps showing our results for three different μ values are presented in Fig. 1, 
2, 3, 4, 5 and 6. With zero probability of dying when moving between patches 
(see Fig. 1), the total population size stays very high for all environmental con-
ditions, around 40,000 agents, effectively maximising fitness. In low-variability 
environments (σ = 1), agents never use any type of information, even when the 
total or relative cost is zero. Thus, the average number of patches visited ranges 
from 1 to 8 since zero cost is associated with information gathering (no mortality 
risk when moving between patches and no reduction in fecundity since agents 
do not acquire information). In moderate-variability environments (σ = 10), the 
same trend can be observed except when the total cost of information is free 
(rmin = 1.0) or for free private information (c1 = 1.0). For those cases, private 
information is used by all agents (with some additional social information in lim-
ited cases), gathered from a singular adjacent patch. Finally, with the highest 
environmental stochasticity σ = 100, agents rely on private information to take 
their dispersal decision in all studied conditions, gathering information from two 
different adjacent patches. Some social information is also taken into account 
only when the total cost of information is free. Figure 2 shows median values of  
genes involved in computing the dispersal probability, quantitatively represent-
ing the dispersal strategy chosen by the agents. For cases where information is 
used (s1 > 0 or s2 > 0 in Fig. 1), a1 takes a negative value around −0.04 while 
a2 is positive near 0.20. Genes related to social information do not take a specific 
value since few agents use this type of information. Thus, high quality adjacent 
patches attract agents by rising their dispersal probability whereas high quality 
natal patches lower this probability. 

Some key differences appear when slightly rising the mortality risk during 
transfer between patches (see Fig. 3). In high-variability environments (σ = 100), 
the situation stays the same with agents acquiring almost exclusively private
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Fig. 1. Heatmaps showing median values found in the population after 20,000 genera-
tions for a mortality risk μ = 0. Each column respectively shows the total population 
size, the proportion of females acquiring social information, the proportion of females 
acquiring private information and the average number of patches visited. Each row 
corresponds to a different level of environmental variation σ = {1; 10; 100}. 

information on two distinct patches. With σ = 10, the quantity of agents using 
private information diminishes with the highest proportion being around half of 
the agents acquiring this type of information. As seen previously, social infor-
mation is still used marginally when its acquisition is free. With very low envi-
ronmental variations, no information is used at all. It can be noted that a slight 
rise in μ directly impacts the average number of patches visited, which is always 
equal to one when σ = {1; 10}. Dispersal strategies stay approximately the same 
as with μ = 0  (see Fig. 4): a1 takes a negative value and a2 is close to 0.20. A  
small difference can be noticed when the cost of social information is free, with 
b1 taking overall a positive value and b2 value being negative. This translates 
a behaviour where agents will choose to disperse away from patches with high 
conspecific densities. 

With the highest studied probability of dying (see Fig. 5), population size 
decreases dramatically, reaching a maximum of 37,000 agents in low-variability 
environments. For low and moderate environmental variations (σ = {1; 10}), 
agents rely on both information types when the total cost is free or with equal 
relative costs. In other cases, they prefer to use the cheapest information source. 
In the most difficult scenario (σ = 100), agents acquire private information in all 
costs situations with additional social information if the cost stays relatively low. 
Due to the high mortality risk, agents limit their movements between patches and 
gather information from a single adjacent patch. In terms of dispersal behaviours
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Fig. 2. Heatmaps showing the median values of real-valued genes found in the popula-
tion after 20,000 generations for a mortality risk μ = 0. Each column respectively shows 
a1 (gene for private information in the natal patch), a2 (gene for private information 
in the adjacent patch), b1 (gene for social information in the natal patch), b2 (gene for 
social information in the adjacent patch). 

Fig. 3. Heatmaps showing median values found in the population after 20,000 genera-
tions for a mortality risk μ = 0.01.
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Fig. 4. Heatmaps showing the median values of real-valued genes found in the popu-
lation after 20,000 generations for a mortality risk μ = 0.01. 

occurring when using information (see Fig. 6), a1 is overall negative, a2 positive, 
b1 positive and b2 negative. The magnitudes of the genes values rise when increas-
ing the environmental variation to σ = 100, where private information carries 
more weight in the dispersal decision than social information. 

Fig. 5. Heatmaps showing median values found in the population after 20,000 genera-
tions for a mortality risk μ = 0.1.
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Fig. 6. Heatmaps showing the median values of real-valued genes found in the popu-
lation after 20,000 generations for a mortality risk μ = 0.1. 

4 Discussion 

In this study, we investigate how different dispersal behaviours evolve in grad-
ually harsher environmental settings. Our results show that population fitness, 
represented by the total population size, is directly influenced by the risk taken 
by female agents when moving through the landscape. When this risk is null or 
small, agents disperse randomly without any information usage in low-variability 
environments. This is a direct consequence of the homogeneity between patches 
qualities: no fitness gain is obtained from information gathering because every 
patch is similar and dispersal has a low associated mortality risk. Choosing 
to gather information in this situation would lead to reduced fecundity, with 
no chance of reproduction in a more favourable patch. On the other hand, in 
high-variability environments where qualities are very different between patches, 
females gather information from multiple patches in order to take an informed 
dispersal decision. Investing energy in the prospecting phase is only possible due 
to the reduced mortality risk when moving between patches. Random dispersal 
would reduce the population fitness since females would often land blindly on 
crowded patches or patches of poor quality. Maintaining a high fitness is thus 
enabled by gathering information from multiple patches to ensure an efficient 
dispersal decision. 

When the mortality risk is higher, agents struggle to maintain their total pop-
ulation size. This reduction in population size stems from the fact that infor-
mation gathering is too costly. In low-variability environments, agents cannot 
disperse randomly as previously observed since they have a high chance of dying 
in the dispersal process. Thus, they rely on gathering information from only one
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adjacent patch to counter this negative effect and disperse only when they can 
reach a better patch with certitude. In high-variability environments, the same 
gathering strategy evolve but a significant loss in fitness is seen. Overall, the con-
sequences of a higher risk while exploring the environment are double: agents 
cannot gather information from multiple patches since many of them would die 
in the process and the total population size shrinks due to deaths occurring 
during the dispersal phase. 

The use of private information is predominant in high-variability environ-
ments for any probability of dying when moving between patches. Social infor-
mation can be less reliable in those conditions because of the rapid changes in 
patch qualities: a high number of conspecifics indicate a previous good qual-
ity of the patch but this may not be true for the next generation [ 8]. How-
ever, in low-variability environments, agents rely on both information sources at 
equal acquisition costs, or on the cheapest one when these costs are asymmetric. 
Both sources are equally reliable in this scenario due to the homogeneous patch 
qualities, leading agents to minimise the fecundity costs related to information 
acquisition. It is interesting to note that relying on private information in high-
variability environments was also the selected strategy in our previous studies 
with agents only able to sample information from one adjacent patch [ 13, 14]. 

Finally, all evolved behaviours displayed positively density-dependent disper-
sal when using social information. Agents tend to leave high-density patches to 
disperse towards low-density ones. On the other hand, private information often 
carries more weight in the final dispersal decision, with agents being attracted 
to high quality patches. 

5 Conclusion 

Our study highlights that information gathering strategies heavily depend on the 
environmental conditions encountered by agents, namely the variation of envi-
ronmental quality between patches of habitat and the overall mortality risk while 
moving through the landscape. The total cost of acquisition of information and 
the relative costs related to private and social information only influence the type 
of information use selected, but not the number of patches where information 
gathering takes place. Non-informed dispersal is predominant in low-variability 
environments but disappears when the mortality risk becomes too high. Gath-
ering information from multiple patches is only useful in high-variability envi-
ronments, provided that the mortality risk is small. When this risk becomes 
high, gathering a lot of information becomes too costly and agents limit their 
information sources. 

Our information gathering strategy was kept simple in this work to focus on 
the effect of the multiple environmental parameters that bear on the total pop-
ulation fitness, with our agents choosing to take a dispersal decision only on the 
patch with the highest computed probability of dispersal in their visited neigh-
bouring patches. Future works could explore more complex information gath-
ering strategies, e.g. not limited to adjacent patches or with different methods
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used to compute the final dispersal decision made by our agents. Experimental 
work could also be conducted to validate our approach. We propose a possible 
experiment to evaluate the robustness of our model, using as model organism the 
spider mite Tetranychus urticae, a fast-reproducing yet complex organism with 
well-developed sensory organs and semi-social structure [ 16]. Their genome is 
also fully sequenced and annotated [ 5]. Following a standard protocol for exper-
imental settings using this species (see for instance [ 7]), a network of patches 
(leaf cuts from different plants, see below) interconnected by a hostile matrix 
(Parafilm bridges surrounded by wet cotton) could be arranged. Mites would be 
free to explore the patches around the one they originated from and then decide 
whether to disperse or remain in their original patch. Costs of dispersal could be 
artificially manipulated, for example by removing random patches or individuals 
from the system. Patch quality could be manipulated by introducing low- or 
high-quality food types (e.g., corn vs bean leaves) or by varying the freshness of 
leaves cut from the same host plant, for instance via desiccation. Finally, indi-
viduals’ densities could also be manipulated to maintain the population below 
the carrying capacity of the system and avoid population crash. 

Individuals could be collected from the same stock population, placed into 
setups undergoing different treatments, and then followed for several generations 
(spider mites have a generation time of 10 days at 30 ◦C). After the prede-
termined number of generations, genome of the different populations could be 
sequenced looking for differences in allele proportion. These real-world findings 
could confute of confirm what we propose in our in silico model. 
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Abstract. Self-assembly is the ability of natural beings to aggregate in 
a suitable structure in order to tackle complex tasks that could not be 
solved by single individuals. Robotics tries to replicate this ability to 
solve complex problems using artificial embodied physical agents. Nev-
ertheless, the potential of self-assembly in robotics has still to be fully 
exploited. Here we propose self-assembly with voxel-based soft robots, 
a type of modular soft robots. The goal is to evolve the controller of 
the robots, inducing the formation of a single structure to move beyond 
a hole in the terrain that could not be crossed by individual robots. 
We perform experiments in simulation in increasingly complex arenas. 
The results show that evolved robots are capable of forming a connected 
chain and overall succeed in their mission. We also discuss limitations 
and improvements of the proposed approach. 

Keywords: Self-assembly · Soft robotics · Modular robotics · 
Evolutionary robotics · Neural networks 

1 Introduction 

The ability to cooperate is a foundational capability for many biological species. 
When single individuals are not enough the group intervenes, cooperatively fac-
ing difficult situations. This allows tackling problems otherwise unbearable, or 
for which a single individual would spend a great amount of effort. Among dif-
ferent types of cooperation, here we focus on self-assembly, which in fact can be 
found at any scale in nature [ 18]. In general, self-assembly can be defined as the 
property of a group of separate entities to autonomously cooperate and come 
together to form patterns and structures. Many examples are available in nature, 
notably, the creation of columns and bridges in ant colonies to cross gaps [ 13]. 

Due to its importance in tackling difficult tasks, the ability to self-assemble 
started to be explored also in artificial collective systems. One of the first multi-
robot systems able to self-assemble was proposed by O’Grady et al. [ 12] with the 
aim of moving over rough terrains. Tuci et al. [ 17] extended the work by con-
trolling the robots with an artificial neural network (ANN). Additionally, they 
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tested the ability of collective transportation of heavy objects to a nest, focus-
ing on the design of mechanisms for movement coordination. Recently, Recently, 
Swissler and Rubenstein [ 15] have proposed the creation of robots able to form 
non-lattice structures (i.e., with omnidirectional connections) with the aim to 
climb on each other and self-assemble into bridges. A recent and detailed survey 
on the state of the art in robotic self-assembly was provided by Bray and Groß 
[ 2]. Here we explore the idea of self-assembly applied to voxel-based soft robots 
(VSRs) [ 5, 7], also known as virtual soft robots [ 11]. VSRs differ from classical 
robots in that their body is made of a soft material, allowing for more degrees 
of freedom in movement [ 3]. This simplifies the problem of coordinated move-
ment, as each VSR can deform to accompany others movements. Additionally, 
soft-robots reduce the risk of working with humans, minimizing the effect of 
crashes [ 1, 6]. 

We propose evolving the controller of VSRs to obtain a self-assembling behav-
ior in order to complete a task requiring collaboration. Specifically, we consider 
the case of robots that have to pass over a hole in the ground. The long-term 
vision is that of soft-robots able to cooperatively navigate complex environments, 
face a variety of tasks, and safely interact with humans. 

2 Experimental Setting 

We set up an experiment in which a group of VSRs has to cooperate to pass over 
a hole in the ground. All the VSRs are identical square-shaped voxel, controlled 
by a copy of the same controller. The core of the controller is an ANN generated 
by an evolutionary algorithm (EA). We investigate the performance of controllers 
produced employing three different fitness functions (FFs). To avoid bias in the 
results, we run the EA on different arenas characterized by the size of the hole 
and its distance from the VSRs. Additionally, we investigate how the number of 
VSRs composing the group affects the success ratio in the experiment. 

Each VSR is equipped with 18 sensors, which allow it to perceive the envi-
ronment and other VSRs [ 16]: a rotation-angle sensor, a area-ratio sensor that 
senses the ratio between the current area of the voxel and the rest area (of 
1m  × 1 m); a contact sensor which returns 1 if there is at least one contact and 
−1 otherwise; a proximity sensor, on a single side, sensing the distance to the 
closest object up to a range d = 5 m along a direction normal to the side; two 
speed sensors in the two orthogonal directions with respect to the current ori-
entation of the voxel; four attachment sensors, one for each side, sensing 1 if the 
side is attached to another VSR and −1 otherwise; four side-compression sen-
sors, one for each side, sensing the ratio between the current side length and the 
rest length (of 1 m); four directional-communication sensors, one for each side, 
each reading communication signals (i.e., scalar numbers) sent by other VSRs 
within a given range. Additionally, each VSR is endowed with an endogenous 
signal periodically oscillating and acting as a clock. All sensor output values are 
normalized in [−1, 1]. We choose this configuration for the sensors of the VSRs 
based on previous experience and studies [ 14].
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Each VSR acts by means of 12 actuators. Four springs, one per side, enable 
motion by changing their rest value. Four attach/detach actuators, one per side, 
control aggregation with other VSRs. When an actuation value exceeds a positive 
threshold τ for a given side and another VSR is close enough in that direction, 
the two VSRs attract each other (eventually physically attaching). Conversely, 
when the value exceeds −τ and the side is attached to another VSR, it detaches 
from it. Four communication systems, one per side, allow sending scalar signals 
along a direction normal to the side. 

The sensory and the endogenous signals are fed to an ANN controller that 
produces the control and communication signals. Therefore, the ANN must have 
19 input nodes and 12 output nodes. We set up a fully connected feed-forward 
ANN with 3 hidden layers with 16, 12, and 12 neurons respectively. Including the 
bias, this results in a total of 836 weights, with tanh as activation function in the 
neurons. We apply the ANN not at every simulation step, i.e., at a frequency 
of 60 Hz, but less frequently, at 10 Hz: this way, we avoid vibrating behaviors 
that would not work in real life [ 9]. We optimize the ANN weights using an 
EA, namely covariance matrix adaptation evolution strategy (CMA-ES) [ 4]. We 
use the same ANN in every VSR during a simulation. In CMA-ES, we set the 
population size to 24 and run it for 417 iterations 1. 

At the beginning of each simulation, we place the VSRs at fixed positions on 
the ground, on the left of the hole (see Fig. 1a). The evaluation is based on a FF 
which computes a fitness value based on the horizontal x-position reached by the 
VSRs with respect to the start of the arena (the x-axis is oriented left to right). 
We employ three different FFs, namely: (a) Average group x-position AVG; (b)  
Maximum VSR x-position MAX ; (c) Minimum VSR x-position MIN . AVG 
computes the average of the group x-position (see Eq. (1)). MAX considers the 
right border x-position of the rightmost VSR of the group (see Eq. (2)). MIN 
considers the left border x-position of the leftmost VSR of the group (see Eq. 
(3)). The result is that AVG requires most of the group to move right, or a 
subgroup to move much farther; MAX just needs one VSR performing well; 
MIN requires the entire group to perform well. As the hole might trap the 
VSRs, a fitness computed with any of the FFs with a value greater than the 
rightmost boundary of the hole denotes a situation in which some robots (if not 
all) successfully traversed it. This can happen only if the VSRs successfully self-
assemble or, more broadly, if they cooperate. Indeed, the hole is larger than a 
single VSR and deeper than the height of the piled group, requiring cooperation 
to pass it. Note that the VSRs before the hole are not guaranteed to know how 
to self-assemble. They may indeed wander randomly without aggregating.

1 This value depends on the maximum number of evaluations that we allow: 10′000. 
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Fig. 1. In (a), 10 VSRs at the beginning of the simulation; the hole is 20 m distant 
from the position of the leftmost VSR. In (b), the VSRs group manages to overcome 
the hole of type  w2 (i.e., a hole larger than 2 VSRs). 

The formulas of the FFs are the following: 

fAVG( )  =  1 
n 

n∑

i=1 

xc,i (1) 

fMAX ( ) = max({xr,i|i ∈ [1, n]}) (2) 
fMIN ( ) = min({xl,i|i ∈ [1, n]}) (3) 

where: 

– n is the number of VSRs composing the group; 
– i is the index of the VSR in the group; 
– xc, xl, xr are respectively the center x-position of the VSR, and the left and 

right border x-position of the VSR at the end of the evaluation. 

We perform the experiments in six different arenas characterized by a flat 
ground with a hole. Half of the arenas present a hole at 12 m distance from the 
starting VSRs position, while in the other half the hole is at 20 m. The hole 
can assume three different widths: w1 = l + ε, w2 = 2l + ε, and  w3 = 3l + ε, 
with l = 1 m being the voxel side length (see Fig. 1). In other words, the first 
arena contains a hole slightly larger than one VSR, the second contains a hole 
slightly larger than two VSRs, and the third contains a hole slightly larger than 
three VSRs. The goal is to verify the ability to self-assemble in conditions of 
increasing complexity. We test groups of different sizes: 4, 6, 8, and 10 VSRs. 
The simulation time of each group of VSRs is limited to 30 s regardless of the 
arena used. In this time the group is required to pass over the hole and move as 
far as possible to the right. We perform 30 runs (or replicas) of CMA-ES for each 
arena. We use JGEA [ 10] for running the EA and 2D-VSR-Sim [ 8] for running 
the simulations.
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Table 1. Number of replicas with a performance sufficient to be considered a “success”, 
with each of the FFs. The results refer to runs in arenas with hole of size 1+ε at distance 
12 m (left) and 20 m (right) from the first VSR. Since we performed 30 replicas per 
experiment configuration, the maximum value obtainable is 30. 

Group size Distance 12 m Distance 20 m 
AVG MAX MIN AVG MAX MIN 

4 29 27 30 30 20 29 
6 30 30 30 30 26 30 
8 30 30 30 29 28 30 
10 30 28 29 30 30 29 

3 Results 

To correctly analyze the results, we first need to reason about the meaning of 
the fitness computed with each FF. AVG considers the average x-position of 
the group of VSRs. This means that outliers have a small influence on the com-
puted fitness value. A high value represents a group that overall performs well. 
Conversely, a low value indicates a group that overall performs poorly. There-
fore, AVG incentivizes the VSRs to cooperate, as the average x-position of the 
group matters more than the individual one. Nevertheless, analyzing the collec-
tive behavior only by looking at this fitness value possibly hides some peculiar 
behaviors. A group that succeeds pushing a single or few individuals beyond the 
hole would still have a relatively low fitness, hiding this partial success. Differ-
ently, MAX considers the furthest x-position reached by a VSR. This means 
that there is not any explicit request to maximize the number VSRs beyond 
the hole, requiring instead just one VSR to pass it. It follows that the fitness 
value computed with MAX does not allow understanding how the group as a 
whole performed, again hiding some information. Finally, MIN only considers 
the leftmost VSR, which is the nearest to the start of the arena. The idea is to 
incentivize cooperation, as the fitness of the group depends on the position of 
the worst VSR. This again hides some information, as we are not aware of the 
fitness of any subgroup. Overall, regardless of the FF employed, we can use the 
right side of the hole as a coarse grain threshold for a first discrimination of the 
results. 

The results show that the performance (i.e., the fitness of the best individual 
at the end of the evolution) in arenas with hole of size 1 + ε is mostly greater 
than the threshold, regardless of the FF employed (see Table 1). This implies 
that the whole group succeeds in passing the hole for MIN , most of it pass the 
hole for AVG, and at least one VSR passes the hole for MAX . Nevertheless, 
the performance decreases drastically when considering the arenas with hole 
2 +  ε (see Table 2). Here, just few groups obtain a performance greater than 
the threshold, meaning that most of the VSRs do not pass the hole. Specifically, 
when considering MAX , every failure implies that no VSR succeeded in passing
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Table 2. Number of replicas with a performance sufficient to be considered a “success”, 
with each of the FFs. The results refer to runs in arenas with hole of size 2+ε at distance 
12 m (left) and 20 m (right) from the first VSR. Since we performed 30 replicas per 
experiment configuration, the maximum value obtainable is 30. 

Group size Distance 12 m Distance 20 m 
AVG MAX MIN AVG MAX MIN 

4 0 0 0 0 2 0 
6 0 2 1 4 6 1 
8 2 5 2 5 8 1 
10 5 1 0 6 13 2 

the hole. The performance decrease is even more evident in arenas with hole of 
size 3 + ε. In this situation, we do not register any success. The problem is likely 
due to the impossibility of the group to create a stable structure that can resist 
the gravitational force. This happens when many VSRs start to lose touch with 
the ground. Because of this lack of success, we decide to not show any result for 
arenas with hole of size 3 + ε. Overall, MIN seems the best for simple arenas, 
obtaining the same or better success rate than the other FFs while ensuring 
cooperation. MAX allows obtaining more (probably partial) successes in the 
hardest arenas, but performs worse than the other FFs in simpler ones. Finally, 
AVG seems to perform as well as MIN in the simple arenas, but performs 
better than it in the hardests. 

Until now our analysis just considered a binary result: beyond the hole or 
not. However, this view is somehow limiting, as it does not describe how well the 
groups performs after passing the hole (i.e., how far they reach). Figure 2 shows 
the distribution of the performance for each FFs, group size, and hole distance, 
in arenas with hole of size 1 + ε. As visible, the maximum performances are 
more or less the same regardless of the FF employed. Nevertheless, the overall 
distribution changes according to the measure we use. Specifically, AVG and 
MIN present very compact distributions near the maximum. This indicates 
that the performance is stable across different groups. Nevertheless, this is not 
the case for MAX . The distributions obtained employing this FF are indeed 
much wider, indicating that the results are less stable. When considering arenas 
with holes of size 2+ε, we see instead that MIN produces solutions that perform 
very poorly (see Fig. 3). Differently, AVG and MAX still succeed in passing the 
hole, but the difference in distributions between the two decreases. 

As anticipated at the beginning of this section, the performance does not 
give us full information on the ability to pass the hole. Therefore, we consider 
the final x-position of all the VSRs of the group to understand how many passed 
it. We normalize the results dividing the number of VSRs beyond the hole by 
their total number in the experiment configuration. Figure 4 shows the results in 
arenas with hole of size 1+ ε. Since MIN requires the VSRs to cross altogether, 
the results tend to be polarized: they succeed, or they do not. Solutions which
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Fig. 2. Performance distribution in the arenas with hole size 1 + ε. Each distribution, 
one per experiment configuration, consists of 30 values. The configurations of the exper-
iment differ by the FF used, the distance of the hole from the starting x-position of the 
VSRs, and the group size. The plots on the first, second, and third column respectively 
represent experiments run with FFs AVG, MAX , and  MIN . The plots on the first 
and second row respectively represent experiments with the hole at distance 12 m and 
20  m from the  x-position of the first VSR. The red band in the plots represents the 
hole. 

allow just some VSRs to pass are completely ignored during evolution, and thus 
do not often appear in the final results. AVG presents similar results, but being 
less strict it does not discard solutions which leave some VSRs behind. This 
results in some of the runs having just part of the group beyond the hole. For 
MAX the ratio of VSRs left behind increases significantly, especially in the 
arenas with the hole at 20 m distance. Nevertheless, most of the results still 
show groups larger than one VSR passing the hole, indicating that the evolution 
still somehow selects cooperation. When considering arenas with hole of size 
2 +  ε, the pass-ratio of MIN drops almost always to zero (see Fig. 5). This is 
again due to the polarization induced by this FF. Even the passing ratios of AVG 
and MAX decrease, becoming more similar to each other. These results confirm 
the previous considerations on the effectiveness of the different FFs, indicating 
MIN as the best for simple arenas, MAX as the best for hardest ones, and 
AVG as an effective trade-off between the other two.
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Fig. 3. Performance distribution in the arenas with hole size 2 + ε. Each distribution, 
one per experiment configuration, consists of 30 values. The configurations of the exper-
iment differ by the FF used, the distance of the hole from the starting x-position of the 
VSRs, and the group size. The plots on the first, second, and third column respectively 
represent experiments run with FFs AVG, MAX , and  MIN . The plots on the first 
and second row respectively represent experiments with the hole at distance 12 m and 
20 m from the x-position of the first VSR. The red band in the plots represents the 
hole. (Color figure online) 

Another important aspect to investigate is the impact of the number of VSRs 
on the performance and passing ratio. Starting from the former, we recognize 
that the size of the group has a different impact according to the considered 
FF (see Figs. 2 and 3). Increasing the VSRs in AVG seems to increase the per-
formance of the group. In arenas with hole of size 1 + ε, a difference is clear 
mostly for the smaller groups of size 4. In arenas with hole of size 2 + ε, the  
difference seems more evident across all the groups. For MAX , the increase in 
performance is evident in arenas with both the hole sizes. Specifically, increasing 
the size of the group seems to affect the mean and spread of the distributions 
significantly. For MIN we witness instead a different trend. In the arenas with 
the smaller hole size, the performance seems to decrease at the increase in the 
group size. Differently, results obtained in arenas with hole of size 2 + ε do not 
show any noticeable difference across different group sizes. These peculiar trends 
are due to the fact that having more VSRs requires a higher number of indi-
viduals passing the hole. This obviously complicates the task, as with MIN a 
single error affects the fitness of the whole group.
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Fig. 4. Ratio distribution of VSRs which have passed the hole of size 1 + ε. For each of 
the 30 replicas of experiment configurations, we calculate the number of VSRs beyond 
the hole and divide it by the group size. A value of 1 means that all the VSRs passed 
the hole. A value of 0 means that no VRS passed the hole. Each distribution, one per 
experiment configuration, consists of 30 values. The configurations of the experiment 
differ by the FF used, the distance of the hole from the starting x-position of the 
VSRs, and the group size. The plots on the first, second, and third column respectively 
represent experiments run with FFs AVG, MAX , and  MIN . The plots on the first 
and second row respectively represent experiments with the hole at distance 12 m and 
20  m from the  x-position of the first VSR. 

We witness similar results when considering the passing ratio of a group. For 
AVG the metric increases slightly when increasing the group size in the arenas 
with hole of size 2 + ε at distance 20 m. For MAX we recognize an increment 
in arenas with both the hole sizes. This seems to confirm that MAX is more 
sensible to the group size than the other two FFs. For MIN we do not witness 
any particular difference. 

Overall, both the results on the pure performance and the passing ratio 
show that increasing the group size leads to an improvement. The degree of the 
improvement strongly depends on the FF employed. 

4 Discussion 

In this work we demonstrate the feasibility of self-assembly in a group of VSRs 
to pass over a hole in the ground. We achieve this by evolving the VSR controller 
by means of an EA. Three different FFs guide the evolutionary process, namely: 
AVG, MAX , MIN . We find that the performance of the group depends on
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Fig. 5. Ratio distribution of VSRs which have passed the hole of size 2 + ε. For each of 
the 30 replicas of experiment configurations, we calculate the number of VSRs beyond 
the hole and divide it by the group size. A value of 1 means that all the VSRs passed 
the hole. A value of 0 means that no VRS passed the hole. Each distribution, one per 
experiment configuration, consists of 30 values. The configurations of the experiment 
differ by the FF used, the distance of the hole from the starting x-position of the 
VSRs, and the group size. The plots on the first, second, and third column respectively 
represent experiments run with FFs AVG, MAX , and  MIN . The plots on the first 
and second row respectively represent experiments with the hole at distance 12 m and 
20 m from the x-position of the first VSR. 

the FF employed. Specifically, MIN performs well when the arena is simple, 
but it is very sensible to failures. As this metric considers the x-position of the 
leftmost individual, a single VSR falling in the hole is enough to hinder the fit-
ness of all the group. This evaluation approach is especially strict, as it ignores 
the difference between an entire group falling in the hole and just some of its 
members. The result is that partial successes that could be further improved by 
the EA are discarded, and every epoch of the evolution results in a sort of ran-
dom search. It follows that MIN is enough to solve easy problems, but becomes 
ineffective as soon as the complexity of the task increases and refinements of the 
solutions become necessary. MAX follows a diametrically opposite approach by 
considering the x-position of the rightmost individual. This feedback is more 
easily exploited by the EA during the evolutionary search. Indeed, a controller 
succeeding in passing at least one VSR is forwarded and used in the generation 
of the next population. Nevertheless, this FF still presents some issues, as maxi-
mizing the passing ratio only happens if it gives advantage beyond the hole. For 
instance, having a larger group on the right side of the hole can enable a more
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effective motion, increasing the fitness and thus pushing for an increased passing 
ratio. Overall, we notice that many controllers produced with MAX leave a 
significant amount of VSRs behind. This may indicate that increasing the group 
size beyond the hole does not necessarily improve the motion, or that this further 
refinement is too complex to achieve. Finally, AVG represents a combination of 
the two previous FFs, trying to provide a more fine-grained evaluation of the 
controllers. This considers indeed the average x-position of all the VSR, over-
coming the problem of considering only the best or the worst individual. The 
expected outcome is the maximization of the size and speed of the group beyond 
the hole, as it would have evolutionary advantage against single individuals and 
slow groups. Overall, we identify a successful trend induced by the use of AVG. 
This is however comparable to that of MAX in arenas with hole of size 2+ε, ris-
ing the question on whether the finer evaluation of AVG is really beneficial. We 
believe that despite similar results, AVG is still worth using as it provides better 
and most stable results in arenas with hole of size 1 + ε, and can potentially be 
more effective when the size of the group grows largely. Overall, we believe that 
the best FFs are AVG and MAX , depending on nuances of our goal. MIN 
seems instead not effective enough, being too sensible to single failures. Finally, 
as the FFs induce different search behaviors, they might be combined, each to 
be used in different phases of the search. 

Another factor that possibly affects the success of the group of VSRs is their 
initial distance from the hole. Indeed, self-assembling requires some space to 
operate. In this work we test two different distances in order to assess if they 
lead to any change in the results. Specifically, we test with holes 12 m and 20 m 
distant from the starting position of the VSRs group. We find some differences in 
the results. Increasing the distance of the hole overall improves the performance. 
We believe this is due to the fact that the group of VSRs has more space to 
create a stable structure, synchronize the movement, and acquire momentum to 
pass the hole. Nevertheless, we find an exception when using MAX in arenas 
with hole of size 1 + ε. In this scenario, the performance obtained decreases with 
the increase of the distance. The motivation behind this different behavior is 
currently unclear. 

We also investigate if the size of the VSRs group affects the results. We iden-
tify a positive correlation between the group size and its effectiveness in the task. 
This means that increasing the number of individuals in the group seems to gen-
erally improve the performance. The motivation is probably that a larger group 
is more stable, allowing to withstand the gravitational force dragging part of it 
into the hole. Additionally, a larger group can possibly employ more advanced 
motion strategies, moving further beyond the hole. This general considerations 
do not apply however to MIN , which display negligible and sometimes even 
decreasing performance with the increase in size. We believe this is due to the 
fact that increasing the number of individuals increases the probability of fails, 
affecting the worst-based fitness calculation of MIN . 

One interesting aspect that we observed in some preliminary results, but that 
was not replicated in the final ones, is that soft-robotics enables strategies that
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are not possible with stiff robots. More specifically, we saw the group of VSRs 
finding a solution for the arena with the hole of size 3+ε. The VSRs form a chain 
which heads directly towards the bottom of the hole. By maintaining the chain 
rigid, the tail gains centripetal acceleration (as it happens in a catapult). When 
the tail of the chain perceives this sudden acceleration, it detaches, being thrown 
on the other side of the hole. This peculiar strategy is in fact only possible if 
we consider using soft-robots, which can withstand being toss on the ground. 
This is obviously not the focus of the work, and it was neither replicated in the 
final results, nevertheless, we consider it interesting and a clear example of what 
soft-robotics enables. 

5 Conclusion 

In this work we assess if it is possible to evolve the controller of VSRs to self-
assemble and solve a hole-passing task. To verify the scalability of the approach, 
we experiment with multiple arenas of increasing complexity and with groups 
of different size. Additionally, we investigate how different FFs affect the perfor-
mance of the group. 

Our results show that it is possible to generate a controller that induces self-
assembly and allows passing the hole. The performance varies according to the 
complexity of the arena, ranging from almost 100% of success in the simplest 
arena to 0% in the most complex one. Specifically, we note that increasing the 
distance between the hole and the group of VSRs generally increases the per-
formance. We attribute this effect to the possibility of the group to form more 
stable and effective structures. We find that the performance of the group also 
depends on the FF employed. Specifically, evaluating the group according to its 
worst individual (i.e., MIN ) generates underperforming groups in complex are-
nas. Conversely, using the best individual (i.e., MAX ) produces good results, 
but introduces some fluctuations. The best FF overall seems to be AVG, which  
produces more stable, but still good, results. Finally, we identify scalability in 
the approach, with the group performance usually increasing with its size. This 
does not happen however when employing the MIN FF. In this case, the per-
formance seems even negatively affected by the increase in group size. This is 
probably due to the fact that increasing the number of individuals increases the 
probability of fails, affecting the worst-based fitness calculation of MIN . 

We intend to perform additional experiments to verify if a pre-training or a 
scaffolding may lead to better results in the case of large holes. Indeed, the EA 
starts the evolution in each arena without any previous knowledge. This requires 
rediscovering fundamental behaviors every time. We expect that evolving VSRs 
able to solve simpler arenas will speed up the process and increase the percentage 
of success. 
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Abstract. In recent years, the field of deep learning has been propelled 
forward by increasingly complex and resource-intensive neural network 
models. Despite their impressive performance, their training consumes 
much energy, incurring significant environmental impacts. Even more 
so, when neural architecture search (NAS) methods train hundreds of 
thousands of models to benchmark optimization. We offer to create 
greener benchmarks using genetic algorithms. We leverage our previ-
ous CNNGen approach producing random CNN topologies based on our 
context-free grammar. We then use the NSGA-II genetic algorithm to 
create topologies balancing performance and energy consumption. We 
rely on machine-learning-based predictors that estimate candidates’ per-
formance and energy consumption to avoid training during generations, 
saving significant computational costs. This paper reports on our exper-
iments and discusses further developments. 

Keywords: Genetic Algorithms · Neural Architecture Search · Green 
AI 

1 Introduction 

Deep learning has made remarkable strides, driving diverse applications such 
as image and speech recognition [ 6, 9], natural language processing [ 16], and 
autonomous vehicles. These advancements are largely attributed to the increas-
ing size and complexity of models [ 2, 17]. Yet,  we  can wonder to what extent we  
need to make the models more complex if the gain in performance is marginal. 
Conversely, can we shrink the deep learning models down while maintaining 
performance? Identifying the optimal architecture for a given task is a challeng-
ing and time-consuming endeavor. To address this, Neural Architecture Search 
(NAS) [ 8] formulates an iterative optimization problem to design neural net-
work models that achieve the best performance. Datasets have been developed 
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to benchmark generated models and validate NAS optimization approaches. 
NASBench-101 [ 19] is probably the most popular and can generate thousands 
of unique architectures by systematically combining connections and network 
functions within predefined cells. However, exploring the space of neural archi-
tectures is resource-intensive and has a significant carbon footprint. For instance, 
training LLaMA [ 16] involves thousands of high-end GPUs, resulting in an esti-
mated carbon footprint of .173 tCO2eq (i.e., tons of CO2 equivalent). To put 
this into perspective, training a single Transformer model for NLP tasks can 
emit as much carbon as the lifetime emissions of five cars [ 15]. Despite this, 
current NAS techniques do not account for resource consumption and carbon 
footprint in their algorithms and datasets, focusing solely on performance (accu-
racy). Moreover, we argue that NAS benchmarks, such as NASBench-101, lack 
architectural diversity. These benchmarks are based on an initial architecture 
that already predicts well (above .80% accuracy [ 19]), allowing only limited vari-
ations within cells. Consequently, most generated architectures exhibit training 
accuracies that exceed .99% on CIFAR-10 when trained for .108 epochs. Addi-
tionally, reproducing results is challenging due to the unavailability of essential 
artifacts, such as fully trainable model code. Our previous work, CNNGen [ 5], 
a convolutional neural network (CNN) generator based on a domain-specific 
language (DSL) and a context-free grammar, was designed to construct CNN 
models from scratch and provide the expected artifacts (e.g., models,  param-
eters, performances and energy consumption, and code). In addition, we have 
proposed several predictors for energy consumption and performance. They rely 
on the description of the models to predict the expected accuracy and/or energy 
consumption without training the models. Thus, we can explore many models 
for a limited cost. In this work, we propose using genetic algorithms (GA) to 
generate new CNN models that balance energy consumption and performance. 
The GA iteratively evolves a population of CNN models, selecting and recom-
bining them based on a fitness function that considers both energy efficiency and 
accuracy. Note that we rely again on the estimators to evaluate the performance 
and energy consumption of new population members. This approach not only 
fosters greater architectural diversity, but also promotes the development of more 
sustainable CNN exploration and optimization methods. Concretely, we exper-
imented with the off-the-shelf NSGA-II algorithm. Our results show that our 
workflow can optimize a topology after five hundred generations, with exhibit-
ing certain CNNs with a slightly better performance and significant decrease in 
energy consumption. We also discuss the role of predictors and the complexity of 
predicting performance and accuracy in such a complex CNN topological space. 

The rest of the  paper is as follows. Section  2 presents the main concepts of 
neural architecture search and our previous work, which allows us to produce 
diversified topologies. Section 3 describes the genetic algorithm we experimented 
with and how it operates with our CNN models as well as our accuracy and 
energy consumption predictors, while Sect. 4 reports on experiments. Section 5 
offers a critical reflection on predictor performance, while Sect. 6 wraps up the 
paper.
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2 Background 

Neural Architecture Search (NAS) focuses on automating the design of 
neural network models, focusing on search space, search strategy, and perfor-
mance estimation. Search strategies include random search, Bayesian optimiza-
tion, evolutionary methods, and reinforcement learning [ 11, 14, 20]. Performance 
estimation techniques, such as learning curve extrapolation, surrogate models or 
network morphisms, aim to reduce computational costs [ 1, 4, 8, 12, 13]. AutoML, 
exemplified by Auto-Keras [ 7, 8], simplifies the usage of machine learning models 
for individuals with limited expertise. While Auto-Keras starts with an existing 
architecture and modifies it through morphing, it requires a good starting point 
and explores a small neighborhood around the current architecture. State-of-the-
art NAS techniques [ 10] also require a reference architecture to start the search. 
This architectural choice is left to the experts. 

Multi-Objective Genetic Algorithms (MOGAs) are optimization tech-
niques that evolve a population of candidate solutions towards optimization 
strategies such as Pareto-optimal fronts, addressing problems with multiple con-
flicting objectives. Inspired by natural selection, MOGAs use crossover, muta-
tion, and selection to explore the solution space. They aim to find a diverse 
set of trade-off solutions rather than a single optimal solution, making them 
particularly useful in complex scenarios in which objectives cannot be easily 
aggregated. Techniques like non-dominated sorting and crowding distance ensure 
convergence towards and maintenance of diverse solutions across optimization 
strategies. MOGAs have been applied effectively in various fields such as engi-
neering design, economics, and machine learning. As argued previously, we want 
to combine MOGAs with NAS to generate new predicting models that would 
both perform with high accuracy and with a reduced energy consumption com-
pared to current popular models. 

Domain-Specific Languages (DSLs) are high-level software languages cap-
turing the essence of a particular domain via specialized abstractions [ 18]. A DSL 
typically provides a concise, expressive syntax that enables developers to easily 
and accurately model complex systems and capture domain knowledge with con-
straints, reducing the risk of errors or inconsistencies. Then, dedicated generators 
derive artifacts (code, documentation) automatically from these models. DSLs 
exist for numerous domains (e.g., software engineering, biology, or robotics) and 
at various abstraction levels (from programming GPUs to language modeling). 

CNNGen [ 5] is a novel dataset-agnostic approach to generate energy-aware 
benchmarks for CNNs. CNNGen captures the CNN space using context-free 
grammar and specifies them with a DSL. CNNGen starts with a description 
of the topology of the CNN model to be created, which is called a description 
sentence. The topology refers to the succession of layers that will be stacked 
(but without any specification of the parameters). As we said before, CNNGen 
comes with domain-specific rules regarding the succession of layers preventing 
the generation of unrealistic models. Once the topology is generated, a second 
phase assigns coherent parameters to every single layer. Along with the descrip-
tion sentence, CNNGen generates various artifacts: an image representation (in
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PNG format) of the model associated with the sentence, a TensorFlow runnable 
code, and a report containing the performance and energy consumption of the 
trained model associated with the description sentence. By generating random 
description sentences that meet the generation rules, we can create our dataset 
of CNN models similar to NAS benchmarks but, unlike NAS approaches, it does 
not necessitate finding a well-performing CNN model first. In the end, if we want 
to search for a well-performing CNN model, we simply need to guide the explo-
ration of the gigantic CNN topology with a tool implementing an optimization 
strategy. In this work, we used MOGAs to maximize the model’s accuracy and 
minimize its energy consumption. The problem is that MOGAs need to know the 
accuracy and energy consumption associated with each model to decide whether 
they should be kept for future generation. Instead of training each model, we 
rely on predictors. 

Predictors [ 5] have also been proposed along CNNGen to avoid fully train-
ing every single generated CNN model. As stated before, CNNGen reports both 
the accuracy and the energy consumption of generated models, thus, we pro-
posed two distinct kinds of predictors. The first predictor assesses the accuracy 
by analyzing the Python code generated by CNNGen, which was designed to 
run specific CNN models based on their description sentences. This predictor 
concentrated on the various architectural layers of the CNN and extracted their 
respective hyperparameters. The primary objective was to identify and learn 
correlations between the CNN layers and their hyperparameters, as well as the 
overall performance of the architecture. 

The second predictor is a Regressor Decision Tree which analyzes four man-
ually defined features to predict the energy consumption of CNN models. These 
features are the number of layers, the number of epochs used for training, the 
floating-point operations per second (FLOPs), and the total number of parame-
ters in the model. In this paper, we considered a random forest for better energy 
prediction. 

Similarly to ours, Mo and Iacca use a surrogate machine learning model to 
estimate the performance of models to avoid training and accelerate the evolution 
of the genetic algorithm [ 13]. Our approach extends this idea to a multi-objective 
setting. The same authors exploited learning curve estimation still requires (min-
imal) training of the models to estimate their performance [ 12], while our work 
adopts a radical no-training approach during search. 

3 Sustainable NAS Framework 

Our approach relies on CNNGen to create an initial population of neural net-
works and uses NSGA-II and our improved predictors to evolve them. 

3.1 NSGA-II 

NSGA-II (Non-dominated Sorting Genetic Algorithm II) is a popular multi-
objective optimization genetic algorithm designed to solve complex problems
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with multiple conflicting objectives [ 3]. The algorithm finds a set of optimal solu-
tions, known as the Pareto front, where no solution can be improved regarding 
one of the objectives without degrading another. NSGA-II starts by generat-
ing an initial population of potential solutions and evaluates their performance 
on each objective. These solutions are sorted based on dominance: a solution 
is said to dominate another if it is better in at least one objective and is not 
worse in any others. The algorithm then uses a ranking system to classify solu-
tions into different non-dominated fronts, with the first front being the best, etc. 
NSGA-II employs a crowded comparison operator to ensure diversity amongst 
the solutions. This operator ranks solutions within the same front based on their 
proximity to other solutions, preferring diversity instead of peaking all the solu-
tions in the same neighborhood. The process involves selection, crossover, and 
mutation operations to create a new generation of solutions. With each genera-
tion, NSGA-II explores the solution space, aiming to find a well-distributed set 
of high-quality solutions along the Pareto front. The algorithm continues iter-
ating through generations until a stopping criterion is met, such as a maximum 
number of generations. Cuurently, our CNN generator approximatively gener-
ates .1% of architectures that do not compile. Yet, because of the mutations and 
crossover, and despite specific precautions, the number of errors, and therefore 
the number of architectures that do not compile, increases up to 10%. To avoid 
keeping these architectures in the pool of solutions and further help NSGA-II, 
we give these architectures the highest possible float value. The final output is 
a diverse set of solutions representing the trade-offs between the different objec-
tives. Decision-makers simply have to choose any solution among these. 

3.2 Improved Predictors 

We utilized the predictors proposed by CNNGen [ 5] but observed that their pre-
dictions were not sufficiently accurate. To improve reliability, we modified these 
predictors by creating a new dataset consisting of .40, 000 architectures generated 
with CNNGen. We also enhanced the preprocessing of input data, optimising 
transformations and performing a comprehensive grid search to identify better 
hyperparameters for more accurate performance predictions (i.e. transformer 
model). For the energy predictor, we applied feature engineering techniques to 
extract new features that could enhance prediction accuracy. Our analysis identi-
fied several key features as particularly relevant, including the number of layers, 
FLOPs, parameters, convolutional layers, and fully connected layers, as well as 
the presence or absence of global average pooling, max pooling, and flattening 
operations. Additionally, we experimented with various machine learning tech-
niques, including decision tree-based methods, support vector regression, and 
random forests. After evaluating their performance, we concluded that random 
forest yielded the most accurate predictions, making it the most suitable app-
roach for improving energy estimation in our framework. In the end, regarding 
accuracy prediction, we have used a transformer model on the Python code 
associated with a CNN architecture (as done previously in CNNGen) while for
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the prediction of the energy consumption, we have used a random forests com-
posed of 50 trees that use the aforementioned retrieved features from the feature 
engineering study. 

4 Experimentations 

4.1 Experimental Protocol 

Whenever a new CNN model is used, we rely on CNNGen to produce a ran-
dom description sentence used to generate the associated model. For instance, 
CNNGen is called to build our initial population that will evolve through genetic 
algorithms. To assess fitness, we employ performance and energy consumption 
predictors to avoid the need for training architectures. These predictors evalu-
ate both the performance (accuracy) of architectures and energy consumption. 
Both elements are combined in the fitness function to form a multi-objective 
optimization problem to guide the search process. But, these predictors need to 
be trained first. Again, we randomly generated .40, 000 models from CNNGen. 
We trained them on CIFAR-10 datasets for 20 epochs. Then, our .40, 000 mod-
els are divided into .80% for training the predictors, and the remaining .20% are 
used for evaluating the predictors. Among the .80% dedicated to training, . 20%
of them are used for validation. As stated before, we only consider NSGA-II. We 
describe their parameterization and present the results hereafter. 

4.2 NSGA-II 

NSGA-II generates a Pareto front of non-dominated solutions regarding the dif-
ferent objectives. Thus, in our case, the resulting set of CNN models presents 
different trade-offs between accuracy and energy consumption, leaving the final 
choice to the end-user. To conduct this experiment, we used the version of NSGA-
II provided with JMetal, a Java library, in its version 6.2.2 1. We set  the size of  
the initial population and the offspring sizes to 10. We ran the genetic optimiza-
tion for .500 generations. We have also set the cross-over and mutation rates at 
.60% and .10% respectively. 

4.3 Predictors Parameterisation 

As said previously, we rely on a Transformer model based on Python code associ-
ated with CNN models to predict the performance (i.e., the accuracy) of models 
generated via CNNGen. This predictor is the same as the one used in our pre-
vious work [ 5]. Regarding the predictor for energy consumption, we have used a 
random forest composed of .50 decision trees. These trees are limited to a maxi-

1 https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2. 

https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
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https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
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https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
https://github.com/MOEAFramework/JMetal-Plugin/releases/tag/v6.2.2
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mum depth of .10 and use a mean square error criterion for output. The possible 
splits use the features listed in Sect. 3.2, defined after using a feature engineering 
analysis. 

4.4 Results 

Fig. 1. Results of the NSGA-II optimization process for .500 generations. The X-axis 
represents the predicted accuracy for all the architectures. The Y-axis represents the 
predicted value of energy (CO. 

2 equivalent in grams). The red curve (at the bottom-
right) reports the Pareto front. (Color figure online) 

Figure 1 presents the results of one NSGA-II optimization run. This scatter plot 
presents the trade-off between accuracy and energy consumption for various 
CNN architectures generated using CNNGen. Each point represents an individ-
ual architecture, with accuracy plotted on the x-axis and energy consumption 
on the y-axis. The red curve highlights the Pareto front, which consists of archi-
tectures that achieve the best possible trade-off between these two competing 
objectives. From the distribution of points, we observe that architectures with 
lower accuracy tend to have lower energy consumption, forming a dense cluster 
at the bottom of the plot. As accuracy increases, energy consumption generally 
increases, suggesting that more accurate models require higher computational 
resources. However, the spread of points indicates significant variation in energy 
consumption for architectures with similar accuracy, implying that some models 
are more energy-efficient than others at the same performance level. The Pareto
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front follows a characteristic upward curve, where architectures along this fron-
tier represent the optimal balance between accuracy and energy. Any point not 
on the Pareto front is a suboptimal solution, meaning that another architecture 
exists with either a higher accuracy and the same energy consumption, or a lower 
energy consumption and the same accuracy, or being better at both objectives 
at the same time. The shape of the front suggests that beyond a certain accu-
racy threshold, increasing performance comes with a disproportionately higher 
energy cost. This observation highlights the challenge of designing CNN archi-
tectures that maximize accuracy while remaining energy-efficient. Overall, this 
analysis emphasizes the importance of multi-objective optimization in neural 
architecture search. While higher accuracy is desirable, the energy cost must be 
carefully considered, especially for applications where computational efficiency 
is crucial. 

Table 1. Generation 0 - CO. 
2 equivalent in grams. NaN: The architecture could not 

compile. 

Name Pred. Accuracy True Accuracy Pred. Energy True Energy 
Architecture 0 0,74 0,69 1,1 1,06 
Architecture 1 0,65 0,63 0,63 0,73 
Architecture 2 NaN NaN NaN NaN 
Architecture 3 0,57 0,56 1,03 0,96 
Architecture 4 0,44 0,59 0,54 0,58 
Architecture 5 0,69 0,48 2,69 3,03 
Architecture 6 0,58 0,66 1,19 1,33 
Architecture 7 0,73 0,63 1,10 1,16 
Architecture 8 0,71 0,60 3,07 2,95 
Architecture 9 0,72 0,67 0,64 0,62 

Table 2. Generation 250 - CO. 
2 equivalent in grams. NaN: The architecture could not 

compile. 

Name Pred. Accuracy True Accuracy Pred. Energy True Energy 
Architecture 0 0.70 0.66 0.56 0.57 
Architecture 1 0.49 0.41 0.48 0.39 
Architecture 2 0.67 0.56 0.86 1.12 
Architecture 3 0.77 0.71 0.64 0.71 
Architecture 4 0.61 0.63 0.96 0.98 
Architecture 5 0.46 0.53 0.66 0.82 
Architecture 6 0.66 0.55 0.56 0.57 
Architecture 7 0.64 0.52 0.72 0.76 
Architecture 8 0.75 0.73 1.69 1.89 
Architecture 9 0.68 0.67 1.44 1.51
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To complete this general analysis, Tables 1, 2 and 3 present individual per-
formance and consumption of our architectures at generation 0, 250, and 500. 

We can observe that, on average, the true accuracy of generated models 
slightly decreases (0.61 for generation 0 vs 0.58 for generation 500), representing 
a 5% decrease. However, energy consumption decreases more significantly (1.38 
for generation 0 vs 0.84 for generation 500), representing a decrease of 39%. If we 
look at individuals, we find interesting compromises. For example, architecture 
7 in generation 500 achieves almost the same performance as architecture 8 in 
generation 250 for half of the energy consumed. This demonstrates the capability 
of our approach to balance accuracy and energy consumption. 

Table 3. Generation 500 - CO. 
2 equivalent in grams. NaN: The architecture could not 

compile. 

Name Pred. Accuracy True Accuracy Pred. Energy True Energy 
Architecture 0 NaN NaN NaN NaN 
Architecture 1 0.52 0.50 0.53 0.50 
Architecture 2 0.61 0.59 0.48 0.39 
Architecture 3 0.72 0.49 1.08 1.09 
Architecture 4 0.74 0.49 0.98 0.99 
Architecture 5 0.62 0.65 1.05 1.09 
Architecture 6 NaN NaN NaN NaN 
Architecture 7 0.73 0.72 0.91 0.91 
Architecture 8 0.68 0.62 0.82 0.95 
Architecture 9 NaN NaN NaN NaN 

5 Discussion and Threats to Validity 

5.1 Discussion 

In the previous section, we presented our results for our sustainable NAS work-
flow. In particular, we integrated performance and energy predictors into the 
workflow to reduce computational costs. While we conducted standard proce-
dures to train and evaluate these predictors, the genetic algorithm may focus on 
generating more and more architectures that were outside the data distribution 
of our initial training set. Since the overall optimization goal is to focus on only 
a tiny subset of the possible CNN architectures that CNNGen can produce, it 
is not surprising that, over time, the data distribution drifts toward new archi-
tectures that were difficult to grasp with random generation. Thus, we assume 
that the more generations NSGA-II produces, the less accurate our predictors 
will be if they remain as-is. Yet, this can be improved in different ways. For 
instance, using more training data to get better predictors. This may require
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tuning the CNNGen generation of description sentences to look for architectures 
with higher accuracies or lower energy consumption. But, training more CNN 
models to train our predictors is not a panacea: i) it requires more resources 
which negatively impacts sustainability, ii) cross-over and mutations will still 
contribute to out-of-distribution topologies. A more promising idea would be 
to retrain our estimators regularly after a specific number of generations. For 
instance, for every 200 NSGA-II generations, we launch a retraining procedure 
on our predictors to follow the evolution of the generated CNN architectures. 
This way, the predictors will follow the drift in the data distribution which may 
control the difference between the predicted and actual values of both accuracy 
and energy consumption. Of course, other strategies could be used, such as active 
learning or continuous retraining. 

The analysis of the tables across different generations reveals that the predic-
tors used for estimating both accuracy and energy consumption are not entirely 
reliable. In Generation 0 1, while some predictions are relatively close to the 
true values, discrepancies are noticeable, such as in Architecture 5, where the 
predicted precision (0.69) is significantly higher than the true accuracy (0.48). 
Additionally, some architectures, like Architecture 4, exhibit an inversion where 
the predicted accuracy is lower than the actual value, suggesting inconsistencies 
in the predictor’s estimations. This may lower the confidence of using the pro-
posed architectures by final users. However, we can observe that the predictions 
remain, mainly, in a .5% error envelope, the estimations on the energy consump-
tion seem to be less stable (ranging from .2% to .15%), showing once again that 
further effort should be made in considering energy consumption as one of the 
goal of optimizing CNN (and more generally deep learning) architectures. As the 
generations progress, the presence of NaN values in Generation 500 (see Table 3) 
highlights another critical issue: the increasing occurrence of architectures that 
cannot be compiled. This could be a consequence of the mutation and crossover 
mechanisms of NSGA-II. 

While Tables 1 and 2 show only . 1 architecture that could not be compiled 
(over 20 architectures), Table 3 reports . 4 of such architectures. Our cross-over 
and mutation operators strive to limit topology-breaking changes. Yet the effect 
of randomness cannot be completely avoided, notably regarding the determina-
tion of some hyperparameters. 

Besides, the tables suggest that the energy estimations from the predictors 
also suffer from inaccuracies. In several cases, the predicted energy consumption 
does not align well with the true values, such as in Generation 250 (see Table 2), 
where Architecture 2 was predicted to have an energy consumption of .0.86 but in 
reality consumed .1.12. This discrepancy indicates that the energy predictor, but 
it also applies to the accuracy predictor, requires further refinement to ensure 
reliability in guiding the search process. Another concerning trend is that as the 
search progresses, the performance of certain architectures deteriorates instead 
of improving. In Table 3, some architectures (e.g.,, Architecture 3 and Archi-
tecture 4) exhibit a drop in true accuracy despite relatively high predictions. 
This further reinforces the risk that mutations and crossovers are creating archi-
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tectures that lie outside the training distribution of the predictor, leading to 
increasingly unreliable predictions. 

5.2 Threats to Validity 
5.2.1 Internal Validity 
Threats to internal validity concern the implementation and experimental pro-
tocol. Regarding NSGA-II we used JMetal, a popular GA framework. While our 
optimization problem is complex and require exploring a large exploration space, 
we dedicated a substantial budget for GA to search for optimal solutions so that 
they can converge. Yet, maybe increasing even more this budget may lead to 
better results. 

5.2.2 External Validity 
Our discussion illustrates an external threat to validity. Despite our efforts, our 
results may not (and are not) apply to every possible CNN topology one can 
create. We also exhibited different behavior of NSGA-II. Other types of GA may 
yield different results. 

6 Conclusion 

Deep learning models are more and more used but they are expensive to train, 
especially in terms of energy consumption. While one may think that more com-
plex models are the best as they may exhibit higher performances (i.e., accu-
racy), this is not always the case. Depending on the context in which they will 
operate, seeking smaller models that use less energy (and thus are of reduced 
size) but perform similarly is also an interesting option. This also echoes the 
growing global concern of reducing carbon emissions. The results of our study 
highlight both the strengths and limitations of our CNN architecture search app-
roach, particularly in balancing accuracy and energy efficiency. The optimization 
process using NSGA-II has demonstrated the ability to explore a diverse set of 
architectures, leading to promising trade-offs between performance and compu-
tational cost. However, the analysis of our predictors has revealed critical areas 
for improvement. One of the primary challenges observed is the inaccuracy of the 
predictors for both accuracy and energy consumption. Across multiple genera-
tions, discrepancies between predicted and actual values suggest that the predic-
tors struggle to generalize beyond their training distribution. Furthermore, the 
presence of architectures in later generations that cannot be compiled indicates 
that increasing the search time (by increasing the number of generations) can 
be counter-productive despite reaching for new CNN architectures that seem 
to meet our optimisation criteria. We assume that applying multiple times the 
NSGA-II mutation and crossover operators may lead to inconsistencies in the 
description sentences of our CNN architectures since NSGA-II is not aware of 
constraints that are encoded into CNNGen. Thus, increasing the number of ran-
dom changes on a description sentence causes more changes to lead to an archi-
tecture that cannot be compiled. Additionally, the observed performance plateau
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and occasional drops in accuracy suggest that the current search process may 
be generating suboptimal architectures due to prediction errors. In some cases, 
predicted highly accurate models turned out to perform worse than expected, 
emphasizing the need for more robust predictive mechanisms. Similarly, energy 
estimations have shown inconsistencies, which could mislead the optimization 
process when selecting architectures based on energy efficiency. To address these 
limitations, several improvements are necessary. Enhancing predictors accuracy 
through more extensive and diverse training datasets, refined feature engineer-
ing, and advanced machine learning techniques (such as ensemble methods or 
uncertainty-aware models) could help mitigate out-of-distribution errors. Addi-
tionally, incorporating periodic retraining of predictors or integrating constraints 
on mutation and crossover could reduce the likelihood of generating architectures 
that are poorly estimated. Despite these challenges, the current results demon-
strate the feasibility of optimizing CNN architectures with a trade-off between 
performance and energy efficiency. By refining our predictors and improving the 
search process, we can further enhance the reliability of our method, ultimately 
contributing to the development of more sustainable and efficient deep learning 
models. 
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Abstract. This paper extends previous work in predictive maintenance 
that implement a self-adaptive evolutionary strategy (SA − ES) for  
feature selection in multi-label anomaly detection tasks. We incorpo-
rate Shapley Additive exPlanations (SHAP), an explainable artificial 
intelligence (XAI) method, to evaluate the relevance and classification 
performance of features selected by the SA − ES, and compare their 
effectiveness against those with the highest absolute Shapley values. 
A comparative analysis is performed using three multi-label classifiers 
on a public predictive maintenance dataset, with evaluation conducted 
through 5 − fold  cross-validation. Our findings validate the efficiency of 
the SA − ES in reducing feature dimensions and minimizing Hamming 
Loss. Additionally, we present insightful visualizations and interpreta-
tions for multi-label anomaly classification, facilitating the application 
of predictive maintenance in real-world industrial scenarios. 

Keywords: Machine Learning · Predictive Maintenance · multi-label 
classification · XAI 

1 Introduction 

Maintenance is a critical focus in the industrial sector to ensure service con-
tinuity and system reliability. With the rapid advancements in the artificial 
intelligence field, the implementation of optimised maintenance strategies has 
become increasingly accessible [ 9]. Predictive maintenance strategy (hereafter 
PdM) takes place between the maintenance based on scheduled operations (pre-
ventive) and the repair actions once a problem occurred (corrective). PdM  pre-
vents the unnecessary replacement of operational components and avoids service 
disruptions through effective anomaly classification. PdM  is primarily concerned 
with two approaches identified by authors in [ 22]: prognostics and diagnostics. 
The prognostic approach estimates the remaining useful life (RU L) of compo-
nents. The diagnostic approach relies on the detection and prediction of anoma-
lies, which could indicate potential failures or deviations from normal operation. 
Typically, the diagnostic approach involves single-label classification for anomaly 
detection, under the assumption that detected anomalies are mutually exclusive. 
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However, this assumption is not systematic as stated in [ 7] where the authors 
compare the single-label and multi-label approaches for anomaly classification 
in a PdM  dataset, the Microsoft Azure Dataset [ 2]. 

Regardless of the type of approach (i.e., single or multi-label), PdM  applica-
tions have to be reliable and trustworthy, to effectively cut costs of spare parts 
replacement operations and avoid negligence in executives decision-making [ 18]. 
Methods in the field of eXplainable Artificial Intelligence (XAI) has been devel-
oped to ease the interpretability of PdM  algorithms and ensure an appropriate 
integration into existing maintenance strategies. Among them, “Shapley Addi-
tive exPlanations” (SHAP ) [  10] is a model agnostic method based on the game 
theory to illustrate the importance of the features that led to a prediction. 
The SHAP framework is based on Shapley values that compute the expected 
marginal contribution of a player in a cooperative game. In the PdM  context, 
a player is a feature, and the cooperative game is an anomaly predicted with a 
classifier. Several works investigated explainability with SHAP in single-label 
classification problems for various PdM  applications such as water pumping 
systems [ 21], fault detection in hard drive systems [ 5], and fault detection on 
bearings with LSTM [ 12]. In the context of XAI on multi-label classification 
problems, authors in [ 4] applied SHAP on three well-known multi-label datasets 
namely, yeast, water quality and foodtruck datasets available on the Multi-Label 
Classification Dataset Repository [ 1]. Regarding multi-label problems on predic-
tive maintenance, authors in [ 14] propose a solution to the lack of explainabil-
ity of Random Forest with a LionForest on multi fault diagnosis on the AI4I 
dataset [ 13]. This dataset has a low number of features and LionForest issues a 
set of rules to explain predictions. Regarding explainability in PdM  multi-label 
classification problems, no work has been carried out in the field with SHAP . 

In this paper, we aim to extend our previous work [ 8], where we success-
fully reduced the number of features required for multi-label anomaly detection 
using a self-adaptive evolutionary strategy as a feature selection algorithm. We 
apply the XAI method on the Azure P dM dataset to provide insights into 
how features contribute in predictions and to verify the consistency of our self-
adaptive algorithm with feature importance derived from SHAP, an expensive 
but near-optimal feature selection tool based on game theory [ 11]. Additionally, 
we conduct comparisons using three multi-label classifiers and analyse the differ-
ences in SHAP values across them. Furthermore, we compare the performance 
of classifiers trained on features selected by the self-adaptive evolutionary strat-
egy with those trained on the top-ranked features based on absolute Shapley 
values 

Importantly, we are not suggesting to rely entirely on SHAP as a feature 
selection tool as extensively discussed in [ 6] since our aim is to place our optimal 
algorithm into perspective with game theory approach. Finally, we will discuss 
the contributions of SHAP to enhance the comprehension of anomaly classifi-
cation in multi-label tasks for trustworthy predictive maintenance strategies.
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2 Methodology 

In the following section, we describe the methods used to study the feature 
importance of three state of the art multi-label classifiers on the Azure P dM 
dataset. 

2.1 Classifiers 

Multi-label problems require dedicated approaches, namely problem transforma-
tion and algorithm adaptation as stated in [ 20]. Problem transformation changes 
the nature of the task by dividing a multi-label problem into a set of single-label 
problems. In contrast, algorithm adaptation keeps the multi-label nature of the 
problem by changing the structure of classification algorithm to handle more 
than one label. Problem transformation methods have drawbacks such as infor-
mation loss, poor consideration of label dependency and a low generalisation 
capability. To support this study, we select three multi-label classifiers from our 
previous work [ 8] which belongs to the ensemble approach as defined in [ 3] which  
mitigate the disadvantages by combining and aggregating problem transforma-
tion methods with voting and bagging mechanisms. 

The selected classifiers are Binary Relevance (BR) [  16, 20], Classifier Chains 
(CC) [  16],  and Pruned Set  (PR) [  15]. BR is the most straightforward approach, 
treating each label as a separate binary classification problem, with the final 
prediction being the aggregation of all the binary classifications. CC also frames 
the task as a set of binary classifiers, but structures them in a chain, where each 
classifier benefits from the predictions of the previous ones in the chain. For 
both BR and CC, the  J48 decision tree is used as the base binary classifier, fol-
lowing recommendations in [ 3]. In the case of PR, it removes the least frequent 
labels from the training set and reintroduces them in association with more fre-
quent labels. The algorithm implementations comes from the scikit−multilearn 
library [ 19] and  its  MEKA  wrapper [ 17]. 

2.2 Dataset and Preprocessing 

Table 1. Dataset meta characteristics 

Characteristics Azure 

Instances 291300 
Features 27 
Labels 4 
Cardinality 0.02 
Density 0.005
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The classifiers as defined in Sect. 2.1 are trained on one multi-label dataset in 
the PdM  field, the Microsoft Azure Predictive Maintenance (hereafter Azure). 
Azure is a synthetic dataset issued from the collection “Predictive Maintenance 
Modelling Guide” in the Microsoft Azure suite [ 2]. The dataset contains the 
records of 100 synthetic machines, each monitored by four sensors that cap-
ture data on vibration, rotation, pressure, and voltage. These sensors record 
data every hour over the span of one year. The dataset includes troubleshoot 
records that provide information on recoverable errors and non-recoverable fail-
ures, which can affect 4 generic components on the machines. The failures are 
the classification targets and they are defined according to the component they 
affect namely, C1, C2, C3, and C4. Hourly monitoring introduces noise into the 
recorded data. To mitigate this noise, we apply feature engineering by incorpo-
rating past information into the dataset through time-shifted features, resulting 
in the creation of lagged features as described in previous studies. The time 
used to create the lagged features, known as the lagging window, is set to 3h 
and 24h in this study. For each sensor, two lagged features are created using 
a moving average (avg) and a moving standard deviation (std). Consequently, 
the total number of lagged features added to the Azure dataset is 16 (4 sensors 
× 2 lagging windows × 2 for avg and std). Additional information included in 
the dataset comprises the time since the last maintenance operation on each 
component (in hours), the number and type of errors that occurred in the last 
n hours (where n is defined by the lagging window), and the machine service 
age. To further reduce the effect of random data variation, we have changed the 
recording frequency by selecting features every 3 h instead of every hour. 

The Table 1 summarises the characteristics of the Azure dataset. Regarding 
the multi-label aspect, cardinality refers to the average number of labels per 
instance; density refers to the average number of label per instance weighted by 
the number of unique labels. The dataset has a very small proportion of anoma-
lies to be classified, as indicated by the low cardinality and density values. This 
constraint highlights the importance of reliable detection, further emphasizing 
the need to explain the impact of features on the classifier’s decisions. 

2.3 Feature Selection 

The Self-Adaptive Evolutionary Strategy (SA−ES) as presented in [ 8], which is 
part of the family of (μ + λ)−ES algorithms where the parents (μ)-the selected 
individuals from the current population that contribute their genetic informa-
tion to produce new individuals-and the offspring (λ)-the new individuals gener-
ated through combination and mutation of the parents’ genetic information-are 
considered for selection into the next generation, which is one iteration of the 
evolutionary process.
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Fig. 1. Evolutionary workflow. 

For feature selection, each individual is a binary array representing dataset 
features, with ‘1’ indicating a selected feature and ‘0’ indicating an unselected 
one. In each generation, we use bit-mask crossover to combine bits from two 
parent solutions based on a random binary mask. Then, we apply bit-flip muta-
tion, flipping selected bits. The mutation probability is updated each generation 
based on the previous generation’s Hamming loss fitness function performance. 
A summary workflow diagram of the algorithm is described in Fig. 1.
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2.4 SHAP 

Shapley Additive exPlanations primary purpose is to explain the output of 
machine learning models by quantifying the contribution of each feature to a 
particular prediction or the uncertainty generated by this feature in the predic-
tion. The underlying logic behind this quantification is the measure of the indi-
vidual contribution of a feature to a prediction. This measure can be determined 
by testing all feature subsets with and without the feature and then average 
over the number of all the possible subsets. The Shapley value of a feature is the 
weighted average of its marginal contributions across subsets as defined in the 
original paper [ 10]. 

SHAP framework proposes multiple tools to compute the Shapley values 
such as T reeExplainer which is fast and designed for tree based classifier and 
KernelExplainer which is slower but model agnostic. Even if the base clas-
sifiers selected in this study are decision trees, their multi-label implementa-
tions are not supported in T reeExplainer and we have therefore selected the 
KernelExplainer to run the visualisations. 

2.5 Evaluation 

To evaluate fairly the performance between the classifiers trained on a set of 
features selected by SA − ES and the set of the most important features, we 
trained every classifiers with their default parameters and we used a 5 − fold  
cross validation to minimise bias. Finally, we base the classifier evaluation on the 
Hamming Loss. This metric is widely used and has the advantage of reporting 
the misclassification rate among all the label where 0 is the perfect score. 

3 Results 

Our findings indicate that the type of classifier impacts feature importance, as 
measured by absolute Shapley values, when trained on the Azure dataset. The 
complete feature importance distribution per class for the BR classifier is shown 
in Fig. 2. From this visualization, the features can be categorized into two groups 
based on their ranking. The first group consists of the most influential features 
on anomalies, particularly those between the comp3 and comp4 features. The 
second group includes features with the least impact on the classes, represented 
by the lower-ranked features, starting from vibrationstd_24h. 

It is noteworthy that the features in the first category have the greatest 
influence on anomalies across all classes. For instance, error5 stands out as the 
most influential feature, exhibiting the highest absolute Shapley values. Simi-
larly, comp3 plays a significant role in classifying class 3 anomalies, has moderate 
importance for anomalies 1 and 4, and has a minor impact on anomalies 2.
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Thus, it is possible to determine which features most strongly influenced 
the BR classifier in classifying a specific anomaly by identifying those with 
the highest importance. For example, class 1 is primarily influenced by the 
features voltmean_24h and error1, class  2 by  rotatemean_24h, class  3 by  
pressuremean_24h and error4, and  class 4 by  vibrationmean24h and error5. 
The feature importance analysis for the BR classifier reveals strong correla-
tions between certain features and specific anomalies, where some features have 
an almost exclusive influence. For instance, error4 and pressuremean_24h pre-
dominantly influence the classification of anomaly 3, while rotatemean_24h and 
error2 mainly affect the classification of anomaly 2. 

For the feature importance rankings of the CC and PR  classifiers, the fea-
tures can be divided into two groups, similar to the BR classifier, based on their 
ranking. The highest-ranked features for the CC classifier are shown in Fig. 3, 
and for the PR classifier in Fig. 4. Notably, the top-ranked features are consistent 
across all the considered classifiers, highlighting the stability of their contribu-
tions to classification. As a result, the lowest-ranked features for CC and PR  
are not displayed in this study, as they closely similar with those presented in 
Fig. 2. However, within the group of most influential features, the ranking order 
varies depending on the classifier. The top three features for CC and PR  are 
similar, with environmental features such as pressure and vibration, and error 
based features being the most important with error5. In contrast, the BR clas-
sifier places more importance on component-related features, such as comp3 and 
comp2. 

Analysing feature importance from a label perspective across the three clas-
sifiers shows that both BR and CC tend to focus classification on a single type 
of label. For instance, the feature vibrationmean_24h predominantly influences 
the classification of class 4 anomalies, while rotatemean_24h is mostly rele-
vant for class 2 anomalies. In contrast, PR classification is more balanced across 
labels, with vibrationmean_24h impacting both class 4 and class 2 anoma-
lies. It is important to note that certain features consistently hold significant 
importance for the same labels across different classifier types, although their 
influence may vary depending on the classifier, as seen with rotatemean_24h. 
Additionally, some features, like comp4, have mixed importance, influencing the 
classification of multiple anomalies across classifiers. 

To validate the consistency of our SA-ES method, we compared the Hamming 
loss across BR, CC, and  PR  classifiers trained on a set of features selected by 
the SA−ES and another set with the top-ranked features based on the absolute 
Shapley values. The 5 − fold  cross-validation results illustrated in Fig. 5 shows 
that classifiers trained on the SA− ES selected features consistently outperform 
those trained on top-ranked Shapley features. The best results were achieved 
by the CC classifier using the SA − ES selected features. This performance gap 
between of the SA−ES over SHAP -based feature selection can be attributed to



Explainable Multi-label Classification for Predictive Maintenance 193

Fig. 2. Complete feature importance distribution by class for BR classifier trained on 
the baseline Azure dataset.
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Fig. 3. Complete feature importance distribution by class for CC classifier trained on 
the baseline Azure dataset. 

the number of selected features: SHAP uses only 13 features, while the SA−ES 
selects 18 for CC and BR, and  14  for  PR. Despite that that fewer features are 
selected based on the Shapley values ranking, these results confirm that this 
ranking method is not optimal for feature selection, aligning with findings from 
previous researches [ 6].
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Fig. 4. Complete feature importance distribution by class for PR  classifier trained on 
the baseline Azure dataset. 

Fig. 5. Hamming Loss evaluation scores for Azure dataset between classifiers trained 
on the top ranked features in the sense of SHAP and classifiers trained on a set of 
features selected by the SA − ES. 

4 Conclusions 

In this study, we successfully extend a previous work [ 8] with consistent feature 
selection with the self-adaptive evolutionary strategy (SA-ES) as well as provid-
ing insightful visualizations to enhance understanding of how features are utilized 
in a multi-label anomaly classification task using the Azure predictive mainte-
nance dataset. We applied a well know XAI technique based on the game theory,
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Shapley Additive exPlanations, on three state of the art multi-label classifiers 
namely, Binary Relevance, Classifier Chains and Pruned Set. Our results indicate 
that the features from the Azure dataset can be divided into two groups based 
on their importance as measured by Shapley values. Notably, the group contain-
ing the most important features remains consistent across different classifiers, 
demonstrating classifier-independent stability. Furthermore, the visualizations 
clearly distinguish features that affect only specific types of failures from those 
with broader, mixed influence, offering valuable insights for decision-makers. 

Finally, we trained the classifiers on two feature sets: one selected by the SA− 
ES algorithm and another composed of the most important features according 
to SHAP values. The results validate our approach, as classifiers trained on the 
SA−ES selected set achieved better performance, reflected by a lower Hamming 
Loss. We emphasize that SHAP is not intended for feature selection, despite its 
clear feature importance ranking. While it may be tempting to use SHAP for 
this purpose, our results confirm that the SA−ES selects a more optimal feature 
subset for classification and that SHAP provides, as an XAI tool, meaningful 
visualizations to study feature importance in multi-label predictive maintenance 
tasks. These findings also suggest that SHAP should be avoided as a feature 
selection method, as noted in the literature. 

Overall, our study presents methods for implementing XAI in multi-label 
anomaly classification, enhancing confidence and reliability through clear visu-
alizations. This contributes to the broader adoption of Predictive Maintenance 
in real industrial systems. 
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Abstract. We examine the learning behavior of a shallow and a deep 
convolutional neural network performing classification tasks on subsets 
of two databases. Our investigation focuses on the label, the input, and 
the prediction layer, and we compute the mutual information between 
these layers epoch-wise using Rényi’s matrix-based entropy functional. 
We evaluate the data processing inequality to interpret the learning 
behavior in a consistent information-theoretic framework. Our primary 
goals are to 1) clarify the relation between the two training objectives 
of minimizing the cross-entropy and maximizing the mutual information 
between the label and the prediction layer, 2) gradually switch from the 
first to the second training objective, and 3) interpret the impact of the 
latter transition. One of the main contributions is the proposed novel 
method for regularizing the cross-entropy objective and assessing the 
neural network’s learning activity. 

Keywords: Neural networks · Rényi’s entropy functional · Data 
processing inequality · InfoMax 

1 Introduction 

Recent advances in deep learning provide evidence that with enormous datasets 
and computing power, arbitrary big models could offer unprecedented perfor-
mance. However, this learning process has the well-known downside of over-
fitting. More recent advances aim to eliminate this bias and optimize learning 
using sparse datasets and a shorter training process, also known as one-shot 
learning [ 10, 16]. 

This paper presents an initial study exploiting generic information-theoretic 
functionals to optimize convolutional neural networks (CNNs) and identify model 
saturation over time. The aim is to speed up the training process and mitigate 
over-fitting. 
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In training two types of CNNs in classification tasks on two databases, we 
focus on the label layer Y , the input layer X, and the prediction layer Ŷ and 
epoch-wise compute the mutual information (MI) values I(Y ; X), and  I(Y ; Ŷ ). 
We compare both values to assess the data processing inequality (DPI): 

I(Y ; X) ≥ I(Y ; Ŷ ). (1) 

The DPI is a necessary condition in an information-theoretic framework and 
serves to cross-check the approximated MI values. In [ 19], the authors investigate 
chains of DPIs to optimize the learning behavior of a Multilayer Perceptron 
(MLP). 

We clarify the relation between two training objectives, i.e., minimizing cross-
entropy (CE) and maximizing I(Y ; Ŷ ). Our loss function – a mixture of CE 
and I(Y ; Ŷ ) – depends dynamically on the training epoch, which brings the 
benefit of simultaneously minimizing CE and maximizing I(Y ; Ŷ ). The resulting 
insight could provide an automated trigger for terminating the training and avoid 
potential over-fitting. 

We base our reasoning on two pillars: an approximation method for com-
puting MI values between high-dimensional continuous random variables and a 
specific parameter optimization procedure. 

In Sect. 2, we embed our work into related work, and in Sect. 3, we describe 
the details of the methodology. In Sect. 4, we present the setting of our experi-
ments, and Sect. 5 contains the results of the two training objectives. In Sect. 6, 
we formulate our conclusions and provide an outlook to future work. 

2 Related Work 

The information bottleneck (IB) principle in [ 13], or the dimpled manifold model 
(DMM) in [ 11] are paradigms to explain the learning behavior of deep neural 
networks (DNNs). The first stems from information theory and attributes learn-
ing to the optimal trade-off between compression and predictability. The second 
takes a geometrical perspective. The dimension of an image manifold in a classi-
fication task tends to be much lower than the dimension of the embedding space. 
After a few training epochs, the decision boundary is close to the image mani-
fold, and additional training only causes tiny dimples on the decision boundary 
to bring incorrectly classified data points to the correct side. 

Our study is founded on the framework of information theory. It elucidates 
the learning behavior of a CNN performing a classification task in an early train-
ing phase after transient behavior caused by random initialization has subsided. 

The authors of [ 6] estimate and maximize I(X; Ŷ ) mainly for unsupervised 
learning tasks, i.e., their training objective is Linsker’s InfoMax principle stated 
in [ 7]. They base their Deep InfoMax (DIM) on the Mutual Information Neural 
Estimator (MINE) introduced in [ 1] that provides lower bounds for estimating 
MI values, and the work in [ 8] tightens these bounds. In [ 14], the authors maxi-
mize I(Y ; Ŷ ) by estimating a probability density function (PDF) using a kernel



200 Ch. Zaugg et al.

density and propose I(Y ; Ŷ ) as a regularization term for hinge, squared, logis-
tic and exponential loss functions. In our study, we investigate how maximizing 
I(Y ; Ŷ ) relates to minimizing cross-entropy. 

In [ 4], the authors present Rényi’s matrix-based entropy functional of order 
α and its convergence to the MI as the order α tends to one. The method 
only relies on estimating the kernel width of the radial basis function (RBF) 
and does not require a PDF. The authors of [ 18] estimate the kernel width 
based on Silverman’s rule of thumb [ 12] and use Rényi’s matrix-based entropy 
functional to approximate MI values between various layers of DNNs up to 50′000 
training epochs. In [ 15], the authors optimize the kernel width by maximizing 
the alignment between matrices as proposed in [ 2]. They train the DNNs up to 
5′000 training epochs and elaborate on the compliance of the DPIs. 

Our study, investigating the early training phase of two types of CNNs, aims 
at identifying a learning saturation criterion that could prevent over-fitting. The 
significant fluctuation in the MI values poses a major challenge during that 
phase. Instead of following MINE’s lower bounds, we resorted to Rényi’s matrix-
based entropy functional, which is known to converge. The consistency of the 
DPIs serves as a validation guideline. 

3 Methodology 

3.1 Approximation 

We apply Rényi’s matrix-based entropy functional of order α [ 18] to the  layers  
Y , X, and  ̂Y . Considering a batch a of size N in one of these layers, we compute 
the kernel matrix from the row vectors ai as follows: 

Kij = exp
(

−‖ai − aj‖2 
s2

)
. (2) 

Normalizing the kernel matrix K ensures the data processing inequality (Eq. 1): 

Aij = 
Kij√

Aii ·
√

Ajj 
. (3) 

We compute the contribution of the batch to the entropy Hα(A) using α = 1.01: 

Hα(A) =  
1 

1 − α 
log2 (tr(Aα)) . (4) 

In Eq. 5 and 6, the matrix B corresponds to another layer and is obtained by 
applying Eq. 2 and 3 to the batch b. We approximate the joint entropy Hα(A, B) 
by inserting the trace normalized Hadamard product of A and B: 

Hα(A, B) =  Hα

(
A ◦ B 

tr(A ◦ B)

)
(5)
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and compute Iα(A; B) as follows: 

Iα(A; B) =  Hα(A) +  Hα(B) − Hα(A, B). (6) 

Averaging over the batches approximates the MI between the layers considered, 
e.g., Y and X, or  Y and Ŷ . 

3.2 Optimal Kernel Width 

Computing the kernel matrix in Eq. 2 requires estimating the kernel width s of 
the RBF. The (i, j)th entry of the label matrix takes the value one if the ith 

and the jth labels in a batch are equal, and zero elsewhere. The label matrix 
captures the clustering of the labels in a batch. 

To make the clustering in another layer resemble as much as possible, Cris-
tianini [ 2] proposes the kernel width s∗ that maximizes the cosine, i.e., the align-
ment between the label and the kernel matrix associated with the other layer. 
Figure 1 illustrates the choice of the optimal kernel width s∗ in our experiments. 

In all of our experiments, we maximize the cosine between the label layer Y 
and kernel matrix of the prediction layer Ŷ . While a CNN learns, the alignment 
increases during training, which makes the optimal kernel width s∗ depend on 
the training epoch. On the other hand, the value of s∗ sets the scale in Eq. 2 for 
computing the MI values. With our tools, we can interpret the learning behavior 
in a consistent information-theoretic framework only during the epochs in which 
s∗ stays within a typical value over a particular observation horizon, e.g., 100 
training epochs in Fig. 1(b). Our experiments reveal that the DPI (cf. Eq. 1) is  
valid during the observation horizon at the beginning of the training. Section 4 

(a) Shallow CNN, MNIST, 50 epochs (b) ResNet18, Fashion-MNIST, 100 epochs 

Fig. 1. Choice of optimal kernel width: We partition the intervals on the abscissa into 
100 equidistant kernel width candidates. Each training epoch is represented with a grey 
curve whose ordinate value is the batch mean of the alignments, i.e., the cosine values 
between the label matrix and the kernel matrix of the prediction layer evaluated at the 
candidate kernel width. The black dots denote the maxima on the grey curves. The 
optimal parameter s∗ is the average of the black dots’ abscissa values.
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describes in more detail both types of CNNs (shallow and ResNet18) and the 
types of databases (MNIST and Fashion-MNIST) we experimented with. 

4 Experiments 

4.1 Data Sets 

We experimented with labeled images of the MNIST [ 3] and the Fashion-MNIST 
[ 17] databases. The examples consist of ten categories, with an image resolution 
(1, 28, 28). In order to keep the computational complexity low in this initial 
study, we extracted rather small balanced subsets of 5’000 training and 1’000 
validation and test examples from these databases. Figure 2 presents random 
samples of 16 labeled images. 

4.2 CNN Architectures 

We study two CNNs architectures, a shallow one and ResNet18 [ 9]. The shallow 
CNN contains four hidden layers. The first two layers perform a convolution 
followed by a max pooling, and the last two are fully connected linear layers. 
A rectified linear (ReLU) activation function terminates each hidden layer. The 
prediction layer, that assigns the label with the highest score to an image, is 
fully connected. The shallow CNN has approximately 44K network parameters. 

(a) MNIST (b) Fashion-MNIST 

Fig. 2. Random samples of the two databases MNIST and Fashion-MNIST, used in 
our experiment, with resolution of (1, 28, 28).
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To contrast the shallow CNN, we also experimented with one type of ResNet. 
The authors in [ 5] partition the layer sequence of a CNN into blocks. Instead 
of training the network parameters of the entire layer sequence, they train the 
parameters of the residual functions assigned to each block. We studied ResNet18 
[ 9] with roughly 200 times as many network parameters as the shallow CNN. In 
the experiments with ResNet, we use images with resolution (3, 224, 224). 

(a) Minimization of CE (b) Maximization ofI(Y ; Ŷ ) 

(c) Minimization of CE (d) Maximization ofI(Y ; Ŷ ) 

Fig. 3. Minimizing CE implies maximizing I(Y ; Ŷ ) on the Fashion-MNIST data. In 
(a), we minimize the CE of the shallow CNN and observe in (b) that I(Y ; Ŷ ) increases. 
In (c), we minimize the CE of ResNet18 and observe in (d) that I(Y ; Ŷ ) increases. The 
results on the MNIST data for both types of networks are similar. 

5 Results 

5.1 Approximate Equivalence 

Our results (see Fig. 3) on the Fashion-MNIST data reveal that minimizing cross-
entropy (CE) maximizes the mutual information I(Y ; Ŷ ) between the label Y
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and the prediction Ŷ layers. This trend holds for the shallow CNN trained over 
50 epochs (cf. Fig. 3ab) and for ResNet18 trained over 100 epochs (cf. Fig. 3cd). 
The grey curves in Fig. 3bd denote I(Y ; X). We observed that the data process-
ing inequality (Eq. 1) is violated once (cf. Fig. 3d), possibly due to a numeric 
instability. The experimental results for the MNIST data are similar. 

(a) Maximization of I(Y ; Ŷ ) (b) Minimization of CE 

(c) Maximization of I(Y ; Ŷ ) (d) Minimization of CE 

Fig. 4. Maximizing I(Y ; Ŷ ) minimizes CE via Eq. 7 on the MNIST data: In (a), we 
maximize I(Y ; Ŷ ) of the shallow CNN and observe in (b) that the CE decreases. In 
(c), we maximize I(Y ; Ŷ ) of ResNet18 and observe in (d) that the CE decreases. The 
results on the Fashion-MNIST data for both types of networks are similar. 

The maximization of I(Y ; Ŷ ) raises the problem of a vanishing gradient for 
both CNNs. To avoid that we use CE as an ignitor, i.e., we introduce a transition 
factor f that depends on the training epoch such that the training objective L 
at epoch = 0  coincides with CE and gradually allows I(Y ; Ŷ ) to gain influence 
as the number of training epochs grows: 

L = f(epoch) · CE − (1 − f(epoch)) · I(Y ; Ŷ ). (7)
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Figure 4 presents the results from minimizing the loss L (Eq. 7) with  
f (epoch) = (1  +  epoch)−0.5 on the MNIST training data. We observed that 
any transition factor f depending on the training epoch that lets L coincide 
with the cross-entropy objective at the beginning of the training and then gen-
tly allows I(Y ; Ŷ ) to gain influence yields a non-vanishing gradient of I(Y ; Ŷ ), 
even though the gradient at epoch = 0  vanishes as Fig. 6ab reveal. Hence, we 
can approximately maximize I(Y ; Ŷ ) and minimize CE in parallel. Figure 4ab 
reflects this for the shallow CNN and Fig. 4cd for ResNet18, respectively. 

5.2 Cross-Entropy Regularization 

We interpret Eq. 7 as a novel method to regularize cross-entropy with the mutual 
information between the label and the prediction layer. In Fig. 5, we illustrate 
the effect of training ResNet18 on MNIST. If we minimize CE, the test loss 
remains above the training loss (see Fig. 5(a)). If we minimize L the test and the 
training loss almost coincide (see Fig. 5(b)). 

5.3 Saturation of I(Y ; Ŷ ) 

Our experiments demonstrate that I(Y ; Ŷ ) increases with ongoing training. In 
an information-theoretic interpretation, the network reduces the uncertainty in 
the prediction layer as much as possible, while observing the label layer. The 
saturation of I(Y ; Ŷ ) is a natural criterion to asses the learning activity. We can 
approximately compute this quantity and its gradient. Figure 6 presents the �2 

norm of the gradient I(Y ; Ŷ ) to characterize the learning of shallow CNN on 
the MNIST data. In Fig. 4(a), we see that I(Y ; Ŷ ) saturates after just a few 
training epochs. The bump in Fig. 6(a) corroborates the observation. ResNet18 

(a) Minimization of CE (b) Minimization of L 

Fig. 5. Regularization property on the MNIST data. In (a), we minimize CE and 
observe a persistent gap between training and test loss. In (b), we minimize L according 
to Eq. 7 and observe how the gap closes. The results on the Fashion-MNIST data for 
both types of networks are similar.
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(a) I (Y ; Ŷ ) (b) I (Y ; Ŷ ) 

Fig. 6. The gradient of I(Y ; Ŷ ) in training CNNs with L according to Eq. 7. In (a),  
the gradient of I(Y ; Ŷ ) quickly vanishes for the shallow CNN trained on the MNIST 
data. The result is consistent with a fast saturation of I(Y ; Ŷ ) in Fig. 4(a), revealing 
that learning has come to an end. In (b), the gradient of I(Y ; Ŷ ) slowly decreases for 
ResNet18 trained on the Fashion-MNIST data and keeps updating I(Y ; Ŷ ), revealing 
that learning goes on. 

on Fashion-MNIST shows a more extended learning activity in Fig. 4(c), and 
Fig. 6(b) shows its potential for additional learning. 

6 Conclusion and Future Work 

Using Rényi’s matrix-based entropy functional to approximate I(Y ; Ŷ ) causes 
its gradient to vanish. We overcome this difficulty by leveraging cross-entropy as 
an ignitor, as we propose in Eq. 7. Our results confirm the interpretation of the 
second term in Eq. 7 as regularization of cross-entropy. We have a similar result 
for a different loss function as the authors of [ 14]. The key difference is that our 
regularization depends dynamically on the training epoch. If we minimize the 
loss according to formula Eq. 7, we simultaneously reduce the cross-entropy and 
increase I(Y ; Ŷ ). Maximizing I(Y ; Ŷ ) only minimizes the difference between the 
label and prediction distributions and ignores the quality of the representations 
in the layers. 

With our method, we can observe CNNs’ learning behavior at the beginning 
of the training phase in a consistent information theoretical framework. Using the 
mutual information between the label and the prediction layer is a novel cross-
entropy regularization method that could mitigate over-fitting. Future work will 
investigate the proposed regularization’s impact on the generalization property 
with larger data sets and clarify the role of the ad-hoc defined transition factor 
in (Eq. 7). 
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Abstract. The response to synchronization is a phenomenon observed 
in several firefly species, where male ensembles synchronize their rhyth-
mic flashes by triggering a response from females which ends the 
courtship process. In this work, we present a robotic implementation of 
this phenomenon by using a team of static e-puck2 robots that integrate 
oscillatory dynamics to mimic the flashing rhythm of the fireflies. To this 
end, robots communicate with each other via infrared (IR) and follow 
a distributed control law. They are divided into two groups: one repre-
senting the male population with bursting dynamics and the other rep-
resenting females with non-bursting behavior. Our experimental results 
demonstrate that response to synchronization is robust with respect to 
the presence of realistic features such as obstacles and information loss. 
These factors play a significant role in refining the original model and 
enhancing its applicability in real-world scenarios. 

Keywords: Coupled oscillators · bursty oscillators · E-puck robots · 
Synchronization 

1 Introduction 

Synchronization is the phenomenon according to which coupled (similar) self-
sustained oscillators self-organize their rhythms to exhibit an (almost) unison 
rhythm without the need of any external control [ 28]. It is a widespread emerg-
ing phenomenon resulting from the interaction among individual oscillators [ 3, 4]. 
It is found in the synchronous communication in several animals emitting sound 
as frogs [ 1], katydids [ 25] and cicadas [ 11], or communicating by other mechan-
ical signals as in the case of crabs [ 2], just to mention a few. One of the most 
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interesting examples of synchronization in animals is the phenomenon observed 
in several firefly species [ 6]. This has inspired numerous studies focused on mod-
eling fundamental aspects of flashing behavior [ 20, 22, 26] or designing electronic 
circuits that mimic such behavior [ 12, 17]. Although simultaneous firefly flash-
ing is a paradigmatic example of synchronization [ 5, 8, 32, 34] and is related to 
mating and courtship [ 5, 10, 18], most of the research focused on male synchro-
nization as the main factor of courtship, and few works considered the role of the 
female [ 9, 24, 29]. In some works, flash emission from females has been studied as 
predatory behavior to chase males of other species [ 19, 38]. Other studies have 
explored the female response to controlled flash sequences that mimic the flash-
ing pattern of conspecific males [ 7, 21, 23], revealing that females are sensitive to 
male signals, i.e., the female response is triggered or enhanced by male synchro-
nization. This phenomenon is known as the response to synchronization [ 31]. 

This phenomenon is present in several firefly species in which the male and 
female rhythmic features might be quite different [ 14, 33], among these species 
there is the genus Photinus carolinus [ 13]. Firefly courtship in several species 
consists thus of male synchronization followed by the female response, whose 
flashing pattern might exhibit simultaneous flashing or some other ordered flash-
ing patterns. It is noteworthy to point out that groups of females cannot give 
rise to ordered flashing patterns without the presence of males. 

The response to synchronization is described by the mathematical model 
discussed in [ 30] which considers dissimilar oscillators, one type of which is not 
capable of synchronizing without the presence of the second group. The purpose 
of this work is the experimental validation of this model using a team of e-
puck2 robots. The robotic implementation, indeed, allows for testing the model’s 
robustness against real-world factors such as message loss and the presence of 
obstacles that may affect neighborhood detection. 

Our approach aligns with previous studies that implemented mathematical 
models of complex systems using robots, such as kilobots for naming game [ 37], 
or Elisa-3 robots for exploring collective dynamics through decentralized con-
trol [ 35, 36]. In this context, synchronization has been explored under various 
scenarios. For instance, [ 16] explores a swarm of synchronized robots emitting 
pulses during navigation, with robots near a target increasing their oscillation 
frequency to induce the others to follow them. Another example is [ 27] which  
investigates synchronization in mobile pulse-coupled oscillators inspired by fire-
flies behavior, revealing that synchronization behaviors depend on agent speed 
and interaction parameters, leading to slow, fast, or inhibited synchronization 
regimes. Additionally, [ 35] considers a system of randomly moving robots, each 
integrating a Rössler oscillator and coupled with nearby units to reach synchro-
nization. 

For the purpose of this work, each robot will be endowed with an internal 
dynamic describing a non-smooth oscillator “producing a flash” during the dis-
charging stage that enables communication with other robots and consequently 
mimics the flashing behavior of a Photinus carolinus firefly male or female. We 
show that interacting “male” robots are able to synchronize while interacting
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Fig. 1. (a) The e-puck2 robot. (b) The experimental setup. 

“female” robots cannot; however, when the “females” are mingled with the “male” 
robots, the former can respond to the synchronized signal received by the males 
and produce regular temporal patterns. Then, the experimental results are com-
pared and complemented with the analysis of the non-smooth differential equa-
tions model implemented to describe the interaction of simulated populations of 
“male” and “female” robots whose internal dynamics mimic the firefly pulsating 
pattern. As a first preliminary investigation of the experimental setup and the 
role of the model parameters, we decided to keep the robots at fixed positions. 
The more general framework of moving robots will be presented in a forthcoming 
companion paper. 

A relevant result of our work is that realistic conditions do not impede the 
response to synchronization phenomenon, proving the robustness of the model. 
In addition, the findings from our work might endow the model with essential 
aspects for more realistic situations. The latter can be useful for practical appli-
cations and for improving simulation features. 

The paper is organized as follows. In Sect. 2, we describe the basic charac-
teristics of the robots and the experimental setup. The model, its features, and 
its implementation in e-puck robots are detailed in Sects. 3 and 4. The experi-
mental results and their interpretation are given in Sect. 5 and finally, we give 
the conclusions and perspectives of the work. 

2 Description of the Robots and Experimental Setup 

The experiments have been carried out using e-puck2 robots equipped with 
the Pi-puck extension (see https://www.gctronic.com/e-puck2.php). Each of 
these robots has a cylindrical body characterized by a diameter of d = 7  [cm], 
a height of  h = 5.5 [cm], and  a weight of  w = 150 [g]. It can move 
on a flat surface using a differential drive system with two wheels powered 
by stepper motors. Each robot is equipped with several sensors, shown in 
Fig. 1(a). For the experiment described in this paper, we only use the range 
and bearing board (more details at https://www.gctronic.com/doc/index.php? 
title=Others_Extensions#Range_and_bearing). This is a circular board fea-
turing 12 IR emitters and 12 IR receivers uniformly distributed along its cir-
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cumference, providing a decentralized communication system based on infrared 
technology with frequency modulation. This allows the robots to send messages 
of two bytes at a frequency of approximately 40 [Hz] and to determine the range 
and bearing of the transmitter at distances of up to about dM = 1  [m], which 
can be tuned by adjusting the transmission power of the infrared transmitters. 

The experimental setup, shown in Fig. 1(b), consists of N robots placed in 
an arena of hexagonal shape, with each side measuring l = 60  [cm]. The setup 
also includes a local computer that communicates with the robots via WiFi to 
initiate experiments and collect data from them at the end of each experiment. 

3 The Model 

In [ 30], both male and female fireflies are modeled as oscillators that alternate 
between an active stage, during which they oscillate, and a resting stage, dur-
ing which they remain inactive and do not respond to external inputs. Males 
are represented by bursting oscillators (BOs), which exhibit a series of rapid 
oscillations (bursts of spikes) for each active stage, while females are modeled 
as non-bursting oscillators (NBOs), showing a single oscillation per active stage. 
Each oscillation consists of a charge and discharge stage whose duration is influ-
enced by interactions with other units. However, the resting stage has a constant 
duration as it is unaffected by external interactions. 

The dynamics of each isolated oscillator i is characterized by an internal vari-
able vi(t), which increases until Vu = 2 3 VM , decreases until Vl = 1 3 VM , or remains  
constant at Vl during the charging, discharging, or resting stages, respectively, 
where VM is a constant value. This variable is complemented by the binary 
function yi(t; ni) that determines the type of oscillator by ni (number of spikes 
per burst) and its stage: active when yi(t; ni) = 1, resting when yi(t; ni) = 0. 
Specifically, the dynamics is described by the following equations: 

v̇i(t) =
[
ln 2 
Tc,i 

(VM − vi(t)) εi(t) − ln 2 
Td,i 

vi(t) (1  − εi(t))
]

yi(t; ni) 

yi(t; ni) =
∑Mi(t) 

k=0 
[H(t − kTp,i − ΔΦi) − H(t − (k + 1)Tp,i + Ts,i − ΔΦi)] 

(1) 
where Tp,i is the total duration of the phrase (complete cycle), Mi(t) is an integer 
obtained from the integer division of t by Tp,i (in other words, the number 
of considered phrases), H is the Heaviside step function, and ΔΦi is a phase 
delay that plays the role of an initial condition. The parameters Tc,i, Td,i, and  
Ts,i indicate the duration of the charging, discharging, and resting stages and 
determine the value of the phrase as follows: Tp,i = Ts,i + ni(Tc,i + Td,i). These  
parameters, illustrated in Fig. 2, assume different values depending on the type of 
oscillator. For BOs, the durations of the phrase, as well as the resting, charging, 
and discharging stages, are denoted as Tp,m, Ts,m, Tc,m, and  Td,m, respectively. In 
the case of NBOs, these parameters are instead given by Tp,f , Ts,f , Tc,f , and  Td,f . 
However, the primary distinction between the two types of oscillator lies in the 
value of ni ∈ N, which  is  nm > 1 for BOs and 1 for NBOs. Consequently, given
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Fig. 2. Dynamics of a BO (a) and the corresponding evolution of εi(t) (c). Dynamics 
of a NBO (b) and the corresponding evolution of εi(t) (d). 

the dependence of Tp,i on ni, the dynamics of the oscillators strongly depend on 
the number of spikes per burst. In summary, vi(t) expresses the spiking dynamics, 
while yi(t; ni) describes the difference between BOs and NBOs through the fact 
that ni is different among them, and enables the existence of the resting time 
Ts,i. 

Going in-depth on the dynamical description, during the active stage, the 
dynamic vi(t) is given by two terms: the first ruling the charging stage, identified 
by εi(t) = 1, and the second one regulating the discharging term identified by
εi(t) = 0. The binary variable εi(t) determines thus if the active oscillator is 
charging or discharging. The temporal evolution of εi(t) is given by:

εi(t+) = εi(t) − εi(t)H(vi(t) − Vu) + (1  − εi(t))H(Vl − vi(t)), (2) 

which indicates that εi(t) switches to 0 when vi(t) reaches the upper threshold 
Vu, and  switches  to  1 when vi(t) reaches the lower threshold Vl, and keeps this 
value for Ts,i time units, i.e., for all t+ ∈ [t, t + Ts,i]. 

In Fig. 2, we report the temporal behavior of vi(t) for both an isolated BO 
(Fig. 2(a)) and NBO (Fig. 2(b)) oscillator, together with the binary function
εi(t) and the associated flashing event (Fig. 2(c) for BO and Fig. 2(d) for NBO) 
denoted by a rectangular mark displayed each time a flash is emitted. 

Let Cm, resp.  Cf , be the sets identifying the BOs, resp. the NBOs. When 
N = |Cm| + |Cf | oscillators interact with each other, the dynamical equations 
are modified as follows. Once an oscillator i ∈ Cm, in the active stage, receives 
signals from other units, then the derivative of vi(t) increases. The opposite
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holds true for NBOs, namely once i ∈ Cf in the active stage, the signals from 
the group decrease the derivative of vi(t). This different behavior can be cast 
into the following form for i = 1, . . . , N : 

v̇i(t) =
[
ln 2 
Tc,i 

(VM − vi(t)) εi(t) − ln 2 
Td,i 

vi(t) (1  − εi(t)) + γi(t)
]

zi(t; ni) 

zi(t; ni) =H(t − ΔΦi) +
∑M ′

i (t) 

k=1 
[H(t − tk,i − Ts,i) − H(t − tk,i)] , 

(3) 

where γi(t) is the coupling term, zi(t; ni) determines the oscillator stage when 
coupled (zi(t; ni) = 0  during the resting stage, zi(t; ni) = 1  during the active 
stage) and tk,i is the time instant at which, for the k−th time, the following 
conditions are satisfied: 

(i) mod (ηi(t), ni) = 0  , (ii) vi(t) =  Vl and (iii) εi(t) = 0  . (4) 

with ηi(t) being the number of peaks reached by vi(t) in the time interval [0, t], 
and ni = nm if i ∈ Cm and 1 otherwise. The term M ′

i(t) indicates the number of 
times these three conditions are satisfied in the time interval [0, t]. Notice that 
in this case, the oscillator stage is not determined by the function yi(t; ni) since, 
due to the coupling, the complete cycle of the oscillator no longer has a constant 
duration. The coupling term is expressed as: 

γi(t) =  θiσi

∑N 

j=1 
aij(1 − εj(t)) , (5) 

where σi is the coupling strength, aij , i, j = 1, . . . , N  , are the entries of the 
adjacency matrix of the interaction graph, and θi is a term that assumes the 
value of 1 if i ∈ Cm, −1 otherwise. This models the fact that the coupling term, 
when non-zero and when the oscillator is in the active stage, affects the rate of 
change of vi(t). Specifically, when  i is in the charging stage, Tc,i decreases if i 
is a BO, and increases otherwise. Conversely, when i is in the discharging stage, 
Td,i increases if i is a BO, and decreases otherwise. 

Notice that the coupling is defined in terms of the variable ε(t), in particular 
when εj(t) = 0, i.e., the j-th oscillator is flashing, the latter influences the i-th 
one. Let us observe that in the rest of this work, we assume the interaction 
graph to be undirected and fully connected, namely each robot can potentially 
communicate with all the others. 

In the mathematical model, two scenarios have been considered: one where 
the oscillators are stationary and interact through an unweighted adjacency 
matrix, and another where the oscillators are mobile and interact through a 
weighted time-varying interaction graph, with the weights depending on the dis-
tance between agents [ 15]. In both cases, the coupling strength is uniform across 
all agents, i.e., σi = σ for all i. In this work, we focus on a scenario where the 
units are stationary and interact through an unweighted adjacency matrix, but 
the coupling strength depends on the type of oscillator: σi = σm if i ∈ Cm and 
σi = σf if i ∈ Cf . 

In the following we will focus on the configurations of oscillators given by:
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1. Mutually Coupled NBOs : In this case,  N NBOs interact among themselves. 
2. Mutually Coupled BOs : This configuration considers interacting N BOs. 
3. Leader (BO) - Follower (NBO): In this configuration, both BOs and NBOs are 

present. The BOs are identical but do not interact with other units (σm = 0), 
whereas the NBOs interact among themselves and are influenced by the BOs 
(σf �= 0). Notice that the condition σm = 0  implies that the dynamics of the 
BOs is described by Eq. (1). 

4. Mutually Coupled BOs and NBOs : Here, both BOs and NBOs interact with 
each other and their behavior is governed by Eq. (3). 

In [ 30] it is shown that: BOs can synchronize among them, NBOs cannot for any 
values of σi, and when BOs and NBOs are mingled, BOs can still synchronize 
and their synchronization induces the response of NBOs. 

4 Robotic Implementation 

This section aims to introduce the implementation of the mathematical model (3) 
in the robots and the technical details we had to consider and resolve. 

During the experiments, the robots remain stationary and, based on the 
values of the parameters (θi, σi, Tc,i, Td,i, Ts,i, VM , ni, ΔΦi) loaded from a file 
stored on their memory, they are assigned either to BO, i.e., “male”, or to NBO, 
i.e., “female”. At each time step th = hts (h = 1, 2, . . .), each robot updates its 
state variable by performing an integration step of Eq. (3), by using the 4th-
order Runge-Kutta method with a fixed step size of Δt. The robot then updates 
the value of εi(th) by using Eq. (2), and based on this value, it controls a green 
LED (activated if εi(th) = 0, deactivated otherwise) and broadcast its current 
value of εi(th). Both vi(th) and εi(th) are recorded in a file stored inside the 
memory of each robot, that will be transmitted via Wi-Fi to a computer at the 
end of each experiment, to post-process the produced data. 

To prevent time drift during integration, before starting each experiment, 
the computer sends a file to the robots containing an absolute reference time, 
tref . This ensures that, at the beginning of the experiment, the robots, equipped 
with a universal clock, start their integration process once t ≥ tref . As a result, 
the robots will perform the integration steps at times t = tref + hts for h = 
1, . . . , T  /ts, where  T denotes the total duration of the experiment. 

In the mathematical model, the interaction graph is fully connected. On the 
other hand, in the experiment the neighbor detection relies on local communi-
cation provided by the range & bearing board, with a transmission power set to 
enable communication between robots up to a distance of 40 [cm], to minimize 
battery consumption. Given that the communication system is not immune to 
message loss and message corruption, the neighborhood of the robot i is defined 
as follows: 

Ni(th) =  {j : a valid message from j is received by i in t′ ∈]th−1, th]} 

where “valid” refers to messages that are not corrupted due to interference or 
that do not come from previous time steps or by the robot itself. To ensure the
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reliability of communication, the robots broadcast messages containing infor-
mation that allows the receiving robots to check their validity. Specifically, the 
message, consisting of two bytes, is structured as follows: the most significant 
byte contains the robot ID, i, which helps prevent the receiving robot from 
considering the same neighbor information multiple times during an integration 
step; the least significant byte is divided into 4-bit segments: the upper segment 
containing ri(th) = mod(h, 5), and the lower one containing εi(th). 

Each time a robot i receives a message from another unit j, it performs a set  
of checks, including: 

• verifying that the message is not corrupted (for example, if εj(th) is different 
from 0 or 1 the message is considered corrupted; 

• ensuring that the message comes from the current time step, i.e., ri(th) =  
rj(th); 

• checking that the sender j does not already belong to Ni(th). 

If a message does not meet all these conditions, it will be neglected by the 
receiver. As a result, there is no guarantee that the adjacency matrix describing 
the interaction graph among the robots is time-constant and undirected. Con-
sequently, the value of aij in Eq. (3) becomes time-varying, with aij(th) = 1  if 
and only if j ∈ Ni(th). 

The elementary time step, ts, must be chosen large enough to allow the robots 
to detect their neighbors but at the same time it cannot be too large, as the use 
of the range & bearing board can significantly drain the battery. To determine 
this value, we followed the same methodology adopted in [ 36]. Specifically, we 
conducted experiments by using N = 2  robots communicating at a distance 
d = 15  [cm] and we tested different values of ts. During these experiments, 
robots continuously sent messages, and, at intervals of ts, they recorded a value 
of 1 in a file if a message was received within the interval, or 0 otherwise. These 
files were then post-processed to compute the probability of message reception. 
The outcomes of these experiments are shown in Fig. 3(a), which depicts the 
likelihood of receiving messages as a function of ts. Based on these findings, we 
select ts = 500 [ms] which provides a message reception probability p = 0.85. Let  
us notice that this probability refers to the case in which communication occurs 
between two robots. Indeed, when the number of robots, N , increases, the  value  
of p decreases, see Fig. 3(b) where we set ts = 500 [ms]. We also investigated 
the impact of the distance among the robots on the communication probability. 
For this purpose, we conducted experiments by using N = 2  robots and an 
elementary time step of ts = 500 [ms]; as shown in Fig. 3(c), the probability 
remains constant for distances from d = 10  [cm] to d = 35  [cm], after which it 
starts to decrease, reaching zero at d = 45  [cm]. Let us observe that this behavior 
is expected, given that the transmission power of the robots is configured to allow 
communication up to a maximum distance of approximately 40 [cm].
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Fig. 3. Probability of receiving a non-corrupted message, p, as function of the elemen-
tary time step ts (a), the number of robots N (b), and the distance among robots d 
(c). In panels (a) and (c), N = 2, whereas in panels (b) and (c), ts = 500 [ms]. 

5 Experimental Results 

In this section, we present the results obtained from the experiments conducted 
by using the robotic implementation described in the previous section. Specifi-
cally, we carried out four types of experiments: the first shows that the NBOs are 
not able to synchronize in the absence of BOs; the second demonstrates that BOs 
can achieve synchronization; the third characterizes the response of the NBOs to 
the BOs synchronization in a leader-follower configuration; and the fourth one 
investigates the NBOs response to BOs synchronization in a mutually coupled 
BO-NBO configuration. 

We use the synchronization error, computed separately for BOs and NBOs, 
to evaluate the synchronization among the oscillators: 

δk(t) =  
1 

|Ck|
∑

i,j∈Ck 
j �=i 

|vi(t) − vj(t)| for k ∈ {m, f} , 

δk(t) is small if the BOs, resp. NBOs, exhibit at time t close values of vi. 
The following parameters, based on previous studies involving real fireflies 

[ 31], were used in all experiments: Tc,m = 0.5 [s], Td,m = 0.2 [s], Ts,m = 5.8 [s], 
nm = 6, Tc,f = 6  [s], Td,f = 0.1 [s], Ts,f = 3.9 [s], and Δt = 0.05 [s]. Additionally, 
VM = 9, resulting in Vl = 3  and Vu = 6. For the ODE integration, we used 
Δt �= ts, resulting in two distinct time scales: numerical and physical. 

In the first experiment, lasting T = 1000 [s], N = 2  NBOs interact at a dis-
tance d = 20  [cm]. Each oscillator is initialized to a different initial condition 
and, at each time step th, it integrates the ODE (3) with  σf = 2. Figure 4 shows 
the dynamics of the oscillators and the corresponding flashes, revealing that, 
despite starting from very similar initial conditions, the two oscillators do not 
synchronize. This demonstrates that, as in the mathematical model, NBOs can-
not synchronize on their own, independently from the coupling strength value. 

For the second experiment, a group of N = 6  BOs is arranged in a hexagonal 
formation with a radius dr = 20  [cm], and interact with each other with a 
coupling strength σm = 0.05. The experiment lasts T = 800 [s] and, as shown 
in Fig. 5(a), the system reaches synchronization despite a reception probability
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Fig. 4. Experimental results: 2 NBOs. Dynamics and corresponding flashes of two 
NBOs interacting at a distance of d = 20  [cm]. Despite starting from very close initial 
conditions, the NBOs do not achieve synchronization. 

Fig. 5. Experimental and numerical results: 6 interacting BOs. (a) Dynamics of N = 
6 interacting robots, each exhibiting a bursting oscillator, arranged in a hexagonal 
formation with a radius dr = 20  [cm]. (b) Results obtained from a simulation in which 
a probability of message reception p = 0.5 is considered. In both cases, a coupling 
strength σ = 0.05 has been used. 

estimated to be ∼ 0.5, according to the results shown in Fig. 3(a). We compare 
this result with a numerical simulation where we introduced the parameter p to 
emulate the message loss characterizing the local communication provided by 
the range & bearing board. Specifically, at each time step, the coupling term 
becomes γ′

i(t) =  θiσi

∑N 
j=1 ωij(t) (1  − εj(t)), where  ωij(t) takes the value 1 with 

probability p and 0 otherwise. We can observe (Fig. 5(b)) that the numerical 
results agree with the experimental ones. 

The third set of experiments involves N = 8  oscillators, consisting of 6 BO 
and 2 NBO units. In particular, the BOs are arranged in a hexagonal formation, 
with the NBOs placed at 3 [cm] from the center of the hexagon, facing each 
other. In each experiment, the distance between the center and the vertices of 
the hexagon, denoted by dr, is kept constant but varies across experiments, being 
incrementally increased from one experiment to the next. In each experiment, 
the BOs start from the same initial condition and do not interact with any 
other units (σm = 0). As a result, they maintain synchronization throughout 
the entire experiment. Notice that, in this case, synchronization does not arise
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Fig. 6. Experimental results: 6 BOs (Leaders) and 2 NBOs (Followers). The experi-
ments use the configuration in Fig. 1(b), with BOs arranged in a hexagon formation 
with a radius dr and NBOs placed 3 cm from the center of the hexagon, facing each 
other. (a) Synchronization error of the NBOs as a function of the hexagon radius dr. 
(b) Dynamics and corresponding flashes of the oscillators for dr = 20  [cm], show-
ing that the NBOs respond to synchronization after a short time. (c) Dynamics and 
corresponding flashes of the oscillators for dr = 55  [cm], showing that NBOs do not 
synchronize. 

from coupling, but is due to the fact that the oscillators are identical as they have 
the same initial conditions. The NBOs, on the other hand, interact with each 
other and are susceptible to the BO state, with a coupling strength of σf = 2. 
Figure 6(a) shows the total synchronization error among the NBOs computed 
as the norm of δf (t) over  the time interval

[
4 
5 T, T

]
, i.e., we remove an initial 

transient. We can appreciate a low synchronization error for many values of 
dr, i.e., up to dr = 50  [cm]. For dr = 55  [cm], however, the synchronization 
error is high, indeed the NBOs, being very far from the BOs, do not detect the 
latter. The dynamics of the oscillators and corresponding flashes for dr = 20  
[cm] and for dr = 55  [cm] are shown in Fig. 6(b) and Fig. 6(c), respectively. We 
notice that, for dr = 20  [cm], the NBOs respond to the synchronization and 
synchronize between themselves in a short time. 

The fourth experiment also includes N = 8  oscillators: 6 BOs arranged in 
a hexagonal formation with radius dr = 25  [cm] and 2 NBOs placed at 2 [cm] 
from the center facing each other. We hereby consider a scenario in which BOs 
and NBOs start from different initial conditions and interact among themselves. 
Specifically, the BOs interact with a coupling strength of σm = 0.5, while the 
NBOs have a coupling strength of σf = 2. The response to synchronization 
in NBOs occurs once the BOs synchronize among themselves, i.e., about at 
t ∼ 1000 [s] or 10 bursts of the BOs. Figure 7 shows the time evolution of the 
oscillators state variables and the corresponding flashes.
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Fig. 7. Experimental results: 6 BOs and 2 NBOs. The experiment employs the same 
configuration used for Fig. 6, with  dr = 25  [cm] and the NBOs placed at 2 [cm] from 
the center. The BOs interact with a coupling strength σm = 0.5 and the NBOs with 
σf = 2. Each oscillator starts from different initial conditions. The figure shows the 
time evolution of the oscillators state variables and their corresponding flashes. 

6 Conclusions 

In this work, we used a team of e-puck2 robots to implement and validate the 
mathematical model discussed in [ 30], describing the response to synchronization 
in fireflies. The model considers a heterogeneous system composed of two types of 
oscillators: NBOs, representing females unable to synchronize alone, and BOs, 
representing males capable of achieving synchronization by their own. Specif-
ically, the model focuses on the phenomenon of response to synchronization, 
where NBOs synchronize as a result of their interactions with synchronous BOs, 
demonstrating how heterogeneity can induce coordinated behavior in multi-agent 
systems. 

For robotic implementation, we considered two populations of robots: one 
representing BOs and the other representing NBOs. Such implementation is 
fully distributed as the robots integrate their own dynamics and locally interact 
through the range & bearing board. The experiments explored various configu-
rations. In more detail, using a configuration consisting only of NBOs in absence 
of BOs, we demonstrated that, despite starting from nearly identical initial con-
ditions, they are unable to synchronize on their own. We also tested interacting 
BOs, confirming their ability to achieve synchronization. Additionally, we inves-
tigated both leader-follower (BOs acting on NBOs) and interacting BOs and 
NBOs configurations to study the response of the NBOs to the BO synchro-
nization, proving that the NBOs can synchronize in the presence of the BOs. 
Through our experiments, we reproduced the main features of the mathematical 
model, proving its robustness against real-world factors, including message loss 
during communication or corrupted messages. 

The validation of this model offers insight into practical applications involv-
ing units that are not capable of synchronizing alone. Indeed, the introduction 
of additional units capable of synchronizing could induce synchronization among
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the non-synchronizing units. Although our study focused on static robots, future 
work will extend this investigation by considering mobile robots, allowing us to 
explore the impact of units’ motion on the response to synchronization. Addi-
tionally, future research could investigate the influence of varying the number 
of NBOs and BOs on the synchronization response, by studying how closely the 
observed results reflect real-world behavior. 
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1 Introduction 

The study, understanding, and synthesis of swarm and oscillator dynamics have 
recently attracted considerable attention from researchers. This research primar-
ily aims to enhance our understanding of, and to replicate, the behaviors exhib-
ited by various living systems, including birds, fish, frogs, and social insects. Over 
the last decade, a new class of systems known as mobile systems has emerged, 
characterized by the coupling of internal and spatial dynamics. These systems, 
referred to as swarmalators by O’Keeffe et al. [ 1], merge the dynamics of swarm-
ing with those of oscillators. Numerous studies in this domain have highlighted 
phenomena such as external sinusoidal excitation [ 2], phase transitions [ 3, 4], and 
various other interactions [ 5– 13]. 

Building on the two-dimensional model of swarmalators, Sar et al. devel-
oped a one-dimensional version, demonstrating that random pinning can 
induce chaotic behavior within the system [ 13]. Furthermore, researchers have 
explored this system in various configurations within one-dimensional and two-
dimensional spaces. However, much of the existing research has concentrated on 
the swarmalator model primarily through pairwise interactions. Recently, the 
focus has shifted toward incorporating higher-order interactions within swar-
malator systems to better approximate the dynamics of specific real-world sce-
narios [ 14]. 

To the best of our knowledge, all existing research on swarmalator dynam-
ics has primarily been aimed at identifying new dynamics and transitions 
toward synchronization, while often assuming that particles do not possess self-
propulsion velocities. In this way by not considering memory of their previ-
ous directions of movement, the movement of the oscillators in real space has 
been restricted to rotation in a circle. The attractive and repulsive interactions 
described in the model by O’Keeffe et al. [ 1] play a critical role in the spatial 
mobility of entities. This attractive and repulsive interactions were also argued 
in many studies where some of them highlighted the existence of explosive tran-
sition toward synchronization due to the presence or not of repulsive coupling 
[ 3, 17]. However, incorporating a self-propulsion velocity for each entity in the 
swarmalators dynamics, would more accurately reflect the behavior observed in 
many living systems, capturing their individual responses to external factors and 
adaptations to group movement. 

In this work, we incorporate a non-zero self-propulsion speed to investigate 
its impact on the transition toward a synchronized state. Following this introduc-
tion, we present the studied model in Sect. 2. In Sect. 3, we analyze the numerical 
results, focusing first on the effects of individual self-propulsion speed, followed 
by the effects of group self-propulsion speed. We conclude with a summary of 
our findings. 

2 Model  

Let us consider a model, which has spurred extensive research into swarmala-
tor dynamics, encompassing diverse configurations, coupling mechanisms, and
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emergent behaviors [ 1, 2, 5, 7, 8]. This system is described by Eqs. 1 and 2, which  
capture the core interactions underlying these dynamics. 

ṙi = vi + 
1 
N 

N∑

j �=i 

Fatt (rij) W (θij) − Frep (rij), (1) 

θ̇i = wi + 
K 
N 

N∑

j �=i 

Hatt (θij) G (rij), (2) 

with i, j = 1, . . . , N , where  N denotes the total number of swarmalators; θi 
represents the phase of the internal dynamics of each entity, and ri = (xi, yi) ∈ 
R

2 denotes the spatial coordinate of the ith swarmalator. The parameters vi and 
wi correspond to the velocity and natural frequency of each entity, respectively. 
The spatial attractive and repulsive interactions between entities in the network 
are represented by the functions Fatt and Frep, respectively, while Hatt represents 
the phase interaction between them [ 1, 2]. The influence of the internal dynamics 
on the oscillators’ movement is represented by the functions W and G, which  
also capture the reciprocal effect of movement on internal dynamics. The model 
described by Eqs. 1 and 2 can be reformulated as follows: 

ṙi = αV (t) +  
1 
N 

N∑

j �=i 

rij
‖rij‖ (A + J cos (θij))
︸ ︷︷ ︸

Attractive term 

− B rij

‖rij‖2︸ ︷︷ ︸
Repulsive term 

, (3) 

θ̇i = wi + 
K 
N 

N∑

j �=i 

sin (θij)
‖rij‖ . (4) 

Here, rij = rj − ri and θij = θj − θi. The constant α is chosen within [0, 1]; V (t) is 
defined by Eqs. 5 and 6 depending on the considered hypothesis defined below; A 
and B are set to 1; K represents the phase coupling strength, and the interaction 
between spatial and phase dynamics is modulated by A + J cos (θj − θi). J mea-
sures the influence of phase similarity on spatial attraction. Previous studies on 
swarmalators often simplify their models by assuming both the natural velocity 
vi and natural frequency wi are zero as in Eq. 1. In contrast, we will set wi = 0  
while allowing vi �= 0  and equal to vi = αV (t) in our analysis (Eqs. 5 and 6). 

Assuming zero intrinsic speed fails to accurately describe the dynamics of 
many living systems. For instance, in a flock of birds or a school of fish, the 
intrinsic speed of individuals may vary based on their internal states or external 
factors, such as the search for food or the presence of a predator. In these scenar-
ios, a member may adjust its speed to pursue food or evade threats, leading to 
changes in direction, potential shifts in leadership, and variations in the intrinsic 
speeds of the group members. 

Building on this example, we propose incorporating the effect of each entity’s 
individual speed as it returns to the group after an external disturbance. For 
simplicity, we model each entity’s speed as dependent on its speed from the 
previous moment (see Eq. 6), representing a memory state of its intrinsic speed.
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Furthermore, interactions among entities within their collective dynamics 
have enabled us to define an additional form of speed, the “group speed” vg 
(see Eq. 5). This group speed characterizes each entity’s tendency to return to 
the collective movement pattern established prior to an external disturbance, 
facilitating coordinated movement and minimizing collision risk. 

The two hypotheses formulated above allow us to examine the influence of 
a group speed vg and an individual speed distribution vp, as defined by Eqs. 5 
and 6. 

– Delayed group velocity 

V (t) =  vg = 〈ṙi(t − Δt)〉i=1...N (5) 

– Delayed individual velocity 

V (t) =  vp = ṙi(t − Δt) (6)

〈...〉 represents the time average, and Δt denotes the constant time delay, set 
equal to the integration step (Δt = dt = 0.1) for simplicity. Initially, all entities 
begin with zero velocity. 

We will then analyze how these different choices of natural speeds affect the 
overall dynamics of the swarmalator network, as well as their potential influence 
on the network’s progression toward phase synchronization. 

3 Numerical Results 

To analyze our model’s dynamics, we simulated a network of 50 nodes using 
the fourth-order Runge-Kutta method with a time step of dt = 0.1. Initial spa-
tial positions is randomly assigned from a uniform distribution over [−1, 1], and  
internal phases is initialized within [−π, π]. Each solution is computed over 106 
iterations. In this section, we examine the effects of both individual and group 
speed distributions on the network dynamics and further investigate how the 
choice of initial conditions influences the balance between attractive and repul-
sive interactions. 

3.1 Effect of Group Velocity to the Route to Phase Synchronized 
State. 

Let us consider in this initial case that the natural velocity at time t is uniform 
and corresponds to the average of velocities of all elements at time t − Δt, as  
described by Eq. 5. The dynamics of the system are governed by Eqs. 3 and 4. 

Based on this assumption, Fig. 1 presents the transition from the static wing 
state to a static phase-synchronized state. The figure illustrates this progression 
through snapshots, emphasizing the repulsive and attractive interactions that 
drive one agent to behave as a solitary wave or “soliton”. In these snapshots,
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we observe various transitional states preceding static phase synchronization. 
These transitions reveal that synchronization is achieved through a balance of 
competing forces: repulsive interactions that foster the formation of an active 
solitary node (AN) and attractive interactions that pull this node back toward 
the group, resulting in stable phase synchronization. 

Fig. 1. Snapshots of states showing the evolution toward synchronization throught the 
attractive-repulsive challenge with the existence of active node (AN) when the delayed 
group velocity is applied. (a) Static wing state; (b, c) repulsion between active node 
(AN) and the static sync group; (d) attraction between AN with the static sync group; 
(e) Static phase sync (SPS). Plotted for J = 1, K  = 0.0004 and α = 0.3. The black 
arrow indicate the sens of displacement of both active node (AN) and the group (see 
movie 1 in the supplementary material [ 15]). 

Figure 1(a) illustrates the creation of a solitary node at time t = 17490, 
driven by the repulsive interaction. When this repulsive force dominates over 
the attractive interaction, the solitary node moves away from the rest of the 
group, as seen in the transition from stages 1 to 2 (i.e., Figs. 1(b) and 1(c)). 
Stage 3, highlighted in Fig. 1(d), demonstrates the return of the solitary node 
to the group. This stage is characterized by the predominance of the attractive
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interaction over the repulsive one between the active node and the other elements 
in the network (see Fig. 3). 

Fig. 2. Time evolution of the mean radius of all the nodes when the delayed group 
velocity is applied. The black curve represents the active node (AN). Plotted for J = 
1, K  = 0.0004 and α = 0.3. 

To better illustrate the challenge of attractive and repulsive interactions, we 
represent in Fig. 2 the relative distance of mutual interaction, di (see Eq. 7), 
between the elements of the network. This figure highlights four distinct regions 
(D1 to D4) corresponding to stages 1 to 4 of Fig. 1. 

di(t) =
√

x2 
i (t) +  y2 

i (t) (7) 

At the initial moment in region D1, the elements are distributed randomly, 
resulting in a relative distance di whose average value is so small (but not equal 
to zero). During this time, the attractive and repulsive interactions largely com-
pensate for each other (Frep � Fatt), with a slight dominance of the attractive 
interaction occurring after t = 28970 (Fatt ≥ Frep), as indicated by the blue 
curve in Fig. 3. 

In region D2 (stage 2 in Fig. 1(b,c)), we observe the onset of dominance by 
the repulsive interaction of the active element, represented by the red curve 
in Fig. 3, where  Frep > Fatt. This shift is characterized by an increase in the 
relative distance di of the active element from the rest of the group (see Fig. 2). 
The change in concavity of the relative distance observed in region D3 suggests 
an imminent shift in dominance between the two interaction forces, similar to 
what we noted in D2. Specifically, the repulsive force continues to prevail in 
D3, maintaining the relationship Frep > Fatt, as illustrated in the zoomed-in 
view of Fig. 3. However, approaching region D4, we witness a tendency for the 
active node (AN) to be attracted toward the rest of the group, as depicted in 
Fig. 1(d). This indicates a transition to a dominance of the attractive force over 
the repulsive force, where Fatt > Frep.
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Fig. 3. Time evolution of the mean of the interactions suggested by the active node 
(AN) when the delayed group velocity is applied. The red color indicates the repulsive 
interaction while the blue one represents the attractive interaction between the active 
node and the other elements. Plotted for J = 1, K  = 0.0004 and α = 0.3. (Color figure  
online) 

In addition to the evolutions illustrated in Figs. 1 and 2, it is important to 
highlight that during the transition toward static phase synchronization, the 
active node demonstrates distinct internal phase dynamics across regions D1 to 
D3 (see Fig. 4(a)). Notably, the entire group maintains a consistent phase dif-
ference of 2π between regions D2 and D3, which is indicative of phase synchro-
nization. However, the active node only achieves a phase difference of either zero 
or 2π starting from region D4. Conversely, the evaluation of the internal phase 
energy Hi [ 16] between the entities reveals a direct relationship with the relative 
distance of interaction di between the active node and the group. Specifically, as 
the distance di increases, the internal phase energy Hi also increases, and con-
versely, it decreases as di decreases. Notably, the internal phase energy stabilizes 

Fig. 4. Time evolution showing transition to static phase synchronization. (a) The 
internal phase dynamic θi of each element. (b) The internal phase energy Hi of each 
element. Plotted for J = 1, K  = 0.0004 and α = 0.3.
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once synchronization is achieved among the internal phases of the entities, as 
illustrated in Fig. 4(b). 

The increase in internal phase energy Hi with the relative distance di between 
the active node and the group can be attributed to several factors. As the dis-
tance increases, the internal phase energy often rises due to the dominance of 
repulsive forces over attractive ones, resulting in a loss of cohesion and stability 
within the system. This greater separation leads to increased phase differences, 
which disrupts synchronization and raises the energetic costs associated with 
rejoining the group. Additionally, the effective strength of interactions typically 
diminishes with distance, creating energy barriers that the active node must 
overcome to synchronize again. Overall, these dynamics reflect the underlying 
physical principles governing the interactions within the system, where both 
individual and collective behaviors significantly influence the energy landscape. 

3.2 Distributed Velocity Effect on the Transition to Phase 
Synchronization 

Let us now examine the impact of a delayed individual speed distribution on the 
transition to synchronization. Given that the function V (t) in Eq. 3 is defined 
by Eq. 6, we find that similar to the effects of delayed group speeds, this delayed 
distribution significantly influences not only the transition to synchronization 
but also the type of synchronization achieved. The snapshots in Fig. 5 show 
the different transitional states leading to the synchronization state, where we 
observe a rotational behavior among the synchronized entities. Thus, by gener-
ating the initial conditions as seen in Fig. 5(a), we witness the formation of a 
compact group and a solitary or active node (AN), characteristic of a dominant 
repulsive interaction (Fig. 5(b)). In Figs. 5(c) and (d), we observe a repulsive 
effect between the active node and the group of entities (shown by the opposite 
black arrow). This repulsion is accompanied by the dominance of the repulsive 
interaction force over the attractive one (Frep > Fatt), as seen in Fig. 6(a) within 
region R2. 

This dominance is also accompanied by an increase in the interaction distance 
of the active node relative to the other elements in region R2 of Fig. 6(b), followed 
by a decrease in this distance as it approaches region R3. Unlike in the case of 
delayed group speed, the return of the active node here depends not only on 
a dominant attractive interaction (Fatt > Frep) in region R3 but also on the 
presence of a constant spatial phase difference, Δφij = |φj − φi|, between the 
active node and the oscillating group. This search for a constant phase difference 
can be observed in the  continuous  movement  of  the active node in the  opposite  
direction to the rotating group (indicate by the blue arrow in Fig. 5(e) and (f)). 
However, in Fig. 5(g), we observe an attraction and penetration of the active node 
into the rest of the group, with a tangential orientation to the constant rotational 
movement, leading to the achievement of rotating phase synchronization (RPS) 
as  shown in Fig.  5(h).
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Fig. 5. Snapshots of states showing the evolution toward synchronization throught the 
attractive-repulsive challenge with the existence of active node (AN) when the delayed 
individual velocity is applied. (a) Initial distribution of entities; (b) Repulsion with 
creation of active node (AN); (c, d) Repulsion between active node (AN) and the 
dynamic sync group; (e, f, g) Attraction between AN with the dynamic sync group; 
(h) Rotational phase sync (RPS). Plotted for J = 1, K  = 0.0008 and α = 1, the bleu 
arrow indicate the sens on displacement of the active node (AN) while the red arrow 
indicate the sens of rotation of the group (see movie 2 in the supplementary material 
[ 15]). 

We can conclude that achieving a synchronized state, whether under delayed 
individual speeds or delayed group speeds, requires navigating a simultaneous 
tension between attractive and repulsive interactions.
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Fig. 6. Time evolution showing the transition to a static phase synchronization when 
the delayed individual velocity is applied. (a) Interactions, the red color indicates the 
repulsive interaction while the blue one represents the attractive one between the active 
node and the other elements; (b) The mean radius of the nodes (the black curve is for 
the active node (AN)). Plotted for J = 1, K  = 0.0008 and α = 1. (Color figure online) 

3.3 Initial Condition Dependence on the Existence 
of Attractive-Repulsive Challenge 

The synchronization transitions observed above for different speed distributions 
underscore the significant impact of non-zero speed distribution on swarmalator 
dynamics. However, these transitions appear to be highly sensitive to the choice 
of initial conditions. Specifically, for a given set of initial conditions, we found 
that the occurrence of synchronization transitions-and the resulting balance of 
attractive and repulsive interactions-depends strongly on the initial phase con-
figuration of the entities. 

Alternatively, it has been observed that modifying the initial phase condition 
of the active node alone can successfully adjust its behavior. In other words, 
this approach enables effective propagation of the phenomenon to the desired 
element. However, changes to the initial spatial conditions have no impact on 
the occurrence or progression of this transition toward synchronization. 

To extend our observation, we applied perturbations ε1 and ε2 to the initial 
spatial conditions and internal phases, as given in Eqs. 8 and 9. 

ri = ri(0) + ε1 (8) 

θi = θi(0) + ε2 (9) 

By simultaneously varying ε1 and ε2 in the context of delayed group speed, we 
find that specific conditions can reveal the presence or absence of an attractive-
repulsive dynamic between the active node and the network as a whole. Figure 7 
illustrates the domains of existence (E) or non-existence (NE) of synchronization 
transitions under this dynamic, represented in cyan and blue, respectively. Our 
observations indicate that perturbations in the spatial variable have minimal
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Fig. 7. Domain of existence (E) and non-existence (NE) of a transition to synchroniza-
tion with attractive-repulsive challenge. Plotted for J = 1;  K = 0.0004 and α = 0.3. 

influence on the presence of interaction conflicts. Specifically, applying pertur-
bations within the range ε1 ∈ [−0.1, 0.1] does not alter the synchronization tran-
sition. However, perturbations in the internal phase variable ε2 have a notable 
impact: as ε2 increases from 0 to 0.05, it promotes a synchronization transition 
featuring an attractive-repulsive dynamic, provided that ε2 ≤ 0.04. Beyond this 
threshold, when ε2 > 0.04, this transition ceases to exist. 

4 Conclusion 

In this study, we investigated the transition to synchronization in a swarmala-
tor system influenced by non-zero individual speeds, an area that has received 
less attention in previous research. We focused on how these non-zero speeds 
affect synchronization dynamics, addressing two distinct formulations. First, we 
examined the scenario where the speed of an element at time t is dependent on 
the average speed at time t − Δt, as defined by Eq. 5. Our findings indicate that 
the transition to synchronization is characterized by a consecutive emergence of 
attractive and repulsive interactions. This dynamic results in an increase in the 
internal phase energy of the active node (AN) and culminates in a static phase 
synchronization state. In our second approach, we explored the dependency of 
an entity’s speed at the present time t on its speed at the previous time t − Δt, 
as described by Eq. 6. This formulation introduces a memory component to the 
behavior of the node. Here, we identified a novel state of dynamic synchroniza-
tion termed Rotational Phase Synchronization (RPS), which is preceded by a 
transition that also highlights the attractive-repulsive challenge. Furthermore, 
we emphasized the significance of initial conditions on the type of transition 
to synchronization, establishing a domain of existence or non-existence for this 
behavior. Investigating how initial conditions can influence the number of entities 
exhibiting this synchronization could provide deeper insights into the dynamics 
of living systems, such as those observed in flocks of birds or schools of fish.
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This line of inquiry presents a promising avenue for future research, as it may 
enhance our understanding of collective behaviors in biological systems. 
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Abstract. DNA nanotechnology has evolved over the past three decades 
into a promising field, providing programmable molecular building blocks 
for various applications in biotechnology and synthetic biology. We devel-
oped a modular “plug and play” table to explore and optimise various 
neural network components and evaluated their performance through 
simulations. We employ chemical reaction network models to simulate 
these components, revealing insights into their compatibility and perfor-
mance metrics. Our findings highlight the impact of architectural choices 
on network functionality and suggest pathways for future advancements. 
Ultimately, this research emphasises the potential of scalable, in-vivo bio-
logical neural networks capable of online learning, opening new avenues 
for applications in biotechnology, molecular diagnostics, and synthetic 
biology. 

1 Introduction 

Since its inception over 30 years ago [ 1, 5], DNA nanotechnology has blossomed 
into a vibrant research domain. It offers programmable building blocks for molec-
ular construction, computing, sensing, and actuation, with a wide range of 
promising applications in biotechnology, smart materials, environmental mon-
itoring, molecular diagnostics, and therapeutics [ 6, 10, 15, 21]. 

Complementing the toolkit of Synthetic Biology with nucleic acid nanotech-
nology offers a broad spectrum of potential advantages. For instance, as detailed 
below, DNA nanocircuits can implement arbitrary chemical reaction systems 
that are not limited by the on/off dynamics of typical gene regulation mecha-
nisms [ 16]. These circuits can consist of dozens to hundreds of independently 
interacting strands, far surpassing the number of transcription factors available 
to synthetic biologists. Moreover, because the function of these circuits arises 
from the interactions of nucleic acids, they are expected to impose significantly 
less burden on host cells compared to mechanisms that necessitate the transla-
tion of regulatory proteins [ 18]. 

Therefore, it is crucial to explore methods that enable computation within 
biological systems. Biocompatible models of computation, inspired by biolog-
ical systems, are designed to integrate seamlessly with living organisms and 
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025 
T. Carletti et al. (Eds.): WIVACE 2024, CCIS 2532, pp. 236–249, 2025. 
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biological processes. These paradigms replicate essential features of biological 
systems, such as self-organisation, adaptability, and fault tolerance [ 2]. Inves-
tigating these approaches can uncover areas where molecular computing out-
performs traditional computing models and identify opportunities for effectively 
utilising cellular computation [ 8]. 

Artificial neural networks (ANNs) have emerged as a cornerstone of modern 
machine learning, finding numerous real-world applications [ 20]. Inspired by the 
biological networks of human brains, ANNs are constructed based on various 
mathematical models of neurons [ 9]. Today, deep learning - employing ANNs 
with multiple hidden layers, known as deep ANNs - stands as one of the most 
successful approaches in machine learning. This advancement has significantly 
enhanced applications across various fields, including speech and visual object 
recognition, drug discovery, and genomics [ 11]. While most implementations of 
ANNs have been conducted in silico, there have been notable attempts to explore 
unconventional, non-silicon-based computing platforms for these networks [ 17]. 

In this work, we explore the current implementations and future potentials of 
molecular neural networks as biologically relevant models of computation. These 
are artificial neural networks constructed using engineered biological compo-
nents, designed for use in a wide array of synthetic biology applications. Unlike 
previous studies, our work uniquely focuses on systematically deconstructing 
molecular neural networks into their fundamental components to identify key 
design principles. We decided to break down the current implementations of 
molecular neural networks and performed an investigation to find an idealised 
molecular neural network design. Within this work, we created a modular “plug 
and play” table based on seminal molecular neural network motifs to determine 
whether we could improve the performance of current molecular neural networks. 
By taking a novel modular approach, we provide insights into optimising molecu-
lar neural networks for greater efficiency and scalability. We explore their future 
possibilities as well as the challenges that need to be addressed to successfully 
develop a scalable in vivo biological neural network capable of online learning. 

2 Chemical Perceptron Designs 

A perceptron is the basic unit of a neural network and an algorithm used for 
supervised learning of binary classifiers [ 13]. The perceptron can take in numeri-
cal inputs and weights. The inputs and weights are multiplied together to create 
the weighted sum. The weighted sum is then compared to the threshold value 
and activates depending on if the threshold value is exceeded or not. This allows 
perceptrons to act as binary classifiers which can separate specific inputs into 
two different groups. Perceptrons can be implemented in multiple different ways; 
chemical perceptrons use distinct reagents and mixtures to achieve a similar 
output to computational perceptrons. Most chemical perceptrons’ usual output 
is by using fluorescence or pH because it is easy to observe and measure. The 
implementation of perceptrons in biochemical networks is extremely varied, with 
multiple different design approaches used.
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There are a wide range of designs for chemical multipliers, with varying 
degrees of complexity and effectiveness. In its simplest terms, an input can 
interact with a gate which acts as a multiplier. This reaction approximates a 
scalar multiplication between input and output equilibria, and has simple reac-
tion kinetics (See Fig. 1(a)). Conversely a simple threshold rectifier consists of 
a simple threshold gate and reporter gate (See Fig. 2(f)). This reaction uses the 
hill equation to model sigmoidal behaviour. This allows for the concentration of 
the rectifier gate to determine, the concentration at which the network would 
report a result. 

The seminal “seesaw” gate [ 12] uses a toehold exchange reaction where the 
binding of an input strand releases an output strand and simultaneously opens 
a second toehold. This second toehold is accessible to a fuel strand which re-
releases the input strand back into solution, so that the input acts as a catalyst 
to the overall reaction (See Fig. 1(b)). The output strand in turn can engage in 
downstream seesaw reactions. Basic seesaw gates can be combined larger gates 
to implement particular functions: in particular, the inclusion or omission of 
threshold gates and fuel strands determines the gate function (See Fig. 2(g)). 
Amplifying gates require both fuel and threshold to catalytically release out-
put when the input exceeds the threshold gate concentration. Integrating gates 
require no fuel and threshold, and output the sum of all inputs. Both the mul-
tiplier and rectifier subcomponent of the seesaw network was analysed. 

Cherry et al. [ 7] have expanded the above work by introducing pairwise 
annihilation gates within the rectifier step. These reactions amplify the molec-
ular majority species to the expense of the minorty species (See Fig. 2(j)). The 
authors utilised these gates to implement a winner-takes-all (WTA) network in 
the form of a three-layer, fully connected artificial neural network. The output 
layer displays the classification outcomes for handwritten digits from ‘1’ to ‘9’, 
highlighting the possibility to embed learning within molecular neural networks. 
Therefore, it would be interesting to compare the effectiveness of this rectifier 
compared to their initial rectifier design, as well as the other rectifier designs. 

Another molecular network is the DNA switching circuit (DSC) architecture 
[ 19]. The input interacts with the gate, resulting in the generation of an output 
strand (See Fig. 1(e)). Subsequently, this output strand propagates and reaches 
the next gate. Gates undergo state changes based on the presence of the output 
strand. Consequently, the ON and OFF states are toggled, effectively represent-
ing Yes and No. This flow of the output strand mirrors the passage of a current 
through the gate of the DSCs. This multiplier method may show interesting 
results when combined with other architectures. 

Another specific architecture that is worth investigating is the weight-loop 
and weight-race perceptron designs [ 3]. The weight-loop perceptron operates by 
transforming weights into output species while preserving the weights’ concen-
trations through backup copies. Inputs are inputted into the system, and catalyse 
reactions that consume weights and fuel and produces outputs alongside backup 
weights. After output production, weights are then restored from backups, ensur-
ing no mass is lost. From a functional standpoint, the perceptron operates in a
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sequential manner: it processes an input, generates an output, restores weights, 
and ultimately executes a cleanup phase (See Fig. 1(c)). In the weight-race per-
ceptron model, a departure from the weight-loop approach is seen through the 
reversal of roles for inputs and weights. Here, weights catalyse the input-to-
output reactions directly instead of inputs catalysing weight transformations 
(See Fig. 1(d)). This modification eliminates direct weight comparisons, opting 
instead for a competitive catalyst-based mechanism where weights vie against 
each other in input-to-output reactions. This system relies on rapid annihilation 
of output species, simultaneous weight racing, and comparable rate function 
shapes (See Fig. 2(i)). 

Samaniego et al. [ 14] put forth an interesting architecture based upon 
biomolecular neural networks. Theoretically the system demonstrated that bio-
chemical networks, incorporating mechanisms like sequestration or phosphory-
lation reactions, can effectively mimic ideal ANNs for both linear and nonlinear 
classification tasks (See Fig. 2(h)). The biomolecular reaction network is capable 
of performing the perceptron function at equilibrium, which may show inter-
esting results when combined with other architectures. These circuits exhibit 
potential for reversibility, thereby opening avenues for expanding functionalities 
within established biological circuits. 

Fig. 1. Summary figure of modular molecular neural network multipliers. The coloured 
shapes represent unique species within the system. Each system has many different 
species that can act in different ways. Species with the same colour and shape provide 
similar functions across each modular design. 

3 Chemical Reaction Network Models 

For all multiplier and rectifier components within the last section we have devel-
oped chemical reaction network models of the desired reaction pathways. Mass 
action kinetics were applied to derive ordinary differential equations (ODE’s) of 
these systems. ODE’s were integrated using SciPy version 1.12.0.
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Fig. 2. Summary figure of modular molecular neural network rectifiers. The coloured 
shapes represent unique species within the system. Each system has many different 
species that can act in different ways. Species with the same colour and shape provide 
similar functions across each modular design. (Color figure online) 

This simulation enabled us to analyse all the molecular neural network com-
ponents, measuring the error of the system with each different modular compo-
nent. Through this analysis, we identified which components performed better 
than others. Some modular components were incompatible due to fundamen-
tal differences in their initial designs. Additionally, certain components required 
modifications, such as the addition of more species, to function together. As a 
result, while these system worked, they could not be truly considered modular 
due to these necessary changes. 

To fairly compare the components, we decided to create a standardised result 
network. Specifically, we developed a two-input network capable of encoding both 
positive and negative weights. This network would only produce an output when 
the weighted input exceeded the rectifier’s threshold value. Under specific initial 
conditions, the network is expected to generate certain results. By observing 
how the modular components cause deviations from these expected values, we 
can determine the effectiveness of each component in affecting the network’s 
performance. Additionally, this network enabled us to compare input species 
and determine which output species would be produced. This provided another 
method to evaluate how the network’s performance deviated from the expected 
results. These metrics were crucial in gauging the compatibility of component 
subfunctions based on their ability to produce the anticipated output. 

The “plug and play” table references the proposed neural network (NN) 
designs. The “seesaw” gate, introduced by Qian et al. [ 12], uses a toehold 
exchange reaction for catalytic input and downstream reactions. This was 
expanded by Cherry et al. [ 7] with pairwise annihilation gates to implement
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a winner-takes-all (WTA) network in a complex, three-layer artificial neural 
networks. The DNA switching circuit (DSC) architecture by Wang et al. [ 19] 
features input interactions generating output strands that propagate to subse-
quent gates. The weight-loop and weight-race perceptron designs by Banda et 
al. [ 3] involve weight transformations to output species while maintaining weight 
concentrations, with variations in input and weight roles. Finally, Samaniego 
et al. [ 14] proposed biomolecular neural networks using sequestration or phos-
phorylation reactions to mimic ideal ANNs, performing perceptron functions 
at equilibrium with potential for reversibility and expanded functionalities. We 
decided to use these networks because they represent some of the most seminal 
work within the field, additionally these architectures are likely to be robust 
enough to be broken down and used as modular components within potential 
composable molecular neural networks. 

4 The “Plug and Play” Table 

We created the “plug and play” table to systematically analyse and optimise 
molecular neural networks by breaking down current implementations into their 
fundamental components (See Fig. 3). This modular approach allows for flexibil-
ity in experimenting with different network configurations, facilitating a better 
understanding of how specific changes impact performance. By leveraging famous 
molecular neural network motifs, we aimed to improve upon established designs 
and identify the most effective configurations. In addition to these established 
designs, we attempted to create the simplest molecular neural network. This sim-
ple network prioritised the minimum number of chemical reactions and species, 
based from our own designs. 

We decided to break down these networks into specific subfunctions, primar-
ily the multiplier subfunction (Fig. 1) and the rectifier subfunction (Fig. 2). The 
multiplier subfunction is crucial for applying weights to input signals, allowing 
the network to integrate multiple inputs with varying degrees of influence to 
enable different processing pathways. On the other hand, the rectifier subfunc-
tion serves as an activation function, introducing non-linearity into the network, 
which is essential for modeling complex relationships that linear functions cannot 
capture. This subfunction also helps in thresholding signals, ensuring that only 
significant inputs propagate through the network, similar to the role of rectified 
linear units (ReLU) in ANNs. By incorporating these subfunctions, the molec-
ular neural network gains the ability to effectively weight and integrate inputs 
while introducing necessary non-linear dynamics and signal thresholding, con-
tributing to the development of a robust and efficient system capable of complex 
information processing. 

Throughout our investigation into different multiplier configurations, we 
explored their performance in tandem with various rectifier modules aimed at 
enhancing stability, accuracy, and overall computational efficiency.
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Fig. 3. Summary table of modular molecular neural network subfunctions. Ticks rep-
resent the modular components function together within a network. Dashes represent 
that the modular components function together within a network, but require mod-
ifications. Crosses represent that the modular components would not work within a 
network. 

Initial analysis of the toehold exchange multiplier started by trying to find 
the simplest and smallest number of chemical species and reactions required to 
build a multiplier component. In its simplest terms, an input can interact with a 
gate which acts as a multiplier. This reaction approximates a scalar multiplica-
tion between input and output equilibria, and has simple reaction kinetics. This 
specific multiplier design was investigated mathematically. By checking the mul-
tiplier design by calculating the maths by hand can help improve the validity of 
future model simulations. The toehold exchange multiplier demonstrated robust 
performance when paired with the threshold rectifier, and showed a lower bound 
to the number of species and reactions required. The decoy rectifier showed supe-
rior threshold capabilities, likely due to reporter and threshold interactions. Inte-
gration of the cyclical rectifier with the toe hold exchange multiplier succeeded. 
This multiplier design allowed the cyclical rectifier to find the boundary condi-
tions within the network to show a stable state. Specifically we can see how the 
system rectifies with different initial input conditions and specific weights. The 
3D plot in 4(c) shows the sigmoidal nature of the rectifier when viewed in the 
format as well. The top-down view also shows the boundary in which the input 
with overcome the threshold and show a response. This is what we want to see 
when determining if these modular components work with a molecular network. 
Additionally, both the weighted subtraction rectifier and pairwise annihilation 
rectifier worked and showed the desired performance with the toehold exchange 
multiplier. 

The See-saw multiplier functioned effectively with the decoy rectifier, 
weighted subtraction rectifier, and pairwise annihilation rectifier. These recti-
fiers were most similar to designs used throughout the established literature 
networks. The pairwise annihilator rectifier is of particular interest within this
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Fig. 4. 3D plots comparing how weighted inputs effects the rectification of a molecular 
network. Plot (a): The weight is set to 0.1. The rectifier doesn’t threshold until the 
combined inputs are large. Plot (b): The weight is set to 0.5. The rectifier requires 
smaller concentration of input present to threshold. Plot (c): The weight is set to 
0.9. The rectifier thresholds very quickly with small concentrations of input. There is 
also a period when input values are similar to threshold values and full thresholding 
behaviour isn’t seen. This is due to chemical reactions not being instantaneous. 

modular design of network because it inherently allows for handling negative 
weights and multiple inputs within these networks. Figure 5 shows the two input 
network that can compare the concentration of input species. This network pro-
duces a different output, dependent on the initial conditions of the system. From 
this we see that the greater the difference between two input concentrations 
the faster the “major” input produces the desired output. This behaviour holds 
everywhere, except in the zero-measure space defined by the concentration of 
inputs being equal and the desired output of the pairwise annihilation circuit is 
not specified. However, the cyclical rectifier was incompatible with this multi-
plier, and integrating it with the threshold rectifier required modifications. The 
cyclical rectifier relies on boundary conditions to operate, whereas the See-saw 
multiplier sets the system state based directly on initial conditions. As a result, 
the system lacked a space to reach a stable state. For the threshold rectifier, a 
minor modification involving the addition of more species enabled functionality; 
however, this adjustment compromised its complete modularity. 

The Weight Loop Multiplier functioned successfully, with the decoy rectifier 
performing as intended. Both the weighted subtraction rectifier and the pair-
wise annihilation rectifier achieved the desired performance metrics. The decoy, 
weighted subtraction, and pairwise annihilation rectifiers worked because they 
fit within the perceptron’s cycle of transforming, restoring, and maintaining 
weights. Each successfully processed inputs, produced outputs, and preserved 
weight concentrations as required. This is depicted in Fig. 6, where the effects of 
the multiplier and rectifier are analysed in a two-input network, capturing both
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Fig. 5. Repeating simulations for different input concentrations between 0 and 1. 
Results show that the design is successfully emulating the all-or-none law across all 
concentrations where the input concentrations aren’t equal. 

positive and negative weights. As shown, the network produces an output only 
when the weighted input exceeds the rectifier’s threshold, illustrating the influ-
ence of the multiplier and rectifier on output generation under standardised con-
ditions. However, the cyclical rectifier and threshold rectifier modules required 
modifications to function with this multiplier. The cyclical and threshold rec-
tifier did not fully align with the operational specifications of the weight-loop 
perceptron. Their designs required adjustments to effectively integrate into the 
perceptron’s sequential processing cycle and ensure optimal performance. 

The Weight Race Multiplier successfully functioned with the decoy rectifier, 
while the weighted subtraction rectifier and pairwise annihilation rectifier both 
demonstrated the desired performance outcomes. Figure 7 demonstrates the dis-
tinct effects of a multiplier and a rectifier in a two-input network. It shows how 
the network encodes both positive and negative weights and identifies the condi-
tions under which the weighted input surpasses the rectifier’s threshold, resulting 
in an output. The figure emphasises the similarities among modular components 
across various systems, as comparable outcomes have been observed when con-
trasting the weight loop multiplier with the weighted subtraction rectifier. This 
supports our assertion that these components are modular and can be utilised 
to construct composable molecular neural networks. However, the cyclical and 
threshold rectifier modules required adjustments to fully align with the multi-
plier’s operational specifications. The cyclical and threshold rectifier modules 
required adjustments to optimise their performance. These modifications were 
necessary to ensure that all components functioned cohesively within the system.
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Fig. 6. The distinct effects of a multiplier and rectifier within a two-input network, 
capable of encoding both positive and negative weights, are examined. The network 
generates an output only when the weighted input surpasses the rectifier’s threshold. 
Using standardised initial conditions, the influences of the multiplier and rectifier on 
the output are analysed under varying initial conditions. 

The Switching Gate multiplier successfully demonstrated the effectiveness of 
the decoy rectifier, as well as the weighted subtraction rectifier and threshold 
rectifier, all of which performed as desired. The comparison between the Switch-
ing Gate Multiplier and Decoy Rectifier with an ideal standardised perceptron 
in Fig. 8 reveals how different modular components influence output within a 
standardised two-input network. This network evaluates how variations in mod-
ular components affect performance, with ideal perceptron responses (in orange) 
produced when the weighted inputs surpass the rectifier’s threshold, leading to a 
consistent binary output. However, simulated perceptron responses (in blue) dis-
play deviations from the ideal, which reflect variations in component behavior. 
These deviations highlight how differences in input species and subfunction com-
patibility can significantly impact the network’s overall performance. However, 
the pairwise annihilator modules required modifications to meet the operational 
specifications of the multiplier, thus compromising its modularity. Unfortunately, 
the cyclical rectifier did not function as intended as the cyclical rectifier relies 
on boundary conditions to operate, whereas this multiplier also sets the system 
state based directly on initial conditions.
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Fig. 7. The differential effects of a multiplier and rectifier within a two-input network 
capable of encoding both positive and negative weights. The network produces an out-
put only when the weighted input exceeds the rectifier’s threshold. Under standardised 
initial conditions, the multiplier’s and rectifier’s impacts on the output are observed 
under different initial conditions. 

Fig. 8. Comparison of Switching Gate Multiplier and Decoy Rectifier to an ideal stan-
dardised perceptron. The standardised two-input network evaluates the effect of differ-
ent modular components on the output. Ideal perceptron responses (in orange) occur 
when weighted inputs exceed the rectifier’s threshold, producing the expected binary 
output. Simulated perceptron responses (in blue) demonstrate deviations from ideal 
outputs based on component variation, illustrating the impact of input species and 
subfunction compatibility on performance. (Color figure online)
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5 Discussion 

In summary, our study highlights how architectural design choices significantly 
impact network performance. These findings underscore the importance of 
thoughtful design and the potential for further development to enhance these 
designs and achieve improvements. It is essential to deconstruct the elements 
that contribute to the scalability of molecular neural networks. The “plug and 
play” table represents an advancement in the study of molecular neural networks 
by providing a structured framework for analysing and trying to optimise various 
network configurations. By systematically evaluating well-established molecular 
neural network motifs and introducing novel designs, our work facilitates deeper 
insights into how alterations in specific components can affect overall network 
performance. 

The investigation into different multiplier configurations demonstrated their 
varied performances in conjunction with various rectifier modules. The analy-
sis of the toehold exchange multiplier provided a foundational understanding of 
how minimal chemical reactions can achieve effective scalar multiplication. This 
foundational design offers a low-complexity solution that can be foundational 
for future model simulations. Our findings indicate that pairing the toehold 
exchange multiplier with the threshold rectifier yields strong performance, par-
ticularly in demonstrating the network’s capability to stabilise and accurately 
respond to varying input conditions. Additionally, the exploration of the see-saw 
multiplier revealed its compatibility with established rectifier designs, especially 
the pairwise annihilator rectifier. This design’s ability to handle negative weights 
and multiple inputs is particularly noteworthy, as it expands the network’s func-
tional capabilities. However, challenges arose when integrating the cyclical recti-
fier with the see-saw multiplier, underscoring the importance of initial conditions 
in establishing stable states within the network. Overall, the seesaw architecture 
offered a balanced and efficient approach to addressing challenges in various 
applications with the decoy rectifier playing a role as a highly effective com-
ponent, despite its relative simplicity. The decoy rectifier was one of the most 
reliable components as its simple nature allowed for a wide range of versatility. 
As complexity grew within the molecular neural network, pairwise annihilation 
rectifier became effective in reducing the number of species required in complex 
networks. This combination ensured robust performance and resilience, which 
made the seesaw architecture a preferred choice for simple and complex molec-
ular neural networks. 

Our exploration into molecular neural networks reveals both the promising 
current implementations and the vast future potentials of this innovative technol-
ogy [ 4]. Through dissecting existing designs and attempting to find an idealised 
modular framework, we aimed to enhance the efficiency and functionality of 
these networks. Moving forward, the development of scalable in vivo biological 
neural networks capable of online learning presents a significant challenge yet 
offers unprecedented opportunities for synthetic biology applications. Address-
ing these challenges will be crucial in unlocking the full transformative potential 
of molecular neural networks in the realm of biotechnology and beyond.
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Abstract. Since the seminal work of Seymour Papert, Educational Robotics (ER) 
has spread across various educational curricula. ER embodies Papert’s construc-
tionism which stresses the importance of learning by making things. According 
to Papert and Piaget children construct knowledge through an interactive process 
with the surrounding environment. ER has been widely utilized to foster Compu-
tational Thinking (CT), a strategy of problem solving that borrows concepts from 
computer science. Ironically, Papert warned us about the risk of embracing a spe-
cific (programming) language, as it can favor one way of thinking over another. 
Computer science, however, is a very young discipline, and humans have been 
coping with complex problems for ages without the possibility to resort to it. In 
this paper, we describe two bioinspired approaches which have used robotics to 
teach how to evolve and understand the behavior of groups of robots. The idea we 
support is that by incorporating Complexity Thinking (CxT) into ER, students not 
only learn how to decompose tasks (as in CT) but also how to navigate and adapt 
to complex, decentralized systems, similar to the behavior observed in nature. 
In this way, the aim is to enrich the learning experience by fostering a deeper 
understanding of the underlying dynamics. 

Keywords: Evolutionary Robotics · Swarm Robotics · Educational Robotics 

1 In the Beginning was the Turtle 

1.1 The Turtle 

Educational Robotics (ER) began with the pace of a robotic turtle (see Fig. 1). Designed 
and developed by Seymour Papert and colleagues at MIT in the ‘70s, the Turtle was 
thought of as a ‘transitional object’ [1]. In Papert’s mind, transitional objects or sys-
tems are tangible things able to capture ideas: “the creation of a transitional object, the 
Turtle, that can exist in the child’s environment and make contact with the ideas” [1]. 
In this sense, the tangible system—the robot—embodies ideas, spanning from math to 
physics and the like. Moreover, the role of the Turtle was to complement the educa-
tional programming language LOGO (derived from LISP [2]), developed by Papert and 
colleagues to foster a philosophy of education based on Piaget’s Constructivism, which 
later evolved into Constructionism.
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In fact, Papert had the chance to collaborate with the renowned psychologist Jean 
Piaget—one of the leading proponents of Constructivism. This theory posits that knowl-
edge acquisition occurs through an active process where learners construct new concepts 
based on their prior knowledge and direct experiences [3]. Papert advanced this perspec-
tive by introducing Constructionism, which asserts that the creation of tangible artifacts 
by learners not only serves as a motivational factor but also enables them to observe the 
concrete outcomes of their efforts and reflect on the strategies employed in problem-
solving. In this context, the use of technology, particularly educational robotics, emerges 
as an effective means of supporting the learning process [3, 4]. 

The theory of Constructionism and the learning by design approach, which empha-
size the significance of experiential and active learning, are closely linked to the prin-
ciples of Constructivism [5, 6]. Papert [1] also stressed the importance of fostering 
computational thinking from early childhood, not only to meet the growing demands 
of technological literacy in modern society but also to structure cognitive processes, 
stimulate creativity, and enhance abstract reasoning skills. 

1.2 The Turtle and Its Successors 

Turtle robots, however, represented a significant investment. The Terrapin Inc. model 
featured in BYTE Magazine (Vol. 3, No. 7, p. 71, 1978) was sold for $500, approxi-
mately $2,420 today. Fortunately, in the late ‘90s, Lego developed and distributed a more 
affordable educational robotic kit, based on the work of Papert, and non-incidentally 
named Lego Mindstorms after the successful book of the educational scientist [1]. Soon 
after, educational robotics kits flourished in the market with solutions varying in price 
and complexity, finding fertile soil in STEM (Science, Technology, Engineering and 
Math) education. Lego kits have been effectively used to demonstrate mathematical 
concepts [7], engineering [8], computer programming, geospatial concepts, and more 
[9]. Robotics represents an interdisciplinary field able to appeal to and excite students 
[10]. These aspects explain why this field has attracted so much attention in education. 

1.3 Hard and Soft Skills 

Educational robotics offers a powerful, hands-on approach to teaching complex hard 
and soft skills such as programming and computational thinking. By engaging students 
in the analysis, design, and programming processes inherent in traditional robotics, 
this discipline fosters active learning and deeper understanding. These hard skills are 
crucial for future success and should be nurtured from the earliest stages of education 
[11]. However, to ensure a comprehensive and interdisciplinary learning experience, 
it is essential to integrate these technical skills with the development of soft skills. 
The concept of soft skills is multidimensional, encompassing a broad set of transversal 
abilities that involve emotional, behavioral, and cognitive aspects. Moreover, the use 
of robotics in collaborative settings fosters the development of essential skills such as 
communication, teamwork, and leadership [12–16]. These abilities play a critical role 
in managing interpersonal dynamics and problem-solving, distinguishing them from 
the technical competencies that define hard skills [13, 14]. While the transmission of 
technical knowledge through educational robotics remains a primary objective, this paper
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Fig. 1. Seymour Papert with a turtle robot 

takes a broader perspective, exploring the role of educational robotics as a tool to teach 
how to manage complex systems and the related uncertainty by harnessing their self-
organizing properties. In an era marked by distributed intelligence and complexity, this 
soft skill, i.e., the ability to leverage the peculiar dynamics of such systems, becomes 
crucial [17]. 

1.4 Fostering Complexity Thinking 

By putting the emphasis on coding, many ER applications focus on fostering Compu-
tational Thinking (CT), a problem-solving strategy based on the concepts fundamental 
to computer science [18]. Hence, CT can be viewed as a soft skill notwithstanding the 
overlap with computer programming. In a world full of digital technologies, on one 
hand, we believe that CT is a powerful tool for understanding and learning; on the 
other hand, we strongly believe that thinking devices should embrace complexity, as the 
world is also crowded with complex systems. Denning and Tedre [19] emphasize that 
CT requires specific domain knowledge for its effective application. Conversely, CxT 
enables users of ER based on complex systems to simultaneously acquire management 
skills and domain knowledge, mirroring Piaget’s concept of learners as “little scientists”. 

Holland [20] defines a complex system as an interconnected set of parts able to 
exhibit a property called emergence: the behavior of the system is more than the sum of 
the behavior of the single parts. 

Complexity Thinking (CxT) is based on concepts related to physical and social 
sciences, including dynamic systems, self-organization, adaptive systems, emergence, 
and others. Examples include the behavior of social groups, swarms of insects, school 
of fish, weather patterns, evolution, etc. 

In this paper, we present two applications developed to foster CxT: in the first one, 
we present an Evolutionary Robotics platform to link the digital and physical world:
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Breedbot and its epigons [21, 22]; in the second, the power of a robot swarm as an 
educational tool [23]. 

2 Evolutionary Robotics 

Nature is a forge of problems and solutions, and very often evolution is at the origin 
of both. Evolutionary Robotics (EvR) is inspired by the Darwinian principle of selec-
tive reproduction with mutation of the fittest [24]. The fittest individuals produce more 
offspring than others. This principle, captured by Genetic Algorithms, can be applied 
iteratively to the design of specific behaviors. Humans, long before they understood 
the mechanisms of natural evolution, found a way to harness its power by artificially 
selecting the fittest animals for their own purposes: to produce more milk and wool, or 
to become more docile. 

Evolutionary Robotics (EvR) facilitates the investigation of the interaction between 
artificial organisms and their environment, as well as the emergent behaviors that arise 
from this dynamic relationship. It is based on the premise that organisms, through con-
tinuous interaction with their surroundings, autonomously develop the capacity to struc-
ture their actions in response to adaptive feedback from the environment. The initial 
step involves equipping artificial organisms with a sensorimotor system, comprising 
sensory modules, actuators, and a control architecture—typically an artificial neural 
network—that integrates and regulates their interactions [25]. 

EvR is grounded in the principles of Genetic Algorithms [26]. Each evolutionary 
experiment begins with an initial population of robotic agents, whose defining charac-
teristics—such as control architecture and morphological traits—are encoded within a 
randomly generated artificial genotype. Each genotype undergoes a decoding process, 
mapping it onto its corresponding phenotype. The resulting robotic agents, whether 
physical or simulated, are then deployed within an artificial environment, where their 
emergent behavior is assessed according to a predefined fitness function, established by 
the experimenter. 

The fittest individuals are allowed to generate the next population of robots. Repro-
duction may occur through either asexual or sexual mechanisms. In both cases, the 
Genetic Algorithm duplicates the genotypic information of the parent robot (asexual 
reproduction) or recombines the genetic material from two parent robots (sexual repro-
duction). Throughout this process, genetic operators introduce stochastic modifications 
(mutations) into the offspring’s genotypes, fostering genetic diversity. The progeny of 
the first generation constitutes the second generation of robots, initiating the next cycle 
of evolutionary progression [25]. 

This iterative evolutionary process is repeated over multiple generations, progres-
sively refining the behavioral capabilities of the robotic agents until they exhibit the target 
behaviors specified by the experimenter. The methodology of Evolutionary Robotics can 
be schematically represented as an iterative optimization process that harnesses artificial 
evolution to achieve adaptive robotic behavior [25].
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2.1 Breedbot and Its Epigons 

From an educational perspective, robots can be conceptualized as tools for developing 
complex skills related to STEM disciplines [27]. In this context, robots are meticulously 
designed and programmed, constituting the culmination of an engineering process. Alter-
natively, robots can be envisioned analogously to human beings, as organisms—systems 
that must dynamically adapt to their environment and respond to both external and inter-
nal stimuli, thereby representing complex systems that must be governed [28]. To facil-
itate the development of transversal competencies, including the mastery of complexity, 
Breedbot has been employed. 

Breedbot [11] and its epigons, Brainfarm and Teach E-AI 2C Robotic Farm [29] are  
integrated software/hardware platforms able to connect simulated environments to real 
counterparts. These platforms are designed for the “breeding” of robots and aimed at 
fostering the development of skills in managing complex systems by allowing users to 
set up a custom world, with obstacles and walls and to train/breed robots without writing 
a single line of code. Indeed, no computer programming skills are required. Each robot 
is controlled by an artificial brain (a neural network) whose parameters are encoded into 
a genetic string. Users can iteratively select individuals with the behavior they prefer the 
most. Once satisfied, users can download the evolved artificial brain into the real robot. 
This evolutionary process not only allows users to design better control systems but also 
helps them uncover the power of the transformational ideas behind the scientific theory 
of evolution. 

The Brainfarm laboratory (Fig. 2, left) represents an innovative approach to robotics, 
moving away from traditional programming approaches in favor of artificial intelligence 
methodologies that lead to emergent solutions. This platform, developed on the basis of 
Breedbot [11], an evolutionary robotics application for a robot built with Lego Mind-
storms and equipped with custom IR sensors, facilitates the training and evolution of 
virtual robots, which can subsequently be tested in physical environments. The software 
is equipped with a 3D interface reminiscent of a video game and permits either automated 
or user-guided evolution of robotic agents [30]. The system comprises a population of 
nine wheeled robots, each equipped with infrared sensors for obstacle detection and dual 
motors for wheel speed regulation. 

Users can choose between a simple feed-forward neural network and more sophisti-
cated architectures to regulate the robots’ behavior. The parameters of the network (e.g., 
synaptic weights) are encoded into a genetic string, which serves as the foundation for 
the evolutionary process. This process begins with a randomly generated population of 
genetic strings, subjected to iterative cycles of selection, reproduction, and mutation. 
Users may assume the role of breeders, selecting the most effective or preferable agents 
and thereby guiding the evolutionary trajectory. This process culminates in a new gener-
ation of robots, closely resembling the selected predecessors but incorporating specific 
modifications. While the robots’ morphology remains static throughout, the parameters 
of the artificial neural networks are dynamically adjusted, refining the artificial brain in 
terms of connectivity. Students typically validate their optimized robots by transferring 
the simulated control systems to physical robots in real-world environments [31]. 

This platform has been employed to convey evolutionary biology concepts [32]. 
However, it has also proven highly effective in developing transversal competencies,
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Fig. 2. Left: Brainfarm empowers users to determine the physical configuration (i.e., the robot’s 
morphology), design the control architecture (i.e., the artificial neural network), configure the 
environment, select the mode of learning (phylogenetic or ontogenetic), and ultimately deploy 
the optimized neural controller onto a corresponding physical robot [30]. Right: Teach E-AI 2C 
Robotic Farm 

enabling learners to effectively manage complex systems. The Brainfarm laboratory has 
enhanced students’ abilities to articulate ideas effectively, foster constructive interper-
sonal relationships, and develop collaborative solutions [31], Teach E-AI 2C Robotic 
Farm (Fig. 2, left) it is the latest version with a revamped graphic design and a new 
supported robot, the Thymio. 

3 Educational Robot Swarms 

A single ant cannot build a bridge, but a swarm can. Collective intelligence, in fact, 
emerges from the complex interactions among individual intelligences [33]. In educa-
tional contexts, this concept can be translated into innovative learning experiences, where 
multiple robots can support the learning of complex concepts such as cooperation and 
collective decision-making [34–36]. By interacting with robots, learners can observe 
how collective intelligence works in practice. For example, in [23], Thymio robots are 
used to illustrate two fascinating educational case studies that highlight the principles 
of cooperation: 1) the house-hunting behavior of robot bees, which illustrates how bees 
as a swarm make joint decisions for the benefit of the group, and 2) the stick-pulling 
task, in which robots have to cooperate to move an object together, demonstrating the 
importance of synchronized action and teamwork. These examples are interesting not 
only because they enhance students’ understanding of robotic systems but also because 
they offer valuable lessons on the dynamics of collaboration and problem-solving in 
real-world scenarios. 

3.1 House-Hunting Robots 

When searching for a new nest, bees engage in a fascinating process of collective evalua-
tion: when multiple sites are discovered they must collectively assess different solutions. 
To move to the new nest, bees must ultimately agree on a single solution. Collective con-
sensus decision making is, indeed, a ubiquitous problem in nature [37], spanning from 
ants to humans, and it plays a crucial role in survival and, more broadly, in efficiency.
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In this context, using Thymio robots [38] that mimic bees, it is possible to provide an 
innovative way to explore and illustrate this concept in educational settings. 

In the developed demo, 8 Thymio robot bees have to evaluate and eventually select 
the best nest from 4 available options (Fig. 3). Each nest is represented by a light whose 
brightness, reflecting the quality of the nest, can be manipulated by users to influence 
the robots’ decision-making process. The robots implement a bioinspired control system 
based on the real behavior of bee swarms, allowing them to replicate the collective 
decision-making process observed in nature. As users alter the brightness of the nests, 
they can observe how these changes affect the collective decision of the group. This 
dynamic interaction allows the illustration of principles of collective intelligence, such 
as spatial heterogeneities and the formation of consensus clusters, and enables students 
to grasp key concepts and gain insights into how groups can reach informed decisions 
despite the limited rationality of individual agents. 

Moreover, the Thymio robots provide a hands-on, tangible learning experience that 
makes abstract concepts of decentralized control and swarm intelligence more acces-
sible and engaging. By examining how the robots arrive at a consensus, learners not 
only understand the mechanics of collective decision-making but also explore broader 
concepts of cooperation, problem-solving, and the power of distributed intelligence in 
real-world scenarios. Educational parallelism is a natural result. 

Fig. 3. Demonstration of house-hunting robots 

3.2 Stick-Pulling in Robots 

The cooperative pulling paradigm requires two or more animals to cooperate in order to 
solve a problem that cannot be accomplished by a single individual. This concept has 
been widely studied in both natural and artificial systems to understand the underlying 
mechanisms of coordination and mutual assistance [39]. In this example, the setup 
simulates a benchmark robotics scenario where many sticks are randomly distributed in 
the environment, and robots may find them through a random walk. An effective strategy
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consists in pulling a stick whenever a robot finds one and then waiting for another robot 
to assist in completing the task, that is, to collaborate. However, it is clear that the success 
of this strategy is highly dependent on timing and coordination. So, the waiting time is a 
critical parameter that directly influences the possibility and level of cooperation among 
robots. To explore these dynamics, this parameter is a variable that users can manipulate 
to affect behavior. A short waiting interval can hinder collaboration, as the first robot may 
abandon position before another arrives, leading to failed attempts. Conversely, a longer 
interval ensures more opportunities for cooperation but may reduce overall efficiency 
by increasing idle time. Finding the right balance is essential, but it depends on spatial 
and task-specific variables. 

In this demonstration, some Thymio robots act as Thymio-Beacons and represent the 
stick (i.e., a collaboration site), while others are Thymio-Workers and actively seek the 
sites (Fig. 4). When a sufficient number of Thymio-Workers (n = 2) gather at a given loca-
tion (i.e., near a Thymio-Beacon), the freedom criterion is met, and the Thymio-Beacon 
turns green, indicating a successful collaboration. Meanwhile, the Thymio-Workers con-
tinue searching for Thymio-Beacons and wait for a designated time period before resum-
ing their exploration to find new sites. This waiting period is crucial, and it can be set 
by the users to influence the outcomes. By variating it, users can observe how different 
strategies emerge and how they impact cooperation, efficiency and success rate. 

From an educational point of view, this setup allows learners to experiment with fun-
damental principles of task allocation, coordination constraints, and decision-making in 
distributed systems. The hands-on, interactive modality based on interactions helps make 
abstract concepts more tangible by enabling students to analyze real-world behaviors 
and reinforcing both their understanding of technical concepts and their problem-solving 
skills. 

Fig. 4. Demonstration of stick-pulling
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4 Conclusion 

Computational Thinking is a powerful tool for solving problems using principles bor-
rowed from computer science. However, in a world increasingly crowded with com-
plexity—where interactions between artificial intelligent agents, decentralized decision-
making, and emergent complex behaviors are becoming more prevalent—teaching 
how to manage and harness this complexity represents a complimentary and powerful 
resource alongside CT. In this near future, we will likely manage an even more complex 
ecosystem by relying on CxT rather than CT. While CT focuses on the decomposition of 
problems into simpler steps, CxT provides the tools needed to understand and manage 
the unpredictable dynamics that emerge from complex systems. This concept is partic-
ularly evident in the context of recent artificial intelligence techniques. Consider, for 
example, how people these days try to manipulate prompts for Large Language Models, 
an intensive trial-and-error search. 

As demonstrated through the robotics educational experiences discussed here, learn-
ing how to navigate complexity is crucial. For instance, students engaging with collective 
intelligence principles begin to comprehend how decentralized systems self-organize, 
how emergent behaviors arise from simple rules, and how collaboration can be optimized 
despite discrepancies. These lessons extend beyond robotics and have implications for 
both hard and soft life skills. In an era of multi-agent systems and AI-driven ecosystems, 
mastering the art of complexity management will be a paramount skill. 

The educational robotics experiences described in this paper show how autonomous 
robots can be very easily approached from learners, in Papertian terms the floor is very 
low. Users interact with those robots as if they were animals and by interacting they can 
discover regularities and finally build knowledge as novel scientists. 

In conclusion, we consider CxT a complementary skill to CT. Only by embracing 
both perspectives can we equip future learners with the appropriate tools to navigate 
an increasingly complex and interconnected world—a world where understanding how 
systems work is as important as knowing how to control them. 
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Abstract. Cancer may be viewed as a collapse of equilibrium in a cellular ecology, 
where one subpopulation of atypical cells grows abnormally to the detriment of 
the others and drives the system to premature death. We present an abstract agent-
based model of a cellular ecology comprising two distinct cell types that are 
interconnected in a way that allows a sustainable population equilibrium. We 
show that some kinds of genetically controlled mutations may cause cancer and 
how accumulation of deleterious mutations in atypical cells may lead to aggressive 
cancer. We also show the effects of treatment with a toxic nutrient which affects 
atypical cells more than typical ones. In that case, we show that cancer may 
be constrained or healed depending on the toxicity of the nutrient, the age of 
cancer attack, the time elapsed before cancer identification and the duration of the 
treatment. These results are in accordance with the properties of real cancerous 
systems and thus our model may be extended to support further research on cancer 
development in cellular ecologies and means of fight against it. An additional 
Hayflick-like limit of reproduction is finally shown to lead to more robust cellular 
behavior and to resistance to accumulation of deleterious mutations. 

Keywords: Cancer development · Cellular ecology · Toxic cancer treatment · 
Hayflick limit 

1 Introduction 

Cancer is the phenomenon where a subpopulation of cells within a multicellular organism 
grows abnormally fast compared to the other cells and may potentially lead the organism 
to premature death. The phenomenon is attributed to a number of genetic anomalous or 
deleterious mutations that a cell may carry or develop. Hanahan and Weinberg [1, 2] 
have summarized a set of ‘hallmarks of cancer’ that are mutations found in cancerous 
cells. These hallmarks have been simulated with an agent-based model by Abbott and 
colleagues [3]. A number of mathematical studies, based for the most part on differential 
equations or on hybrid approaches, also abound [4, 5]. 

Most of these models define and study a single cell population and its growth rates. 
Instead, we regard the organism as an ecology, where various ‘species’ of cells interact 
and coexist in equilibrium. This equilibrium may be perturbed by so-called atypical cells, 
whose behavior is abnormal. The cells’ behavior depends not only on genetic factors,
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but also on the environment they are in and on the way their metabolism works. Many 
phenomena related to cancer bear striking similarities with ecological ones, like tumor 
metastasis with species migration, eradication of cancer with extinction of species and 
others. Most notably, it appears that a tumor microenvironment has a protective role 
and functions as an ecological niche for the cancer cells by allowing specific types of 
mutualisms reminiscent of those in ecology (cf. Reynolds et al. [6] and Somarelli [7]). 
In that spirit, we study some genetically controlled factors that affect the interactions 
between cells and how mutations in some factors may lead to cancer. This aligns with the 
observation that not all mutations are deleterious and lead to cancer and not all types of 
cells have such cancerous potential. A number of controls (treatment regimes) that act on 
the metabolic function of atypical cells may allow us to heal such a system, by bringing 
it back to equilibrium. With our abstract cellular ecology model we purport to reproduce 
the phenomenon of cancer in a way that will allow for further insights of ecological 
inspiration concerning on the one hand the nature of cancer and how it develops and 
on the other hand new means with which it might be possible to cure it. Our approach 
is also loosely inspired by the breakthrough work of Kaneko and colleagues [8, 9] that 
study interactions and differentiation in cellular populations and by philosophical inves-
tigations that propose synthetic views of the phenomenon [10]. Section 2 presents the 
basic model of the ecology of cells and Sect. 3 describes the simulation setup. Section 4 
introduces the atypical cells and shows which gene mutations are deleterious and the 
effect of the accumulation of mutations. Section 5 studies toxic treatment, while Sect. 6 
introduces a cellular reproduction limit. Finally, Sect. 7 concludes with a discussion of 
the results and their future perspectives. 

2 Model of an Ecology of Biological Cells 

We have defined a population of cells of two types that are interdependent in a way 
that allows them to stay at equilibrium. This is therefore an ecological equilibrium that 
corresponds to a multicellular organism, where the cell types play the role of different 
species. The cells move randomly in the environment, they gain energy by consuming 
chemical substances found in it and they produce other substances when their energy 
exceeds a production level. Type 1 cells can consume external chemicals of type Nutrition 
1 and Nutrition 2 while type 2 cells can consume external chemicals of type Nutrition 2 
only. Moreover, type 1 cells can consume chemicals of type Food 2 that are produced by 
type 2 cells while the latter cells can consume chemicals of type Food 1 that are produced 
by type 1 cells. All cells gain 1 unit of energy for each piece of chemical consumed. 
Figure 1 shows the relations between the two cell types. 

All chemicals are characterized by a real value that defines their type: for example, 
chemicals of type Nutrition 1 have a value in the interval [−3, 3]. Cells have appropriate 
receptors that recognize substances if they fall within certain bounds: for example, recep-
tors for Nutrition 1 have low and high thresholds in the intervals [−3, −1.5] and [1.5, 
3], respectively. These thresholds are mutated on cell division: with a certain mutation 
probability any of these values is randomly reinitialized within a mutation range. The  
ranges of the intervals, together with the values for the rest of the parameters presented 
next, have been tuned so as to allow a large but not too large space of normal, typical
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behavior, that is, to ensure that a system reaches equilibrium by default (Sect. 3), but 
that the equilibrium may be perturbed by atypical cells (Sect. 4). 

Cells reproduce when their energy exceeds a reproduction level (energy to divide). 
Newly born cells inherit all the mother cell’s parameters except max age and chemical 
recognition thresholds, that are reinitialized in the appropriate ranges. A mechanism 
of apoptosis is additionally defined: type 1 cells decompose into one residue piece of 
Nutrition 1, one residue piece of Nutrition 2 and one residue piece of Food 1, while type 2 
cells decompose into one residue piece of Nutrition 1, one residue piece of Nutrition 2 and 
one residue piece of Food 2. Decomposition happens 50 steps after death has occurred. 
Finally, cells may starve when no suitable chemicals are found in their environment: this 
happens after a certain period of time has elapsed without consumption (starveAge). 

The above are summarized in Fig. 1 and Table 1. Figure 1 shows the relations 
between the two cell types while Table 1 gives all the parameters used together with all 
the parameters for the atypical cells that are presented later. As with nutrition intervals, 
these parameters are selected and their typical and atypical values are tuned so that the 
typical case can sustain the cellular ecology, while the atypical case can allow for faster 
cellular growth and can thus present a potential for abnormal development and cancer. 

Fig. 1. Pictorial description of the relation and interactions between the two cell types. Solid 
arrows represent outputs from cell type to cell type, while dashed arrows represent residual output 
during cell decomposition (after death). 

The algorithm representing the metabolic function of the cells is as follows: 
IF age > max age OR food age > starve age, THEN die.  
IF energy > energy to divide, THEN reproduce. 
Consume as many chemicals from the environment as allowed by speed (speed 

functions as a probability and is decreased by one on each consumption) 
For each consumed chemical increase energy and a production counter. Reset food 

age 
IF production counter > energy to produce, THEN produce chemicals with prob. to 

produce 

3 Simulation Setup and Control Simulation Experiment 

The simulation is individual-based and uses a 2D grid of 30 × 30 positions and 60 cells 
at start that are randomly dispersed in the environment. All positions may hold at most 
one cell. The environment is initialized randomly with 500 pieces of Nutrition 1 and
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Table 1. Basic parameters of the two cell types, the corresponding atypical values and the chemi-
cal parameters. (*) Atypical cells may behave either as type 1 with atypical values or as generalists 
that can consume and produce all allowed chemicals (see later text). 

Cells Type 1 cells (T1) Type 2 cells (T2) Atypical values 
(AT) 

Max age 250–500 250–500 500–1000 

Starve age 400 350 500 

Energy to divide 5 4 3 

Energy to produce 2 2 3 

Prob. to produce 0.9 0.9 0.1 

Speed 0.9–1.1 0.9–1.1 0.9–3.1 

Mutation prob 0.1 0.1 0.5 

Mutation range 0.1 0.1 0.2 

Nutrition 1 IN, DEC DEC IN (*) 

Nutrition 2 IN, DEC IN, DEC IN (*) 

Food 1 OUT, DEC IN IN, OUT (*) 

Food 2 IN OUT, DEC IN, OUT (*) 

Chemicals Range Low threshold High threshold 

Nutrition 1 [−3, 3] [−3, −1.5] [1.5, 3] 

Nutrition 2 [11, 17] [11, 12.5] [15.5, 17] 

Food 1 [18, 24] [18, 19.5] [22.5, 24] 

Food 2 [4, 10] [4, 5.5] [8.5, 10] 

1000 pieces of Nutrition 2. In the following simulation experiments, there is no nutrition 
renewal, periodic or random. Rather the cellular ecology manages to sustain itself by 
interaction. Unless otherwise stated, the following simulations are performed for 10,000 
cycles per run and all results are averages of 100 runs. As with the parameters of the cell 
model, the simulation time is abstract and does not correspond to real time. If anything, 
it can be seen as metabolic time unit. 

The described configuration allows the cell population to reach a dynamic equilib-
rium, as shown in Fig. 2. Note that our cells are potentially immortal in the sense of 
being able to divide forever without a Hayflick-type limit [11], but this constraint is 
relaxed and studied in Sect. 6. Thus a normal population of cells will remain in this 
dynamic equilibrium forever. The number of cells after 100,000 steps (average of 100 
runs) is from 350 to 400 for each type, so that the whole population fills about 80–85% 
of the space, which presents itself as a Malthusian-type equilibrium where the “carry-
ing capacity” of the environment has been reached. Because the cells decompose during 
apoptosis, Nutrition 1 and 2 also stabilize at around 50–60 and 20–30 pieces respectively 
throughout equilibrium. The carrying capacity enforces the ecological condition, in the
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sense that abnormal “tumor” development cannot show as atypical growth in excessive 
numbers but as growth to the detriment of the typical cells. 

Fig. 2. Development of an ecological equilibrium between the two cell types. (x axis) time, (y 
axis) numbers of cells of types 1 and 2. 

4 Atypical Genes 

In any ecological equilibrium, a slightly modified species may perturb the equilibrium 
and drive one or more of the common species into extinction. Likewise, a modified 
or ‘atypical’ cell species in the above environment may lead the system to cancer, i.e. 
to abnormal development of one cell type to the detriment of the others and finally to 
organismic death. We have tested ‘atypical’ values for the eight parameters of Table 1 
(max age to mutation range) as well as an ‘atypical cell type’ that is generalist and can 
consume anyone of the four chemicals (nutrition 1 and 2, food 1 and 2), can produce both 
types of food (provided it has already consumed some of it) and does not decompose to 
meaningful residues. 

Fig. 3. Development of cancer by introduction of a single highly aggressive atypical cell (carrying 
all possible mutations) at t = 2000, after the initial population has stabilized. (x axis) time, (y axis) 
numbers of cells of types 1, 2 and atypical. 

Figure 3 shows how cancer can develop in such a system: after the system has 
stabilized at t = 2000, a single highly aggressive cell is introduced, that is atypical in all 
the parameters. The figure shows how the population of the atypical cell grows while
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the two normal cell type populations collapse and finally the whole system dies. Since 
the cells are immortal, i.e. without a division limit, some other types of equilibria can 
arise at short-term (10,000 steps): equilibria where there is only one remaining cell type, 
typical or atypical (this again is abnormal and corresponds to death of the organism) and 
equilibria where two or three cell types survive: either atypical cells with one of the other 
types (generally type 2, because of the structure of the cellular ecology) or atypical cells 
together with type 1 and type 2 cells, as in Fig. 4. We call these equilibria respectively: 
immortalized equilibrium (atypical cells only), atypical equilibrium (atypical cells 
with either type 1 or type 2 cells) and irregular equilibrium (atypical, type 1 and type 2 
cells). The latter may be acceptable as a form of chronic cancer, if it persists throughout 
life. However, most populations eventually stabilize after a long period in one of two 
conditions: either a regular healthy equilibrium between the cells of type 1 and type 2, 
or death. 

Fig. 4. Development of an irregular equilibrium (chronic cancer), where cells of both types are 
in equilibrium with atypical ones. In this simulation experiment the atypical cell was introduced 
at start, i.e. at t = 0. (x axis) time, (y axis) numbers of cells of types 1, 2 and atypical. 

We have run simulations with heritable ‘gene mutations’ for the atypical values: 
if the corresponding gene is mutated, the value of the parameter is the atypical rather 
than the typical one (all typical and atypical parameter values are given in Table 1). In 
Tables 2, 3 and 4 we report simulations with each one of the genes. All simulations 
are run for 10,000 steps to unravel the tendencies of the system, because at this stage 
many populations have not yet stabilized, so we observe the transitive phenomenon. 
The atypical cell “attacks” (i.e. the emergence of cells with one atypical gene) take 
place generally at t = 2000, when the cellular population has stabilized, as Fig. 2 shows 
Atypical equilibria are anyway very rare and are counted here together with irregular 
ones. Table 2 shows that the only gene mutations that can lead to cancer are the ‘max 
age’ gene mutation and the ‘energy to divide’ gene mutation, and in these cases we 
obtain 30 to 70 percent of potentially chronic cancer and no deaths after 10,000 steps. 
Table 3 shows that if the ‘atypical cell type’ gene mutation is present we have significant 
amounts of deaths and chronic cancers after 10,000 steps for the same gene mutations as 
before, for example we obtain only 17% and 46% healthy survival (regular equilibrium) 
for the ‘max age’ and ‘energy to divide’ gene mutations, respectively. These values are 
significantly lower than the corresponding values in Table 2 when the ‘atypical cell type’ 
gene mutation is absent.
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Table 2. Results with atypicity genes for mutated type 1 cells. Introduction of a single atypical 
‘max age’ cell at t = 2000. Percentages of deaths, immortalized equilibria, irregular and regular 
equilibria after 10,000 steps. Averages of 100 runs. 

Deaths Immortalized Irregular Regular 

Max age 0 0 70% 30% 

Starve age 0 0 2% 98% 

Energy to divide 0 0 33% 67% 

Energy to produce 0 0 0 100% 

Prob. to produce 0 0 0 100% 

Speed 0 0 2% 98% 

Mutation prob. 0 0 2% 98% 

Mutation range 0 0 1% 99% 

Table 3. Results with atypicity genes for mutated ‘atypical type’ cells, that metabolize all chem-
icals of type ‘nutrition 1’, ‘nutrition 2’, ‘food 1’ and ‘food 2’ and produce all chemicals of type 
‘food 1’ and ‘food 2’ (these are shown in Table 1). Introduction of a single atypical ‘max age’ cell 
at t = 2000. Percentages of deaths, immortalized equilibria, irregular and regular equilibria after 
10,000 steps. Averages of 100 runs. Compare with Table 2. 

Deaths Immortalized Irregular Regular 

Max age 26% 32% 25% 17% 

Starve age 8% 10% 12% 70% 

Energy to divide 28% 15% 11% 46% 

Energy to produce 4% 12% 8% 76% 

Prob. to produce 1% 14% 12% 73% 

Speed 6% 7% 11% 76% 

Mutation prob. 4% 11% 4% 81% 

Mutation range 9% 13% 6% 72% 

Table 4 additionally shows that if the atypical cell type gene mutation is introduced 
very early in the system, the system develops young cancer which is much more lethal 
than at a later age: no survival for the same two mutations and only 29% and 24% 
potentially chronic cancers, respectively. 

Finally, we have studied the effect of a low gene mutation probability at cell division 
time. Table 5 shows the results for several values of this probability. As the probability 
increases, more gene mutations are accumulated and the death rates increase while 
the healthy or chronic outcomes decrease. For example, if the mutation probability is 
0.0000001 (1E−7), we obtain healthy survival and chronic cancer in 67% and 26% of the 
cases, whereas if the probability is one order of magnitude larger (0.000001 = 1E−6)
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Table 4. Same as Table 3, but with introduction of a single atypical ‘max age’ cell at t = 0, i.e. at 
birth. Percentages of deaths, immortalized equilibria, irregular and regular equilibria after 10,000 
steps. Averages of 100 runs. Compare with Tables 2 and 3. 

Deaths Immortalized Irregular Regular 

Max age 57% 14% 29% 0 

Starve age 28% 13% 43% 16% 

Energy to divide 67% 9% 24% 0 

Energy to produce 22% 13% 22% 43% 

Prob. to produce 4% 36% 15% 45% 

Speed 42% 5% 13% 40% 

Mutation prob 33% 17% 35% 15% 

Mutation range 39% 14% 28% 19% 

Table 5. Results for various probabilities of gene mutation. Percentages of deaths, immortalized 
equilibria, atypical, irregular and regular equilibria after 10,000 steps. Results for atypical and 
irregular equilibria are given separately to show the progression of cancers. Averages of 100 runs. 

Deaths Immortalized Atypical Irregular Regular 

5xE-8 4% 3% 0 10% 83% 

1xE-7 3% 3% 1% 26% 67% 

1xE-6 13% 13% 3% 62% 9% 

3xE-6 34% 31% 4% 31% 0 

5xE-6 42% 37% 11% 10% 0 

7xE-6 59% 28% 9% 4% 0 

9xE-6 66% 29% 4% 1% 0 

1xE-5 60% 32% 6% 0 0 

5xE-5 86% 14% 0 0 0 

0.0001 95% 5% 0 0 0 

we obtain 9% and 62%, respectively. Note that at death time, an atypical cell has on 
average 3 to 4 gene mutations. 

All the above results align conceptually with the usual tendencies we see in real can-
cers: some mutations are more aggressive than others (for example, only some mutations 
are aggressive in prostate cancer [12]), attacks early in life are more threatening than 
attacks at later stages [13] and the more deleterious mutations accumulate the higher 
the death toll [14]. Note that although the atypical genes in our model affect parameters 
related to the actual metabolism, such as ‘energy to divide’ (Warburg and others have 
insisted on the metabolic origins of cancer [15–17]), this setup is not incompatible with
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signaling theories of cancer [18], because defective genes may control metabolism indi-
rectly just by signaling metabolic actions and hyper-activating metabolism and growth 
rather than by changing directly the metabolic pathways (point made by [16]). 

5 Treatment with Toxicity 

Next, we have defined and studied one type of chemical control of cancer by the intro-
duction of a toxic nutrient, provided that it affects atypical cells more than typical ones. 
More specifically we define toxic Nutrition 1 as infecting a cell in a way that changes 
its metabolic cycle and makes it more difficult for it to produce and to reproduce, thus 
it restrains growth potential: 

Without infection (cf. Table 1) 
(Type 1 cells) energy to divide = 5, energy to produce = 2 
(Type 2 cells) energy to divide = 4, energy to produce = 2 
On first infection 
energy to divide = 10, energy to produce = 6 
On second infection 
energy to divide = 15, energy to produce = 8 
A cell may be infected by a toxic piece of Nutrition 1 three times before it gets killed 

by toxicity and an infection lasts at most 10 steps before the cell recovers its previous 
metabolic values. As long as a cell is in infected state, it runs the risk of dying with a 
certain probability (virulence). The toxic element affects atypical cells more that typical 
ones (type 1 cells) when the virulence for type 1 cells is less than for atypical cells. 
Another type of useful toxicity that will be considered in future work will be to have 
more drastic changes for atypical than typical cells, independently of virulence. 

Table 6 gives comparative results for various regimes of treatment with toxicity 
(virulence 0.1 for type 1 cells, 0.5 for atypical cells). Toxic treatment is implemented as 
repeated introduction of 2 toxic pieces of Nutrition 1 randomly in the environment and 
for as long as the treatment takes place. In this and the following Tables, all simulations 
are run for up to 100,000 steps or until they have reached death, a regular equilibrium or 
immortality of one of the cell types. This happens in the majority of cases well before 
30,000 steps. Note that the first row in all Tables represents the long term equilibrium in 
the untreated case. For example, in the case of Table 6, the first row may be compared 
to the equivalent short-term value (after 10,000 steps) given in the first row of Table 3 
(‘max age’ gene mutation): some of the early irregular equilibria resolve to self-healed 
regular ones, but most of them finally lead to death. Finally, diagnosis time and treatment 
durations are given values that make sense: later diagnosis need a much longer treatment 
duration to reach lower survival rates. 

For the specific ‘max age’ gene attack at t = 2000, Table 3 shows that if the cancer 
is left untreated it leads to 17% immediate spontaneous recovery and 25% potentially 
‘chronic’ cancer that may allow it to be discovered. If discovered after 1000 steps have 
elapsed, it can lead to 76% recovery if treated for a period of 3000 steps and to lower 
degrees of recovery if treated for significantly longer or significantly shorter periods 
(5000 steps or 1000 steps, in this simulation). This is a general property of toxic treatment: 
there is generally an optimal range of treatment duration where survival is maximum
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and less than that has lower effect while more than that kills the system more often. 
Sometimes there is a threshold after which the effect of the toxic treatment does not 
change for better or for worse. Any treatment is however better than no treatment at all. 

Table 6. Comparative results for various treatment regimes. Single cancer ‘max age’ gene attack 
at t = 2000. The indicated times are the time elapsed after attack before the cancer is diagnosed 
and treatment is started and the duration of the treatment. Treatment virulence 0.1 for typical 
cells, 0.5 for atypical cells. Percentages of deaths, immortalized equilibria, atypical, irregular and 
regular equilibria. Averages of 100 runs for up to 100,000 steps. 

Diagnosis time Treatment 
duration 

Deaths Immortalized Atypical Irregular Regular 

None None 74% 4% 0 0 22% 

1000 1000 41% 3% 0 0 56% 

1000 3000 23% 1% 0 0 76% 

1000 5000 38% 0 0 0 62% 

2000 1000 55% 2% 0 0 43% 

2000 5000 40% 6% 0 0 54% 

2000 8000 43% 5% 0 0 52% 

Table 7 gives the results for the same system but with higher toxicity of the treatment 
(virulence 0.5 for type 1 cells, 0.9 for atypical cells). As expected, for higher toxicities 
or for later diagnoses, we need longer treatments to obtain more or less the same survival 
rates. Finally, Table 8 gives the results for the case of a young cancer (appearing earlier 
in life). This has a lower default recovery rate if untreated but needs a shorter treatment 
period to obtain a comparable or better prognosis, i.e. subsequent survival rate, as the 
higher age cancer (3000 steps instead of 5000 steps to achieve 54% rather than 44% 
survival rate). In general, to obtain optimal results, the duration of treatment should take 
into account the age of first attack, the time elapsed before diagnosis and the toxicity of 
the treatment. 

Table 7. Same as Table 6, but treatment virulence is 0.5 for typical cells, 0.9 for atypical cells. 
Percentages of deaths, immortalized equilibria, atypical, irregular and regular equilibria. Averages 
of 100 runs for up to 100,000 steps. 

Diagnosis time Treatment 
duration 

Deaths Immortalized Atypical Irregular Regular 

None None 74% 4% 0 0 22% 

1000 1000 53% 1% 0 0 46%

(continued)
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Table 7. (continued)

Diagnosis time Treatment
duration

Deaths Immortalized Atypical Irregular Regular

1000 3000 27% 2% 0 0 71% 

1000 5000 24% 0 0 0 76% 

3000 2000 58% 9% 0 0 33% 

3000 5000 44% 12% 0 0 44% 

3000 8000 48% 14% 0 0 38% 

Table 8. Same as Tables 6 and 7, but cancer ‘max age’ gene attack at t = 500 (younger cancer). 
Treatment virulence is 0.5 for typical cells, 0.9 for atypical cells. Percentages of deaths, immortal-
ized equilibria, atypical, irregular and regular equilibria. Averages of 100 runs for up to 100,000 
steps. 

Diagnosis time Treatment 
duration 

Deaths Immortalized Atypical Irregular Regular 

None None 75% 7% 0 0 18% 

2000 1000 52% 2% 0 0 46% 

2000 3000 39% 7% 0 0 54% 

2000 5000 55% 3% 0 0 42% 

6 Reproduction Limit 

Finally, we have investigated a Hayflick-like reproduction limit, where a cell cannot 
reproduce or divide more than a certain number of times. Hayflick [11] has found that a 
normal cell cannot divide indefinitely but only up to about 60 times, after which period 
it enters the so-called senescence state. The molecular mechanism that is generally 
accepted as the cause for this behavior is telomere shortening and consequent DNA 
damage. 

We have investigated arbitrary division limits that lead to different lifespans. When 
the division limit for a cell is exhausted, the cell can no longer divide and dies when its 
maximum age is reached. The results given next are obtained with simulations where 
the division limit was set to 350. This limit has been chosen to allow a long lifespan for 
the organism (the cellular ecology); this lifespan is between 51,000 and 53,000 steps. As 
Fig. 5 shows, the organism is stable for a long period and collapses somewhat abruptly 
after overshooting in the end. All simulations with the division limit are therefore run for 
48,000 steps which is a little before natural collapse of the system, so that, if a system 
survives to this age from cancer attack, it can be thought to have survived in general. 

We have repeated the simulations of the previous sections with the division limit and 
the results are qualitatively similar but with some notable differences. Firstly, as shown in 
Table 9, the cellular ecology is more robust for some gene attacks. Secondly, as shown



272 E. Tzafestas

Fig. 5. Collapse of the ecological equilibrium and organismic death with a division limit. (x axis) 
time, (y axis) numbers of cells of types 1, 2 and atypical. 

in Table 10, cumulative gene damage becomes lethal at very high, rather unrealistic, 
mutation rates, compared to the limitless case. Both these manifestations of robustness 
to deleterious mutations are due to the fact that, the cells that do not divide after a certain 
limit, do not have the chance to pass the deleterious mutations to their offspring. Thus, 
less damage is found in the subsequent cell generations when there is a limit to cellular 
division than when there is no such limit. Note that with the division limit and the 
resulting finite lifespan of organisms, a ‘young’ or ‘adult’ cancer can be defined more 
precisely and unlike the previous case that had no limit. The simulation experiments have 
indeed shown that very early cancers have dramatic effects, in parallel with Table 4. We  
have chosen to study the attacks at ‘middle age’ around 30,000. However, no age of the 
mortal organism can be directly compared to the immortal one and attacks at 2000 as 
before are really too early for the mortal system and give survival rates comparable but 
slightly better that the limitless case. Of course, what makes the organism so vulnerable 
at early age remains to uncover. 

Table 9. Comparison of survival rates (regular equilibria at end of simulation) with and without 
division limit for some of the gene attacks of Tables 2, 3 and 4. All simulations with mutated 
‘atypical type’ gene, as in Tables 3 and 4. Averages of 100 runs. 

Attack at 30,000 Survival (no division limit) Survival (division limit = 350) 
Max age 14% 11% (+14% chronic) 

Energy to divide 64% 69% (+1% chronic) 

Starve age 69% 74% (+1% chronic) 

Prob. to produce 44% 69% (+3% chronic) 

We have also investigated toxic treatment of cancers as in Sect. 5 above. Again, 
as Table 11 shows, treatment drastically improves survival rates but, beyond a certain 
treatment duration, it has no additional effect (this is the case of attack at 2000 in the 
table) or it has even an inverse effect (this is the case of attack at 30,000 in the table). 
The effect is also more pronounced for early attacks (at 2000 in the table) compared to 
late attacks (at 30,000 in the table).
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Table 10. Comparison of survival rates (regular equilibria at end of simulation) with and without 
division limit for various probabilities of gene mutation as in Table 5. Averages of 100 runs. Middle 
column taken from last column of Table 5. 

Survival (no division limit) Survival (division limit = 350) 
5xE-8 83% 99% 

1xE-7 67% 100% 

1xE-6 9% 99% 

5xE-6 0 98% 

1xE-5 0 88% 

5xE-5 0 60% 

1xE-4 0 33% 

0.001 0 0 

0.01 0 0 

Table 11. Comparative results for toxic treatment regimes of a ‘max age’ gene attack with division 
limit. Treatment virulence 0.1 for typical cells, 0.5 for atypical cells. Percentages of deaths, 
immortalized equilibria, atypical, irregular and regular equilibria. Averages of 100 runs. 

Attack at 2000 
Diagnosis time 

Treatment 
duration 

Deaths Immortalized Atypical Irregular Regular 

None None 87% 0 0 0 13% 

500 500 48% 5% 0 0 47% 

500 1000 29% 4% 0 0 67% 

500 5000 33% 4% 0 0 63% 

Attack at 30,000 
Diagnosis time 

Treatment 
duration 

Deaths Immortalized Atypical Irregular Regular 

None None 42% 32% 4% 0 22% 

500 500 24% 33% 0 3% 40% 

500 1000 32% 39% 0 1% 28% 

500 3000 33% 38% 1% 0 28% 

3000 8000 48% 14% 0 0 38%

Taken together, all these results show that a Hayflick-like limit is advantageous to a 
system where deleterious mutations may emerge and accumulate. Since some of these 
may lead to cancer, a Hayflick-like limit is a way to bypass and avoid cancer development 
and would, for this reason, be evolutionarily promoted. 
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7 Discussion 

We have presented an abstract agent-based model of a cellular ecology that is in equilib-
rium but can be invaded by an ‘atypical’ cell carrying one or more mutations that signal 
a change in its metabolic and reproductive activity in a way that perturbs the ecological 
equilibrium and drives the whole cell population to premature death. Our results are 
qualitative and their objective is to show the breadth of emergent phenomena that may 
be obtained with this and other similar cellular ecology models. Our model and its results 
spawn a number of observations.

• Not all mutations may be causes of cancer, for example the ‘energy to produce’ 
gene mutation has no effect, unless the generalist ‘cell type’ gene mutation exists. 
And some mutations may control the effect of others, such as the ‘cell type’ gene 
mutation, mentioned above.

• That said, all these mutations are deleterious in the specific ecology but probably not 
in a different one. Then we may think of introducing factors that are not toxic but 
that ‘cooperate’ with atypical cells to keep them in balance, for example by providing 
specific inputs to the atypical cells that are competitive with input from typical cells 
or by inserting specific cellular organisms that can establish with them a parallel 
interaction network compared to the one shown in Fig. 1. These are ideas for future 
work in the line of the perspective and the many options discussed in [19, 20].

• In Table 5 we have seen how the probability of gene mutation affects cancer develop-
ment, namely that higher gene mutation probabilities and accumulation of mutations 
have a higher potential for cancer development. But the prognosis changes dramat-
ically if there exists even a very slight probability of gene repair. For example, the 
highest mutation probability of 0.0001 accompanied by a one-order-of- magnitude 
smaller repair probability (0.00001) in the limitless case leads to 32% immediate 
recovery and 56% chronic cancer at the short term compared to 95% deaths without 
gene repair. This is an indication that treatment with a factor that is not toxic but 
that triggers gene repair may yield very significant results, especially by constraining 
atypical cells without affecting so much the typical cells.

• Further modeling based on the Hayflick limit may show why the stem cells are of 
such importance to normal development and what the effect of cancer stem cells [21, 
22] may be.

• One further concern is that the cells modeled as above are largely homogeneous, while 
we know that real tumours tend to attain and conserve higher heterogeneity than the 
cells of the normal tissue. We plan to introduce differentiation mechanisms such as the 
ones introduced by the Kaneko group [9] and mutations that control differentiation 
to study the effect of diversity on the resistance to cancer development. Regular 
somatic differentiation introduces and sustains diversity which is known to show 
more resistance to attacks, but for the same reason a diverse cancer cell population 
may be more aggressive and may also escape more easily toxic treatment. 

All these ideas show that viewing development of cancer as collapse of an ecological 
equilibrium in a population of cells allows not only a valid alternative understanding of 
the phenomenon but also inspiration for a number of interventions and treatments of 
non-toxic chemical nature.



An Ecological Model of Cancer Development and Control 275

Disclosure of Interests. The author has no competing interests to declare that are relevant to the 
content of this article. 

References 

1. Hanahan, D., Weinberg, R.A.: The hallmarks of cancer. Cell 100, 57–70 (2000) 
2. Hanahan, D., Weinberg, R.A.: Hallmarks of cancer: the next generation. Cell 144(5), 646–674 

(2011) 
3. Abbott, R.G., Forrest, S., Pienta, K.J.: Simulating the hallmarks of cancer. Artif. Life 12, 

617–634 (2006) 
4. Domschke, P., Trucu, D., Gerisch, A., Chaplain, M.A.J.: Mathematical modelling of cancer 

invasion: implications of cell adhesion variability for tumour infiltrative growth patterns. J. 
Theor. Biol. 361, 41–60 (2014) 

5. Greene, J.M., Levy, D., Funsg, K.L., Souza, P.S., Gottesman, M.M., Lavi, O.: Modeling 
intrinsic heterogeneity and growth of cancer cells. J. Theor. Biol. 367, 262–277 (2015) 

6. Reynolds, B.A., Oli, M.W., Oli, M.K.: Eco-oncology: applying ecological principles to 
understand and manage cancer. Ecol. Evol. 10, 8538–8553 (2000) 

7. Somarelli, J.A.: The hallmarks of cancer as ecologically driven phenotypes. Front. Ecol. Evol. 
(Sec. Population, Community, and Ecosystem Dynamics) 9, 99–1128 (2021) 

8. Furusawa, C., Kaneko, K.: Emergence of rules in cell society: differentiation, hierarchy, and 
stability. Bull. Math. Biol. 60, 659–687 (1998) 

9. Furusawa, C., Kaneko, K.: Chaotic expression dynamics implies pluripotency: when theory 
and experiment meet. Biol. Direct 4, 17 (2009) 

10. Bertolaso, M.: Philosophy of Cancer: A Dynamic and Relational View. Springer, Dordrecht 
(2016) 

11. Hayflick, L.: The illusion of cell immortality. Br. J. Cancer 83, 841–846 (2000) 
12. Darst, B.F., Saunders, E., et al.: Germline sequencing analysis to inform clinical gene panel 

testing for aggressive prostate cancer. JAMA Oncol. 9(11), 1514–1524 (2023) 
13. https://projects.research-and-innovation.ec.europa.eu/en/horizon-magazine/five-things-

know-about-childhood-cancer 
14. Takeshima, H., Ushijima, T.: Accumulation of genetic and epigenetic alterations in normal 

cells and cancer risk. Precis. Oncol. 3(7) (2019) 
15. Warburg, O.: On the origin of cancer cells. Science 123, 309–314 (1956) 
16. Vander Heiden, M.G., Cantley, L.C., Thompson, C.B.: Understanding the Warburg effect: the 

metabolic requirements of cell proliferation. Science 324, 1029–1033 (2009) 
17. Schwartz, L., Supuran, T., Claudiu, O., Alfarouk, F.: The Warburg effect and the hallmarks of 

cancer. Anti-Cancer Agents in Medicinal Chemistry (Formerly Current Medicinal Chemistry
- Anti-Cancer Agents) 17(2), 64–170 (2017) 

18. Sever, R., Brugge, J.S.: Signal transduction in cancer. Cold Spring Harb. Perspect. Med. 5, 
a006098 (2015) 

19. Kroemer, G., McQuade, J.L., Merad, M., André, F., Zitvogel, L.: Bodywide ecological 
interventions on cancer. Nat. Med. 29(29), 59–74 (2023) 

20. Pienta, K.J., McGregor, N., Axelrod, R., Axelrod, D.E.: Ecological therapy for cancer: 
defining tumors using an ecosystem paradigm suggests new opportunities for novel cancer 
treatments. Transl. Oncol. 1(1), 158–164 (2008) 

21. Lobo, N.A., Shimono, Y., Qian, D., Clarke, M.F.: The biology of cancer stem cells. Annu. 
Rev. Cell Dev. Biol. 23, 675–699 (2007) 

22. Zacijek, G., Wilensky, U.: NetLogo Tumor model (1998). http://ccl.northwestern.edu/netlogo/ 
models/ Tumor Center for Connected Learning and Computer-Based Modeling, Northwestern 
University, Evanston, IL

https://projects.research-and-innovation.ec.europa.eu/en/horizon-magazine/five-things-know-about-childhood-cancer
https://projects.research-and-innovation.ec.europa.eu/en/horizon-magazine/five-things-know-about-childhood-cancer
http://ccl.northwestern.edu/netlogo/models/
http://ccl.northwestern.edu/netlogo/models/


Stability of Input Representations 
in Biological Neural Network Reservoirs 

Trym A. E. Lindell1(B) , Ola H. Ramstad1 , Ioanna Sandvig2 , 
Axel Sandvig2 , and Stefano Nichele1,3 

1 Oslo Metropolitan University, 0130 Oslo, Norway 
trymlind@oslomet.no 

2 Norwegian University of Science and Technology, 7491 Trondheim, Norway 
3 Østfold University College, 1757 Halden, Norway 

Abstract. Biological neural networks operate with significantly lower 
energy costs than their artificial counterparts. Harnessing this efficiency 
could drastically reduce the massive energy consumption of artificial 
intelligence systems. One method of doing this involves using biologi-
cal neural networks grown on micro-electrode arrays (MEA) in vitro as 
reservoirs within reservoir computing systems. 

However, involving biology in computing does not come without chal-
lenges. In vitro neural networks develop and change over time, which may 
affect their representation of, and dynamic range to, input. This can be 
problematic when an input encoder is calibrated to a given dynamic 
range, and a readout decoder is trained based on a set of representations 
that are no longer produced by the network. 

In this study we explore the stability of input representations and 
dynamic range in biological neural networks. We use a series of input con-
sisting of inter-stimulation intervals to determine the networks’ dynamic 
range to stimulation timing at different days in vitro. To assess the sta-
bility of the representations of input we also train classifiers based on 
the response on one Day In Vitro (DIV) and test on responses from two 
other days in vitro. Our results show that networks are generally unstable 
both in dynamic range and in the stability of their representations. 

Keywords: Micro Electrode Array · Biological Neurons · Reservoir 
Computing 

1 Introduction 

1.1 Motivation 

Biological systems have evolved under strict energy constraints which have given 
rise to organisms that can perform highly complex computations at extremely 
low energy costs when compared to today’s artificial computing systems. This 
is problematic as excessive energy use can have negative environmental impact, 
particularly if the energy is sourced from fossil fuels. This has motivated the con-
struction of hybrid bio-artificial computing systems. Current implementations 
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are capable of controlling simple robotics [ 1], playing pong [ 17] and predicting 
chaotic time series [ 4]. While these applications show the potential of biological 
computing, some unique challenges arise due to biology being “messier” than sil-
icon. While we can fix the weights and architecture of artificial neural networks, 
biological neural networks are far more unstable: They go through developmental 
stages which change their dynamics [ 7, 27, 30], they can change their responses 
due to different stimulation protocols [ 4, 5, 17, 33] and, even in mature animals, 
are in a constant flux due to representational drift [ 8, 26]. This dynamic behaviour 
may result in specific challenges when we try to utilize such biological systems for 
practical computations that require an interface with otherwise static in-silico 
systems. If, for example, the representation of a computation changes after a 
decoder has been constructed to translate the biological computations into the 
desired machine or human usable outputs, the decoder may no longer produce 
the correct output. This may require continuous re-training of the decoder. Fur-
thermore, changes in the overall dynamics of the network may affect its ability to 
encode input. If input is encoded as the timing between stimulation pulses, the 
networks ability to produce different responses to different variations of stimu-
lation timing may change, i.e., the upper and lower bounds of its dynamic range 
may change over time. This would require updating the encoder such that input 
can be properly encoded. 

As research is ongoing into the feasibility of using biological neural networks 
as alternative computing substrates to artificial neural networks, it becomes 
increasingly important to asses the stability of their computations as this will 
impact their energy efficiency through the need for decoder/encoder retrain-
ing/calibration and their practical usability for computational tasks. 

In this study, we probe 6 in vitro (in glass, meaning outside of the organism) 
neural networks at days in vitro 19, 29, and 35. We used stimulation timing as 
the encoding method. This consisted of injecting pairs of stimulation pulses with 
different relative delays into the networks. The same delays were used across all 
three days, and changes in dynamic range was assessed by identify changes in 
the lower and upper bound of delays that could be correctly classified. Repre-
sentation changes were explored by training classifiers on spike responses from 
one DIV and testing on the two other. 

The paper is organized as follows: We first introduce relevant background 
related to reservoirs computing, in vitro neural networks grown on MEA and the 
different stability challenges that can affect their computations. This is followed 
by the methods, results and discussion and conclusion. 

1.2 Background 

Reservoir Computing. Reservoir computing is an umbrella term used for a 
type of Artificial Intelligence system that consists of an encoding method, a 
dynamical substrate (the reservoir), and a decoder (often called readout). The 
reservoir can be any dynamical substrate in which the states gradually contract 
over time (according to the echo state formulation [ 16])  and in which  different  
inputs produce linearly separable states (the separation property according to
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the liquid state machine formulation [ 19]). Example substrates that have previ-
ously been used are: in vivo (in the living, meaning in the organism) cat visual 
cortex [ 22], bucket of water [ 11], artificial (spiking/non-spiking) neural networks 
[ 16, 19] and  in vitro neural networks [ 1, 4], for a comprehensive review see [ 29]. 

Since data is often stored on computers, while reservoirs can perform their 
computations within a wide range of non-digital substrates, inputs must often 
be encoded into a format on which the reservoir can compute. Binary values 
have for example been encoded into the movement of a set of motors embed-
ded in water [  11], while input to in vitro neural networks has been encoded 
using electrical stimulation through: rate, spatial position, and timing [ 3, 4, 9, 12– 
14, 23, 25, 28, 31, 32] as well as light by means of optogenetics [ 10]. When con-
structing such encoders it is also important to determine the dynamic range of 
the reservoir, meaning the range of input values which the reservoir produces 
separable responses to. For example, we may attempt to encode a time series 
with state values defined over the range [0,1] as voltage variations over the same 
range. When these voltages are used as input to a biological network, we would 
need to make sure that the full range of voltages actually produce separable 
responses. Otherwise, we would loose all information that produces insepara-
ble responses. It may for example be the case that the neurons do not produce 
spikes to voltage values below 0.5 V, meaning that the networks cannot compute 
on half the range of the time series. 

If the reservoir is some form of unconventional substrate, i.e., not an artificial 
neural network, the decoder can be subdivided into a readout mechanism, which 
translates the states of the reservoir to digital data, and a linear machine learning 
component which is trained on the digitized states to produce the desired output. 
For biological networks, the readout would record the activity of the neurons, 
pre-process this activity, and translate it into vectors that can be used as input to 
the machine learning component. A schematic of a reservoir computing pipeline 
is  shown in panel  III  in  Appendix  A. 

The benefit of reservoir computing over the more traditional artificial neural 
network is that the reservoir, which performs the main computational work, 
is not trained and in some cases is implemented in a highly energy efficient 
substrate, such as biological neurons. Since only the linear decoder is trained, 
this grants energy efficiency over deep artificial neural networks which requires 
the full network to be trained. 

In-Vitro Neural Networks. In vitro neural networks are networks of biologi-
cal neurons kept alive outside of an animal, for example in a glass container. The 
neurons can be sourced from rodent brains, and specific regions like the cortex 
can be micro-dissected from the dissected brain to isolate specific cell types. The 
existing connections in the tissue can then be chemically cut such that the cells 
are separated (dissociated) from each other. When the dissociated neurons are 
added to their container the neurons will then self-organize over time into a 2D 
network covering the bottom surface. If the container is a Micro Electrode Array 
(MEA) which has an array of electrodes covering its bottom surface, the neu-
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rons that grow on top of the electrodes can be electrically stimulated, and their 
electrical response can be recorded. A microscopy image of one of the networks 
used in this study is shown in panel I in Appendix A. Depending on the pattern 
of activity, for example a voltage deflection of above 6 standard deviations of the 
voltage trace [ 2], spikes can be detected. These spikes are the output of biological 
neurons’ computations. Electrical stimulation can induce spikes in the neurons 
adjacent to the electrode, which can spread throughout the network. The net-
works can thus potentially perform computations on input encoded through the 
electrical stimulation which is how they can be used as a reservoir in a reservoir 
computing system. 

Stability Challenges in In-Vitro Neural Networks 

Developmental Changes. As mentioned, in vitro neural networks go through 
developmental stages. Initially, the networks produce very few spikes, later they 
start producing network wide bursts of spikes [ 27] and sometimes they end in an 
avalanche critical phase [ 24], meaning that the size and length of chains of spiking 
activity follows a power law. These large changes in overall dynamics may have 
profound effects on the computational capacity of the neuronal network. Bursts 
have been shown to wipe hidden memories from networks [ 10], while avalanche 
critical dynamics have been shown to affect their dynamic range [ 28]. As networks 
develop and pass through these different dynamical phases the representation of 
input is likely to change, initially producing small responses, then large bursts, 
and then a wider range of burst sizes as the networks potentially reach the mature 
critical phase. An encoder calibrated for the dynamic range at one point in 
development may thus not be optimal for another as the bounds of the dynamical 
range changes. Furthermore a decoder trained on responses produced during one 
phase of development may not be capable of accurately decoding the same input 
at a different developmental phase due to these large scale changes in responses. 
The same input may for example elicit a small number of spikes at an early 
DIV and then a large network wide burst at a later, meaning that the features 
learned at the early DIV would not be the same as the ones the decoder would 
need to produce the correct output at the later. 

Representational Drift. While network dynamics may appear stable when they 
reach maturity [ 24], representation of input may not. In vivo recordings of the 
neural response to certain stimuli has been shown to change gradually over time 
even though behavior stays constant [ 20], for review see [ 6]. Such representational 
drift would require constant re-training because the representation of input is 
always changing, thus limiting the energy benefits gained from the reservoir. 

Medium Exchange Dependent Stability. An issue with the in vitro condition is 
that the neurons do not have an adaptive support system that ensure consistent 
nutrient conditions. This means that they instead are reliant solely on the nutri-
ents available in the culture medium which is only changed intermittently (for 
example every third day). When the medium is exchanged, this can affect the
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dynamics of the networks [ 15] which could affect their computations. Indeed, in a 
previous study, [ 18], we found large variability in classifier performance on a sim-
ilar experiment between two consecutive DIV suggesting that medium exchange 
and nutrient exhaustion can lead to unstable behavior. 

Stimulation Dependent Changes. In vitro networks can also show plasticity in 
response to stimulation. However, eliciting changes in dynamics may only happen 
under certain conditions. Multiple early studies have reported plastic changes in 
spontaneous activity related to stimulation, but attempts at replicating these 
results have partly failed [ 33], with changes only appearing when bursts where 
suppressed. Similarly, evoked responses have been shown to change due to specific 
types of stimulation, but again dependent on network dynamics, specifically 
stable mean firing rate [ 5]. 

Biological networks can also show training effects. A training protocol based 
on the free energy principle has been shown to be capable of changing network 
behavior to improve performance on playing Pong [ 17] while passive learning 
also appears to be capable of improving network performance on chaotic time 
series prediction in 3D organoid cultures [ 4]. 

The full range of conditions under which plastic changes may occur, and 
how long the relevant effects may last are uncertain. Thus, when using mul-
tiple stimulation protocols on the same neural networks it becomes important 
to probe them for changes that may have compounding effects on downstream 
experiments. For example, if in vitro networks are to be used to solve multiple 
different tasks, learning effects from one task may affect performance on another. 
Similarly, we may need to conduct different stimulation experiments to calibrate 
the encoder, or to tune the networks to optimal dynamics. However, any one of 
such experiments could affect the outcomes of the other depending on the order 
in which they were done. This makes it important to probe the networks as they 
are assessed to examine how their behavior changes on relevant metrics like the 
dynamic range and stability of input representations. 

In summary, biological neural networks are subject to a wide range of mech-
anisms that may make the interface with static in silico (in silicon, meaning in 
the computer) systems challenging. However, whether these mechanisms have an 
effect on relevant features for reservoir computing, like the dynamic range and 
representation of input encoded as stimulation timing, is not known. Because 
the presence of instability on either of these features will be detrimental both to 
research on optimal parameters for, and application of, in vitro biological neural 
reservoirs, assessment of their stability is essential. 

2 Methods 

Due to the wide range of mechanisms that may affect the performance of a 
reservoir system using in vitro neural networks, as described in the introduction 
section, we do not isolate and target any single effect in this study. Instead we 
probe the networks on different days in vitro while they undergo evaluation for 
encoding and phase tuning parameters:
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First, at DIV 16, we identified electrodes viable for input encoding through a 
set of singular stimulations delivered to candidate electrodes. We also conducted 
a series of experiments consisting of long stimulation sequences at different fre-
quencies meant to explore encoding and phase tuning parameters. Specifically, 
we aimed to identify the stimulation frequency that could optimally modulate 
the networks’ phase to maximize their dynamic range. At DIV 22 we stimulated 
the networks at 1 Hz for 12 h, at DIV 25 and 28 we stimulated at 2 Hz for approx-
imately 8.6 h and at DIV 31 at 4 Hz for 10.5 h. Finally, at DIV 34 we conducted 
an experiment in which we encoded a chaotic time series as stimulation timings, 
with an average frequency of 3.61 Hz, given over 0.18 h to test the networks’ 
capabilities on a chaotic time series prediction task. 

Thus the stimulations the networks were subjected to follows the pattern 
that may be necessary to utilize them as reservoirs as well as actual utilization 
on a reservoir computing task (chaotic time series prediction). 

The experiments analyzed in this paper were conducted on DIV 19, 29 and 
35. While we originally planned an initial experiment on DIV 19 as a baseline, 
then on each second day following nutrient media exchange, technical issues 
limited the days in vitro during which recording was possible. 

Feeding and stimulation days are depicted in Appendix B. 
All data and code used in this article as well as extended results are available 

from the digital repository at: https://osf.io/v6y2e/. 

2.1 Culture Preparation and Maintenance 

Six biological neural networks (labeled A1, A2, A3, B1, B2, B3) were established 
in vitro using primary rat cortical neurons (Thermo Fisher Scientific). Neurons 
were seeded on Cytoview 6-well plates (Axion Biosystems) at a density of 1,800 
cells/mm2 for a total of approx. 190,000 cells per well (cell handling was con-
ducted according to MAN0001574, Thermo-Fisher Scientific). A co-culture with 
rat primary cortical astrocytes was established using concurrent seeding of 180 
cells/mm2. Prior to seeding, the wells were coated with polyethyleneimine at 
0.1% for 1 h, (Polysciences), washed with sterile deionized water, left to air dry 
over-night before a coating of natural mouse laminin (Thermo Fisher Scientific). 

Following seeding, the cells were maintained using 95% Neurobasal Plus, 
2% B27 Plus Supplement (50X), 1% GlutaMax Supplement, and 2% PenStrep 
(all from Thermo Fisher Scientific). The media were exchanged first 24 h post 
seeding, then every three days following. No experiments were conducted within 
24 h following media changes. 

2.2 MEA Recording System 

We used the Maestro Pro system (Axion Biosystems) to record the neurons elec-
trical activity through the MEA and to contain the neurons under appropriate 
conditions. The voltage trace was recorded at 12.5 khz, using a 3khz Kaiser win-
dow for low pass filtering and a 200 hz IIR for high pass filtering. Referencing

https://osf.io/v6y2e/
https://osf.io/v6y2e/
https://osf.io/v6y2e/
https://osf.io/v6y2e/
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method was set to “Median” and analog mode setting to “Neural Spikes”. The 
software version for AxIS and Maestro Pro firmware was 3.6.2.2, Maestro Pro 
BioCore Version was “4B”. CO2 concentration was set to 5.0% while tempera-
ture was set to 37.0 C. Spikes were detected as voltage deflection of 7 standard 
deviations from the voltage trace at each electrode. 

The microelectrode array type was CytoView MEA plate (M384-tMEA-6B, 
Axion Biosystems). Each Cytoview plate consists of 6 wells of 64 PEDOT elec-
trodes with 100 um diameter and 300 um pitch arranged in a square 8 × 8 array. 
Networks were maintained in the Maestro Pro incubator continuously follow-
ing the 13th DIV to keep recording conditions consistent, the MEA were only 
removed for 30 min during each media change. 

2.3 Encoding Method 

As mentioned in the introduction, information can be encoded to in vitro neural 
networks using multiple different methods. In this experiment we have chosen 
to encode input as the timing between stimulation pulses. This method allows 
relatively high input density of information as only two stimulation pulses are 
needed to encode an input value as opposed to frequency which would require 
multiple. It can also easily be combined with other encoding methods like spatial 
and ampere/voltage. Furthermore, the presence of spike time dependent plastic-
ity in biological neural networks suggests that timing is a natural information 
code used by the brain. 

An input thus consists of two electrical stimulations (0.4 ms bi-phasic stimu-
lation) with varying delay between the first (cue) and second (probe), see Fig. 3. 
E.g. if the input value was 200, we input a cue and probe with a probe delay rel-
ative to the cue of 200 ms. The range of inputs examined, i.e. the delays between 
cue and probe were 0.2, 0.4, 0.6, 0.8, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 
15 s. A figure of a general experimental trial is given in panel II in Appendix A. 

2.4 Electrode Selection 

To ensure that our input resulted in network responses, we performed a series 
of analysis to identify optimal stimulation electrodes. First we recorded baseline 
activity for 1 h from each network starting at DIV 13 (see Appendix B for devel-
opmental trajectories based on spike and burst dynamics). Spiking and bursting 
activity over electrodes was then assessed to identify electrodes in proximity to 
neurons. We then selected a subset of the 5 most active electrodes for further 
testing. These electrodes were stimulated with a singular electrical pulses given 
at 30 s intervals. Spike counts were computed for 1024 ms time windows (epochs) 
following the stimulation and electrodes producing large responses within this 
epoch was selected for stimulation in the experiments. 

2.5 Experimental Tasks 

To assess the dynamic range and representational stability of the encoding 
method over time, the same input was given at DIV 19, 29 and 35.
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Dynamic Range. The dynamic range was assessed using two separate classi-
fication tasks designed to identify the upper and lower bounds of the encoding 
method, as detailed in [ 18]. Specifically, these tasks are designed to identify 
the maximal timing between two stimulations that produce linearly separable 
responses (the upper bound) and how small timing difference can produce sep-
arable responses (the lower bound). 

These tasks consisted of classifying whether spikes within a 1024 ms temporal 
window (an epoch) following the time of a probe stimulation were evoked either 
by an information encoding probe, or by a non-information carrying cue from 
a control trial consisting only of a cue stimulation. Schematics of the tasks are 
given in panel IV and V in Appendix A. 

To identify the upper bound we attempted to classify whether epochs 
extracted directly after the probe stimulation of an experimental trial and 
directly after the cue stimulation of a control trial belonged to either the control 
cue or experimental probe. As in our previous study, we suggest that the evoked 
response from the cue and probe must interact to allow linear separability to 
occur, thus if the effects of the cue have dissipated by the time a probe stimu-
lation is given, no interaction can take place and the probe response would be 
identical to that evoked by the control cue stimulation. Thus, we can identify the 
upper bound by finding the largest probe delays which can be correctly classified 
above a given threshold. 

Identifying the lower bound similarly consisted of identifying if epoched, time 
binned spike counts belonged to control or experimental trials, however, the epoch 
extraction method was changed. Instead of extracting epochs directly following 
both control cue and experimental probe stimulations, we instead extracted the 
control cue epoch at the same temporal location as the experimental probe (com-
puted relative to the cue stimulation in both control and experimental trials). For 
instance, for the 1000 ms probe condition we extracted experimental and control 
trial epochs at 1073 ms following the recorded cue stimulation times. Note here 
the addition of 73 ms, this is done to account for a set of components of a stim-
ulation block that displaces the stimulation relative to values input in the Axion 
software and to account for stimulation artefacts, see further details in the digital 
repository. This ensures that performance of the classifier is solely based on the 
spike response of the network and is not confounded by effects of the electrical 
stimulation on the recording. The lower bound is here identified as the smallest 
probe delay that can be successfully classified above a given threshold. The lower 
bound task also functions to identify if the probe stimulation had an affect on the 
spike response of the network as successful classification in this task would require 
the probe stimulation to elicit spikes in the network, while the lower bound task 
could successfully classify an epoch solely based on a gradually decaying network 
response from the cue. Thus, for a probe delay to be included within the dynamic 
range of a network it has to be successfully classified in both tasks. 

Representation Stability. To assess the stability of the networks’ representa-
tion of the input, we tested the classifiers trained to assess the dynamic range on 
one DIV and tested them on spike responses elicited from both the same DIV as
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they were trained on and data from the two other days in vitro. If the represen-
tations were stable we would expect similar accuracy independent of whether the 
classifiers were tested on data from the same DIV or a different one. However, 
if the representations were unstable, we expect to see a decrease in accuracy. 

2.6 Decoder 
Readout. The decoder-readout extracted 1024 ms epochs. To test for represen-
tational stability and dynamic range within different spike code types (from 1 ms 
spike time to 1 s rate) we time-binned the 1024 ms epoch into time bins from 1 
to 1024 ms in powers of 2. By increasing the time bin size we delete the informa-
tion of the timing of spikes. If the information is contained in the specific timing 
of spikes, classification will only be possible using smaller time bins, however if 
the information is present in the overall rate of the response classification will 
be successful with larger time bins. The epoched and time-binned spike count 
vectors where then used to train and test the classifiers. 

Classifier. We used Scikit-learn’s LogisticRegression with settings: penalty = 
l2, solver = liblinear. Datasets were split into 100 random train test splits using 
scikit-learn’s train_test_split with stratification, and a train-test ratio of 0.2. 
Average accuracy was used to assess model x time bin x condition performance. 

Across both tasks, the logistic classifier was thus tasked with classifying if a 
given epoch belonged to a control cue trial or a experimental probe trial. We 
then trained the classifier on 80 % of trials from one DIV. The trained models 
were always tested on 20% of trials from a given DIV. 

3 Results 

The different networks all showed some degree of instability both on dynamic 
range and representation of input, but the level varied. In addition the specific 
changes were heterogenous. Aggregate results are given in the results section and 
extended results are given in the online repository at https://osf.io/v6y2e/. 

3.1 Dynamic Range 

To extract the dynamic range of the networks we found continuous sequences of 
probe delays in which both the upper bound and lower bound classifiers had an 
accuracy above 60, 70, 80 or 90% when the training and testing DIV were the 
same. At 80% and above accuracy threshold only half the networks had any valid 
dynamic ranges. Furthermore, the valid ranges were mainly present on DIV 19 
with only one exception for network B3 which also had valid ranges on DIV 35. 
With a 70 % accuracy threshold all networks had at least one valid bound on one 
DIV. We therefore show the dynamic ranges for this threshold level in Fig. 1. 

Most networks showed a high degree of instability in their dynamic range as 
can be seen in the different probe delays covered by the dynamic ranges over 
different days in vitro. A1 only had a single case of two adjacent probe delays

https://osf.io/v6y2e/
https://osf.io/v6y2e/
https://osf.io/v6y2e/
https://osf.io/v6y2e/
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performing at above threshold levels. B1 had a wide dynamic range for the 
smaller time bin sizes, but only on DIV 19 and had no valid bounds at the other 
days in vitro. B3 had the most stable range and showed similar bounds on each 
DIV for the smaller time bins. However, the bound range was relatively small 
starting at 200 ms and ending at 600–800 ms. 

Fig. 1. Continuous ranges of probe delays where both the upper bound and lower 
bound classifiers could classify epochs e at 70% or higher accuracy when train == test 
DIV. The smallest and largest probe delay of a continuous sequence would indicate the 
upper and lower bounds of the dynamic range. 

The dynamic ranges were also generally widest when smaller time bins were 
used which indicates that spike timing code has better capacity than rate code 
for encoding stimulation timing input. 

3.2 Representation Stability 

To isolate the effect of representational stability from changes in bounds, we 
selected upper and lower bound classifiers from overlapping dynamic ranges of 
at least three probe delays with a 70% accuracy threshold. This only amounted 
to the B3 network with time bin sizes 1,2,4,8 and probe delays 200, 400 and 
600. The mean accuracy for the overlapping bounds across time bin sizes and 
probe delays are plotted for each training and testing day combination in Fig. 2 
in black, with the means for each probe delay averaged over time bin size being 
shown in colored lines. The same procedure using all valid bounds and for all 
classifiers with higher than 70% accuracy when train and testing DIV were the 
same, is shown in the digital repository.
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With two exceptions, the mean classifier performance decreased when the 
training and testing DIV was not the same indicating that the representations 
were not stable. The same general pattern was also the case for the averaged data 
when using all valid bounds and all classifiers with higher than 70% accuracy 
(data in digital repository). 

Fig. 2. Change in classifier accuracy when trained on one DIV and tested on all. Data 
is only shown for B3 as this network was the only one with overlapping bounds across 
all three experimental days at the 70% accuracy threshold (probe delays: 200, 400, 600 
ms). In most cases the mean accuracy decreases when train does not equal test DIV 
compared to when train equals test DIV. Accuracies from the upper bound is given in 
dashed lines and from the lower bound is given in solid lines. 

4 Discussion and Conclusion 

Our main results demonstrate that the dynamic range and representations com-
puted by our networks were unstable between experimental sessions separated 
by 6–16 days. 

This instability poses multiple challenges to using in vitro neural networks as 
computational devices like reservoirs in reservoir computing systems, and raises 
issues in generalizing results between experiments on the same networks done 
on different days in vitro and of course between studies. 

The instability of the dynamic range is particularly problematic. Establishing 
the dynamic range of a network to a specific encoding method would be necessary 
to use the networks for a computational task. That the dynamic ranges found 
in our experiments were so unstable that they generally cannot be generalized 
to other days in vitro, means that re-calibration of the encoder to the dynamic 
range at each specific DIV would be necessary. The total collapse of the dynamic 
range on certain days also means that the networks cannot be used to solve 
computational tasks on these days, at least using stimulation timing encoding. 
This also has consequences for comparing results from experiments conducted on
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the same networks but on different days in vitro. The instability of the network 
could easily mask the effects of experimental manipulations which may confound 
interpretation of the results. 

However, tuning the networks to more optimal dynamics may help solve this 
issue as [ 28] found better dynamic ranges to input encoded as ampere varia-
tions when the networks were in an avalanche critical phase. The stability of 
the dynamic range while networks are in a critical phase would then need to be 
explored. Instability could also have been caused by variability in nutrient avail-
ability, but current technology exists that can use microfluidic pumps to allow 
continuous nutrient exchange with the culture medium which could remove this 
source of instability [ 15]. 

However, even if network dynamics can be stabilized, the instability of the 
input representations may still pose a challenge. How large this issue will be, 
will depend on the exact cause, whether this is representational drift, learning 
or development. If the cause is representational drift this will likely require con-
stant re-training which may not be solvable. Learning and development may both 
stabilize, either when networks reach a fully mature state in the case of devel-
opmental effect, or through convergence to optimal solutions if learning caused 
the changes, meaning that re-training would only be temporarily necessary. 

Given that our experiment was conducted together with multiple other exper-
iments designed to assess encoding and phase tuning parameters of the networks 
we cannot pinpoint which specific mechanism caused the changes in accuracy 
we observed. Instead, our results suggests that caution should be taken when 
attempting to utilize parameters found to be optimal in one experiment con-
ducted on one DIV in another experiment conducted at a different DIV. Thus, 
the next step would be to isolate each potential effect to identify their contri-
bution. For example by inhibiting learning to control for drift versus changes in 
basal dynamics. However, in some cases, interaction effect may also need to be 
accounted for. Multiple species, including humans go through critical periods of 
development where their brains are particularly plastic, and if a specific skill is 
not learned during this period it may never be learned later in development [ 21]. 
Similarly, input stimulation may be necessary during the development of the 
networks to improve performance on a given task. Indeed, [ 31] have suggested 
that the super-critical pattern of activity characterized by large burst may rep-
resent a state of arrested development due to networks not receiving sensory 
input as would be the case in live animals. Thus learning and development may 
be intrinsically linked and not fully isolatable. 

In conclusion we have shown that in vitro neural network demonstrate 
variable dynamic range and input representation over time. Absence of stable 
behaviour may thus make exploration of biological neural networks as computa-
tional systems challenging. However, we also highlight potential sources of this 
instability and methods that could partially alleviate them. 
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Appendix 

A Methods Panel 

Fig. 3. I. Fluorescent microscopy of an in vitro neural network on an MEA interface 
after immunostaining: neurons (Neurofilament heavy; red), astrocytes (GFAP; green); 
cell nuclei (Hoechst; blue). II. Components of electrical stimulation and experimental 
trial design. III. Schematic reservoir system with in vitro neural network reservoir on 
MEA. IV. Upper bound analysis pipeline, raw spike times are epoched, time-binned, 
then passed to the logistic regression model. V. Lower bound analysis pipeline, following 
the same steps as the lower bound. (Color figure online)
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B Developmental Trajectories 

(See Fig. 4). 

Fig. 4. Developmental trajectory of networks as measured through baseline sponta-
neous spikes (top) and bursts (bottom) during 1 h baseline recordings. Stimulation 
days are given as blue vertical lines, feeding days as grey and activity per well as 
horizontal. 
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Abstract. Selectivity can be understood as a causal property 
that determines variable degrees of response specificity. In minimal 
autonomous systems, given their recursive dynamics, these responses are 
directed, not towards an hypothetical representation of the environment, 
but towards its own future states. In this sense, although co-specified by 
environmental circumstances, system state transitions can be character-
ized as dynamically more or less driven by an intrinsic ‘steering force’ 
underpinned by the degree of freedom that the organized states can pro-
vide under the influence of different environmental circumstances. In this 
work we present the idea of (latent) agency as a proto-cognitive property 
already present in autonomous systems and that can be generally mea-
sured through information metrics. We test these ideas and formulations 
through toy-experiments in the Game of Life cellular automaton. 

Keywords: Agency · Proto-cognition · Autonomy · Information 

1 Introduction 

Intuitively, agency can be portrayed as the capacity of a given system to deter-
mine, at least to some extent, its own behavioral trajectory (to ‘decide’ what 
to ‘do’). Or, in other words, to display some degree of a causal decoupling from 
the world that both surrounds it and realizes it. Also intuitively, we often think 
of agency as an evolutionary trait or capacity, that would have arisen at a rel-
atively late stage, after complex adaptive intelligent systems were in place. It 
seems somehow –at least from our experience, to be a natural solution to a 
type of problem for which more archaic forms of adaptive behavior (like pure 
structural adaptivity or reinforcement learning) are insufficient or less well fit; 
roughly speaking, any situation requiring some form of improvised responses 
and/or truly goal-directed actions, such as, for instance, ‘simple’ tasks like driv-
ing a car. This stage-like-leap is appealing because agency can be conceived as a 
higher degree of intelligence, stemming from more complex cognitive structures. 
Unfortunately though, beyond intuitions of this kind, our actual understanding 
of the underlying mechanisms supporting any real form of agency are still very 
unclear and have been a matter of increasing debate [ 4, 12, 15, 17, 28, 32, 37]. 
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Autonomous systems are organizationally closed, meaning that ongoing pro-
cesses will recursively determine state transition from valid (i.e. viable) structural 
states into further valid states, where the whole set of viable states that a sys-
tem can display without disintegrating, will be what defines its (autonomous) 
organization [ 23, 24, 35, 42, 45]. In this context, we propose to take a look back 
to the basics and start from the notion of selectivity. As we know, selectiv-
ity can be understood as a causal property that determines variable degrees of 
response specificity (depending on the complexity of the system, the environ-
mental circumstances and the relation between them). Starting from this basic 
idea, we claim that, although physically co-specified by environmental circum-
stances, system state transitions in minimal autonomous (hence organization-
ally closed) systems can be characterized as dynamically more or less driven 
by an intrinsic ‘steering force’, underpinned by the degree of freedom that the 
organized sequential states can provide under the influence of different environ-
mental circumstances. This is to say that, while the system’s ongoing processes 
are unavoidably determined to an extent, a minimal form of agency will require 
a degree of under-determination in order to actively respond (as opposite to 
passively undergo viable transitions, hence depending only on an environmental 
“good-will”), this first condition arising from the structural mechanisms of the 
system will later enable enactions in a goal-directed fashion, therefore with an 
agential connotation. Simply put, while we know that both the states of the envi-
ronment and the system will determine the upcoming state of the system, these 
contributions may not always be equal (less even an exact half-and-half), there-
fore naturally posing the question about the dynamics of this relation. Being 
thus, in the remainder of this manuscript we will explore this notion of a latent, 
proto-cognitive form of agency in terms of the asymmetrical causal contributions 
that the system and the environment exert (in spite of their inseparable nature) 
over the future states of the system and the possibility to formally approach a 
method for quantifying it. 

2 Causality and Information 

Building on Bateson’s idea of “differences that make a difference” [ 6] and along 
similar conceptual lines about selectivity that we have examined until now, the 
Integrated Information Theory of Consciousness (IIT) [ 2, 3, 30, 39] introduces the 
formal notion of intrinsic information, in order to quantify the causal effect a 
system, given its structure, has over itself. Roughly speaking, the IIT claims that 
integrated information, a measure of emergent causality (often also expressed in 
terms of causal power), reflects the degree to which a given system intrinsically 
exists as such (so independent of external observation), hence, as a causally 
decoupled entity that becomes a phenomenological observer itself [ 31, 40]. Tech-
nically, the goal of the IIT is to provide a formal framework for quantifying 
consciousness from physical mechanisms, under the premise that the ontologi-
cal existence of the system entails a phenomenological identity [ 2, 40], under the 
broader paradigm of causal emergence [ 52].
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Basically, intrinsic information is the idea that the causal links of an irre-
ducible system have to be self-contained. In turn, cause-effect information is 
the purported measure for the degree of causal-power exerted, within and over 
itself, by the very existence of a system/mechanism (and a hint of the implied 
intrinsic subjective observer), given the state transition probabilities from past 
and to future states, applied to the minimal mechanisms (units) of a candi-
date system [ 2]. On these grounds, causality becomes fundamentally linked to 
selectivity, which is understood as informative (with a connotation of speci-
ficity), insofar as the state of a system and its mechanisms logically specify a 
finite set of possible past and future states while discarding others [ 2, 22, 26, 30]. 
From there, integrated (intrinsic) information (φ) is a second step; somehow an 
attempt to formally solve the combination problem [ 13] through the notion of 
a causally emergent unity, assuming that each of the elements of the system 
may have some degree of phenomenological experience on its own, but that they 
integrate into an irreducible physical/phenomenological mechanism. Simply put, 
integrated information is the aggregation of what intrinsic information reveals. 

Although the theory has gathered a lot of interest, it has also received plenty 
of criticism; pointing to its lack of a principled justification for the leap from 
maximally integrated information to consciousness [ 16, 27, 41]; inconsistencies 
among different measures for integrated information [ 26]; unconvincing mech-
anism accounting for temporality, especially regarding the exclusion principle 
[ 29, 34, 38]; and the apparent impossibility of consistently apply its methods to 
more complex systems [ 1, 25], among others. In this respect, while we don’t com-
mit to the axiomatic postulates of the IIT [ 2, 30, 40], nor believe there is a strong 
enough reason to accept the proposed causality-consciousness identity, we do 
praise the attempt of orienting the discussion into a scientific domain. More-
over, we believe that, as others have done by building on some of these ideas to 
approach particular problems, usually with respect to the linked notion of emer-
gence [ 14, 46], the application of the specific notion of intrinsic information may 
be quite fruitful in the context of our present investigation about agency, under 
a strict selectivity-causality interpretation. We will henceforth develop this idea. 

To this end, we will make use of the cause and effect repertoires introduced 
in [ 30]. IIT repertoires assign a markovian probability to every possible state 
transition, thereby producing two probability distributions; a cause (past-to-
present) repertoire (ci) and an effect (present-to-future) repertoire ei. 

ci = EM D (p (Sp|Sc) || puc(Sp) (1) 

ei = EM D (p (Sf |Sc) || puc(Sf ) (2) 

where the terms Sp (past), Sc (current) and Sf (future) refer to the system 
states, considered in the context of subsequent timesteps (hence, equivalent to 
St−1, St and St+1). ci and ei stand for cause and effect information respectively, 
and cei for cause-effect information quantifying the causal power measurable 
from the system. EMD stands for the Earth Mover’s Distance [ 36, 51] which  
is applied to compare cause/effect repertoires against non-intrinsically causal, 
unconstrained conditions (denoted by the superscript uc) to provides a measure
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of how much the system determines its own behavior (state transitions) away 
from random changes or pure external determination, such as ordinary entropy 
decay. From these, cause-effect (intrinsic) information is obtained by taking the 
minimum between them: cei = min(ci, ei). The minimum reflects the shared 
degree of causality that we can ascribe to its structure in both directions. 

Roughly speaking, the notion of cause and effect repertoires can be simplified 
and illustrated as in Fig. 1, where  the sets  St−1 and St+1, both contain all the 
possible states of the system, so that: 

St−1 = St+1 

{x1, ..., xn} = {z1, ..., zn} 

And where the multiple arrows connect each of these states to the current 
state of the system (represented by y). Hence, in this case, IIT repertoires assign 
a probability to each of these arrows, thereby producing two weighted mappings; 
a cause repertoire, which assigns a probability related to every possible (past) 
state of the system at t − 1, and an effect repertoire which does the same for the 
upcoming (future) states at t + 1. 

Fig. 1. A simplified illustration of cause and effect repertoires. The sets St−1 , St , St+1 

represent past, current and future states respectively; repertoires assign probabilities 
to each of the arrows. See main text for further details. 

3 A Toy Case Scenario from the Game of Life 

Since cybernetics, toy models have often been used as proof-of-concept in cog-
nitive science and artificial life [ 18, 20, 43, 44]. In this same vein, we will first test 
whether intrinsic information could be applied to approach a measure of causal-
ity (or agency), by comparing and interpreting some information measures for 
the simplest case to be found in the Game of Life; namely, a single cell with only 
two states and its environment, made of the surrounding 8 cells also known as
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Moore neighborhood [ 50], that can display 256 different environmental configu-
rations (512 overall). From the rules of the GoL [ 8, 11, 19] we know that a cell 
can only be ‘alive’ (active) if it is already active and there are 2 or 3 active cells 
in its neighborhood, or, if not currently active, only if the sum of active cells in 
its neighborhood is exactly 3. This can also be expressed as: 

Cy = 

⎧ 
⎪⎨ 

⎪⎩ 

1 if Cx = 1  and
∑

M(Cx) = 2  ∨ ∑
M(Cx) = 3  

1 if Cx = 0  and
∑

M(Cx) = 3  
0 otherwise 

(3) 

where M(Cx) stands for the Moore neighborhood of the cell Cx → Cy. Note 
that the neighborhood in this case, corresponds to Ex (environmental category) 
instead of ex (environmental instance), because for the cell-system the specific 
configurations do not make any difference, only their sum is important. And 
since there are: 28 combinations for Ex = 2, 56 combinations for Ex = 3  and 
172 combinations for the remaining non viable (i.e. deactivation) alternatives, 
this give us the following counts: 

Cx → Cy = 
0 1  

0 200 56 
1 172 84 

(4) 

From where we can derive the probability matrices: 

T (Cx) =
∣
∣
∣
∣
0.78 0.22 
0.67 0.33

∣
∣
∣
∣ ; T (Cy) =

∣
∣
∣
∣
0.54 0.46 
0.4 0.6

∣
∣
∣
∣

Now then, we can follow the IIT formulation (from Eqs. 1–2) and calculate 
information, by first computing cause and effect repertoires based on the current 
state of the cell. For the sake of the example, we will start with cell = 1: 

crep(cell = 1) =  p(cellp | cell = 1) = (  
56 
140 

, 84 
140 

) = (0.4, 0.6) 

erep(cell = 1) =  p(cellf | cell = 1) = (  
172 
256 

, 84 
256 

) = (0.67, 0.33) 

Where crep and erep stand for cause and effect repertoires and the super-
indices p and f refer to past and future states respectively. 

We can also obtain the unconstrained (past) UCp and (future) probability 
distributions UCf through direct counting. First, by considering that UCp rep-
resents the probabilities of the past state of the system without any knowledge 
of its current state (transition into Cy if looking at Eq. 4), so unconstrained by 
it, which logically imply a uniform distribution. Similarly, UCf represents the 
probabilities of the future state of the system without any causal input from (or, 
again, unconstrained by) Sx, which is the same as not having any knowledge 
about the current state of the system, hence a vertical sum of the elements in 
the transition matrix from Eq. 4.



Latent Agency: A Proto-Cognitive Property 297

Put differently, whereas the unconstrained past is formalized as a simple 
homogeneous distribution (assuming unconstrained outputs), the unconstrained 
future distribution is taken as independent of the current state of the system, 
although still dependent on its causal structure (i.e. as a system with uncon-
strained inputs). Formally, this can be concretely expressed as: 

UCp = p( 
n∑

i=1 

(Cyi
|Cx = 0), 

n∑

i=1 

(Cyi
|Cx = 1)) = (0.5, 0.5) 

UCf = p( 
n∑

i=1 

(Cxi
|Cy = 0), 

n∑

i=1 

(Cxi
|Cy = 1)) = (0.73, 0.27) 

Then, information is computed by comparing cause/effect repertoires against 
their unconstrained reciprocal distributions: 

ci = EM D(crep(cell = 1)  || UCp ) = EM D((0.4, 0.6) || (0.5, 0.5)) = 0.1 

ei = EM D(erep(cell = 1)  || UCf ) = EM D((0.67, 0.33) || (0.73, 0.27)) = 0.0547 

Thus cei = min(ci, ei) = 0.0547. Which, leaving aside hypothetical connection 
to phenomenological properties of any kind, is basically an expression of the fact 
that our knowledge about the ON state of a single cell is informative to the 
extent it give us an insight into its past and future states. From this it follows 
that, when put in terms of causality, may be interpreted as the constraints that 
the state of the ON cell places upon its state transitions, hence the degree of 
self-determination with respect to its environment (i.e. the Moore neighborhood 
within the context of our example). Then, by repeating the process for cell = 0  
we obtain: 

ci = EM D((0.54, 0.46) || (0.5, 0.5)) = 0.0376 

ei = EM D((0.78, 0.22) || (0.73, 0.27)) = 0.0547 

Then making cei = min(ci, ei) = 0.0376. This, as it could be expected, entails 
that active cells on the grid has a slight higher causal power (0.017) than non-
active cells, which is reasonable considering the amount of transitions leading to 
ON and OFF states by the dynamics of the Game of Life. 

As a final note may be important to mention that there is no need for ulterior 
integration calculations or analysis, as presented within the formal framework of 
the IIT because the object of study we have selected (a single cell on the grid) 
is the minimal possible one. 

4 Some Considerations 

Aside from the general criticisms to some aspects of the IIT that we introduced 
above, there are a few specific aspects that require further examination. In con-
crete, we will move away from the past-current-future view by examining only 
the two states of the system involved in any system transition. By recalling the
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formulation of repertoires from Eqs. 1 and 2, we can express a single causal 
direction as: 

repxy(Sx) =  p(Sy | Sx = X) (5) 

Here, repxy corresponds to the effect repertoire, which, while conceptually 
different, is formally the same (X represent the specific state of Sx). The notation 
has been modified to avoid unnecessary confusions further on. 

Tentative starting points could have been the enactivist notion of intentional 
(in the sense of directedness) action [ 21, 49] or interactional asymmetry [ 5, 15]. 
However, as we discussed above, we’d like to avoid cognitive properties of higher 
order than minimal autonomous systems. Being thus, we will leave aside from 
our constructs the idea of the future-environment element and incorporate the 
notion of asymmetry only in terms of the influence that the environment has 
over the system, in order to enable a formal method to later examine it in 
opposition to that of the system upon itself. To this end, we will introduce a 
second repertoire: 

repey(Exy) =  p(Sy | Ex(Sx = X)) (6) 

where the term Ex refers to the equivalent categories available to the system, 
Sx to the state of the same system and X to some specific state. The argument 
is Exy because repey is a weighted mapping of the equivalent category defined 
by Sx and Sy. Thus, it expresses the probability of the next state of the system, 
considering the interpretations that the system can make from the conditions of 
the environment. 

5 Coming Back to GoL 

As mentioned, the objective environmental instances is the set all possible con-
figurations that the 8 cells in the neighborhood can produce, whereas the envi-
ronmental sets are only 3 and are a product of their sums, so that: C(8, 2) = 28, 
C(8, 3) = 56 and C(8, q) = 172. The  symbol  q refers to the rest of the sums: 
Exy �= 2  ∨ 3, whereby only non-active states are generated. From this, we can 
systematize transitions as enactions (see Table 1). 

We have previously examined this system on its own, then, we now need to 
derive the possible transitions only as a function of the environment (i.e., the 
environment-system component of the coupling). This is presented in Table 2. 

After this, we finally are in position to derive the environmental causal com-
ponents as probability distributions (repertoires) from Table 2. As it can  be  
inferred, the only environmental category that enables some degree of causal 
freedom to the system is Exy = 2, because for all cases in which the sum of the 
surroundings cells is 3, the subsequent state of the single cell in the centre will 
unavoidably be ON (Cy = 1), independently of its own state. Conversely, for any 
other case, the subsequent state of the single cell at hand will be OFF (Cy = 0). 
This exemplifies different degrees of causal environment-state determination and 
can be related to the entropy of these distributions (in bits): 

H(repey(Exy = 2)) = H(0.5, 0.5) = 1
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Table 1. Table displaying the possible system-environment combinations and their 
resulting state transitions, for a single cell in the GoL. 

(Sx, Exy)/Cy 0 1 Total 
(0, 2) 28 0 28 
(0, 3) 0 56 56 
(0, q) 172 0 172 
(1, 2) 0 28 28 
(1, 3) 0 56 56 
(1, q) 172 0 172 
Total 372 140 512 

Table 2. Table displaying only environmental states encountered before transitioning 
and their correspondent resulting states. Hence, as environment-to-system influence 

Exy / Cy 0 1 Total 
2 28 28 56 
3 0 112 112 
q 344 0 344 
Total 372 140 512 

H(repey(Exy = 3)) = H((repey(Exy = q)) = 0 

Therefore, illustrating the two extreme cases; the former shows how for some 
environmental categories, the selectivity of the system allows a degree of under-
determination that may be exploited by the system. Conversely, the other two 
cases totally preclude any kind of under-determination. In both cases the system 
is self-determined, the key difference is that, for Exy what determines the state 
transition (so the enaction) is the state of the system (Cx). The entropy of the 
correspondent distributions given by repxy can be calculated accordingly: 

H(repxy(Cx = 0)) = H(0.78, 0.22) = 0.76 

H(repxy(Cx = 1)) = H(0.67, 0.33) = 0.914 

Regarding the environment, as we have seen, entropy tell us the degree to 
which a system could have the possibility to exert causal effects in its own future 
states, if any at all. This seems intuitively easier to understand it the other way 
around; a probability distribution with very uncertain outcomes (like one close 
to a uniform distribution), would probably provide a smaller possibility for the 
system to influence its future states. Because in order for the system to self-
determine its states it needs to exploit the environmental under-determination, 
for which the more focused tendencies will be represented by lower entropy 
values. Therefore, likely ideal conditions would be, at least generally speaking, 
high environmental entropy along with low system entropy levels.
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Given that totally determined and uniform probability distributions are the 
extreme cases for lowest and highest entropy values respectively, and considering 
that we’d like for the system-system and the environment-system cases to be as 
close as possible to said type of distributions; we can apply a distance information 
measure to see how far are the actual repertoires from the ideal ones. For this, 
as we have mentioned above, we will make use of the Earth Mover’s Distance. 
Hence, for the first environmental case (Exy = 2) we obtain: 

δU = EM D( repey(Exy = 2)  || pU ) = 0  

where pU stands for the discrete uniform distribution and δU for the difference 
to the ideal case (how far from total under-determination). Then, for the totally 
determined cases (Exy = 3  and Exy = q) we get: 

δU = EM D( repey(Exy = q) || pU ) = 0.5 

Which, given the simplicity of the example at hand, can be interpreted 
directly like the ideal environment-system condition (insofar as eventually allow-
ing some form of agency) and the total opposite scenario, respectively. As it can 
be seen, the lower the entropy value, the higher the chances for agency. Put 
another way, δU captures the lack of under-determination, or how (potentially) 
entangled the response of the system is with respect to the interpretation that 
it does from the environment. 

We believe, however, that it is not necessary to incur an unfeasible num-
ber of calculations (like power-set permutations or something alike), but only 
to compare the repertoire against the totally determined case in which the 
highest probability within the repertoire is taken as the only possible (i.e.; 
max(repxy(Cx = X)) = 1, while all remaining elements are made zero), as 
this would represent the minimum value for such change to be possible and any 
other case will be therefore, less likely. 

Accordingly, we will denote this construction as pF (focused) and δF as the 
difference (in work, or energy) required to transform the repxy(Cx) into pF . For  
the system repertoires we obtain: 

δF = EM D( repxy(Cx = 0)  || pF ) = 0.22 

δF = EM D( repxy(Cx = 1)  || pF ) = 0.33 

Which basically indicate the distances (i.e., amount of energy/work) that 
would be required to transform the state of the system into the ideal (the most 
focused) case possible. Unlike the previous case (δU ), for δF the interpretation 
is a bit less straightforward, because it conceptually requires us to embrace the 
impossibility of mind-like phenomena. Otherwise, we would probably wish to 
compare also against a uniform distribution, along the lines of δU , expecting the 
agent to be capable of meaningfully acting by exerting as low causal power as 
possible (so to look for possible sparks of agency). This probably requires further 
elaboration that is out of the scope of the current work, however, we will briefly 
expand on this on the Discussion section.
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Finally, as we anticipated, we can also apply EMD to compare between the 
repertoires. Given that we know that for Exy = 3  and Exy = q there’s no possible 
under-determination, we will just examine the Exy = 2  case: 

δxe(Cx = 0) =  EM D( repxy(Cx = 0)  || repey(Exy = 2)  )  = 0.28 

δxe(Cx = 1) =  EM D( repxy(Cx = 1)  || repey(Exy = 2)  )  = 0.17 

Which, again, is simple to relate to previous results and our knowledge of 
the minimal dynamics of the isolated cell in the GoL. Here, as we should have 
expected from the above EMD comparisons, we get that the distance between 
the repertoire for Cx = 1  and Ex = 2  is less than for Cx = 0. Certainly, the 
numerical results we have seen until now are quite evident themselves, or at 
least seem to be easy to follow; this, however, will not always be the case as the 
complexity of the systems being examined increases. In this sense, our goal has 
been to demonstrate the minimal possible case in the most intuitive fashion, so 
that we could develop an intuition about these methods. In the following section, 
we will explore a more complex case, from dynamics patterns in the Game of 
Life. 

6 A More Complex Case from the GoL 

Patterns in Life have different probabilities of maintaining their structural states, 
transitioning into new structures (i.e., instances of the same organization), or to 
disintegrate, as a consequence of their interaction with the environment, which 
has proven to be a good ground for toy models of autopoiesis and autonomy 
[ 7– 10, 33]. Being thus, and in order to further test our metrics, we analyzed 
transitions among sets of possible patterns and applied the same measurements 
that we used for a single cell (the patterns we will discussed are presented in 
Fig. 2). 

Fig. 2. Some of the patterns of the GoL we investigated. Green represents active cells, 
black non-active cells acting as the ‘membrane’ of the system, whereas blue represent 
the environmental cells surrounding the system, which may be active or not. (Color 
figure online) 

To this end, we simulated all the possible transitions all of these (and other) 
patterns could undergo (220 to 224, depending on the number of environmental 
cells) and searched for the number of occurrences of the same patterns in the grid 
domain after transitions, then made the system and environment repertoires by
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computing the probability distributions from the counts and, finally, measured 
the entropy of each individual distribution, while making comparisons between 
them using the EMD. While for reasons of space we cannot display full tables or 
results from these experiments, we will provide some examples to illustrate the 
feasibility of these methods. First of all, given our knowledge of the transition 
counts, to obtain the system-system repertoires and entropy is a very much 
straightforward process (results are displayed in Table 3). 

Table 3. Entropy values obtained from the Sx → Sy repertoires, measuring system-
system influence. Hx stands for H(repxy(Sx)), so for the entropy of such distributions. 

Sx blinker pb0 block gliderA gliderB flag tetrisT tetrisL worm boat 
Hx 2.672 2.666 1.852 2.853 1.676 3.053 1.329 2.623 2.934 2.398 

After this, in order to obtain a measure of the effect of the environment over 
the system, we first, following the steps from the previous section, separated 
the possible state-environmental categories combinations to then, look for the 
subsets of these environmental categories that (the elements ei within each Exy) 
could have been interpreted differently if the state of the system were to be 
different. Thus, given some enaction (Sx, ei) → Sy, where  ei ∈ Exy, we want to  
find at least a set Kx ⊂ Exy, for which an arbitrary (viable) state Su, under the 
same environmental circumstances ei, could have produced another enaction: 
(Su, ei) → Sz, where  Su �= Sz and Sz �= Sy, and where the set Alt(Sx) =  
{K1 

x, ..., Kn 
x } describes all the alternative interpretations for each of the n states 

of the system. In other words; because we know that, if there are no alternative 
transitions to some Sx → Sy given some external conditions, then Sy is being 
determined by the environmental perturbation on the system, inasmuch as it 
(the system) does not have any interpretation availability except for the one at 
hand. 

For instance, if we start by looking at the transitions between the 2 canonical 
states of the glider (denoted as ‘gliderA’ and ‘gliderB’ in Fig. 2, gA and gB 
respectively from now on), we find that, for gA → gB there is just one alternative 
(worm → gB) accounting only for 32 cases of a total of 32,800. Leading to 
H(repey(gA, alt(gB)) = 0.0112. Similarly, for the opposite state transition gB → 
gA, we get:  H(repey(gB, alt(gA)) = 0.0651, which although higher due to more 
structural alternatives (including a recurrent case to gA (n = 32)), is still quite 
low compared to the entropy values of xy repertoires presented in Table 3. This,  
of course, is to be expected from a toy scenario such as GoL, especially taking 
into the account the low level of complexity of the patterns at hand. 

Ideally, as we have discussed above, we would like to encounter an entropy 
value as closest to zero as possible for the Sx → Sy repertoire (i.e., strongly 
determined) and, conversely, the highest possible for the entropy of the Ex → Sy 

repertoire, so close to a uniform distribution, which would imply that the system
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has as many responses for a given environmental case, as viable states. With this 
in mind, we would examine so cases along these lines. 

Table 4. Comparison of entropy values obtained from the repertoires correspondent 
to the GoL patterns from Fig. 2. Sx stands for the state of the system, while HE(Su) 
is a shortage for H(repey)(Sx, alt(Su))), hence for the environment-system repertoires. 
The subindices if max and min refer to the next maximum entropy value for each Sx 

(or the next after blinker and pb0, if lower) and minimum respectively (further details 
in the main text). 

Sx HEalt(blinker) HEalt(pb0) HEif max HEmin 

blinker 0.633 1.322 tetrisL = 0.381 gA = 0.030 

pb0 nf 1.583 block = 0.389 gB = 0.089 

block nf 0.570 flag = 0.687 block = 0.133  
gliderA 0.235 1.251 tetrisL = 0.151 gB = 0.011 

gliderB 0.767 1.340 tetrisL = 0.266 gA = 0.065 

flag 0.644 0.949 gB = 0.352 gA = 0  

tetrisT 2.060 nf flag = 0.591 tetrisT = 0.525 
tetrisL 1.352 1.853 flag = 1.139 gA = 0.120 

worm 0.986 0.929 worm = 0.524 gB = 0.095 

boat 1.445 1.314 flag = 0.740 tetrisL = 0.373 

As it is visible from the results in Table 4, there is a general tendency towards 
lower values from environment-system entropy measures, along the lines we have 
discussed until now. As a matter of fact, the only case in which H(repey) > 
H(repxy) (i.e., that the environment-system potential influence is lower than 
that of the reciprocal system-system influence), is for the tetrisL pattern, when 
transitioning into a blinker. 

Clearly this does not entail that this pattern has an agency in the cognitive 
connotation of the term, nor that it is choosing to undergo that specific state-
transition, which would require representational and probably also phenomeno-
logical properties which are alien to minimal autonomous systems. Notwith-
standing, the point that we would like to make here is that the possibility of 
choosing seems to exist, or at least, the formal development we have presented 
suggests so. And being so, we reckon that future work should be focused on 
understanding how could cognitive systems exploit this feature. 

Previously, in more autopoietic views of cognition [ 47, 48], in the case of a 
coupled system-environment pair, it was asserted that physically there is a sym-
metry that autonomous systems are not capable of breaking (unless we invoke 
higher order cognitive processes). We have described here, though, how another 
kind of asymmetry may be viable. Namely, the determination of the future state 
of the system itself, which does not require any form of mental representation
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whatsoever and for which we believe it is possible to characterize a non homo-
geneity of causal contributions. For this purpose, we have developed some formu-
lations that can be applied in discrete cases, albeit we acknowledge that a more 
direct formulation instead of a series of comparisons would be a great advance. 
In this sense, the key difference between environment and (autonomous) system, 
is that the latter remains as such, instead of basically dissolving into something 
new. In particular, we suggest the origin of agency, insofar as a minimal property 
enabling under-determination, can be traced (logically and evolutionarily) to the 
mechanistic dynamics of autonomous organizations, hence prior to biological or 
mental phenomena. 
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